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Session 1. Review of Basic Definitions and Results Multivariate Normal and Related Distributions

Multivariate Normal Distribution (Section B.1)

Notation
y ~N(p,X)  K-dimensional

Probability density function (p.d.f.)

F(y) = Gayr |17 exp [=5(y — )= My — )]
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Session 1. Review of Basic Definitions and Results Multivariate Normal and Related Distributions

Properties of Multivariate Normal Distribution

il oa(lm 211 212 ])
[h} ([Mz]’[zm Y2
marginal distribution

yi ~N(u1,X11)

conditional distribution
(ily2 = ¢) ~ N(p1 + Z12555 (¢ — p2), T11 — 12X 55 1)

linear transformation
x=Ay +c~N(Au+ c, AXA)
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Session 1. Review of Basic Definitions and Results Multivariate Normal and Related Distributions

Related Distributions (Section B.2)

x? distribution with K degrees of freedom
y~N©O k) = z=yy~x*K)

t distribution with m degrees of freedom

z ~N(0,1) and u ~ x2(m) stochastically independent

Z_ ~ t(m)

= Vu/m

F distribution with m and n degrees of freedom

u ~ x2(m) and v ~ x?(n) independent

u/m

= T~ F(m, n)
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Concepts of Stochastic Convergence (Section C.1)

convergence in probability
plim xp =x or xr L x iff
Ve >0, limr_Pr(lxr —x|<e)=1
almost sure convergence, convergence with probability 1
XT .aj. x iff
Ve >0, Pr(limros|xr—x|<e)=1
convergence in quadratic mean or mean square
x7 T8 x iff
limT_ oo E(x7 —x)2=0
convergence in distribution
XT LA x iff
lim7_s Fr(c) = F(c) (at all continuity points)
where Fr and F distribution functions of x7 and x,
respectively
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Relations between Concepts of Stochastic Convergence

a.s. p d
XT = X = XT = X = XT — X
q.m. P d
XT — X = XT = X = XT — X

Nonstochastic limit
If x is a fixed, nonstochastic vector:
XT T x

< [limE(xT) = x and lim E{(x7 — Ex7)'(x7 — ExT)} = 0]

P d

XT =X < X7T—X

Slutsky's Theorem

g : RK — R™ continuous:

xr o x = glxr) > g(x) [plim g(x7) = g(plim x7)]
d d

xT—=x = g(xt)— g(x)

xT = x = g(xT) 23 g(x)
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Session 1. Review of Basic Definitions and Results = Order in Probability

Order of Convergence (Section C.2)

at of smaller order than bt

ar = O(bT) iff |ir‘ﬂ'rHoo aT/bT =0
ar at most of order bt

ar = O(bT) iff |a7-|/b7- <c

Q ar= O(CT), bt = O(dT) = arbr = O(CTdT), ar + by =
o(max[cT, d7]) and |aT|* = o(c¥) for s > 0.

Q ar = O(CT), bt = O(dT) = arbr = O(CTdT), ar + bt =
O(max[cT,d7]) and |aT|* = O(c¥) for s > 0.

Q ar= O(CT), bT = O(dT) = a-,-bT = O(CTC/T).
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Session 1. Review of Basic Definitions and Results = Order in Probability

Order in Probability (Section C.2)

At of smaller order in probability than bt
AT = Op(bT) iff pIim THOOAT/bT =0
A7 is bounded in probability by bt
Ar = Op(bT) iff Ve > 0, dc., Pr{|a,-jvﬂ > CEbT} <e
Hence
arda = ar= Op(1)
Q At = op(cr), Br = op(dr)
= ArBr = Op(CTdT) and At 4+ Bt = op(max[cT, dT])
Q@ A7 = Op(cr), Br = Op(dr)
= ArBr = Op(CTdT) and At + Bt = Op(max[c-r, dT])
© At = op(cr), Br = Op(dr)
= ATBT = Op(CTdT)-

Helmut Liitkepohl (EUI Florence) Asymptotic Theory 2011 Florence 2011

10 / 57



Infinite Sums of Random Variables (Section C.3)

A = B AAN2 = (2,5, 2,,)

Existence
E(ziz) <¢c, t=0,£1,%£2,...,and >.7° _ [|Ai] <o
= er']:—n A,'Zt_,- ﬂnﬂoo Vi

Moments

Ye=> 0 JAize—i and xp =  Bizej
= E(Yt) = limn—>oo Z;’:,n AiE(Zt—i)

= E(yex)) = limpooo 2 i o0 AE(ze—iz] _))B;
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Overview
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Session 2. Laws of Large Numbers and Central Limit Theorems = Weak Laws of Large Numbers

Definitions and Tools (Section C.4)

martingale difference sequence with respect to ;
{x¢} with E(x¢) = 0 Vt and E(x¢|Q;—1) =0
t=2,3,...

martingale difference sequence
{x¢} with E(x¢) =0for t=1,2,..., and
E(xt|xt—1,...,x1) =0for t =2,3,...

martingale difference array
{xre} (t=1,2,...,T; T =1,2,...) with E(x7¢) =0
Vt, T and E(XT,t|XT,t—17 .. 7XT,1) =0Vtand T >1

Chebychev's inequality
VceR, e>0, Pr{\x—clze}gw
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Session 2. Laws of Large Numbers and Central Limit Theorems = Weak Laws of Large Numbers
WLLNSs |

Khinchine's Theorem
Let {x:} be a sequence of i.i.d. random variables with
E(x¢) = p < o0o. Then

LLN for non-i.i.d. random variables
Let {x;} be a sequence of independent random variables
with E(x;) = p < 0o and El|x|'T* < c< oo (t=1,2,...)
for some € > 0 and a finite constant c. Then X1 = L.
Chebyshev's Theorem
Let {x:} be a sequence of uncorrelated random variables
with E(x;) = 1 < 00 and lim7_o E(XxT — p1)> = 0. Then
XT LA .
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Session 2. Laws of Large Numbers and Central Limit Theorems = Weak Laws of Large Numbers
WLLNSs [I

Corollary to Chebyshev's Theorem
Let {x:} be a sequence of independent random variables
with E(x;) = p < oo and Var(x;) < c < oo (t=1,2,...)
for some finite constant c. Then X7 - 4.
LLN for Martingale Differences
Let {x;} be a strictly stationary martingale difference
sequence with E|x;| < oo (t=1,2,...). Then X1 2 0.
LLN for Martingale Difference Arrays

Let {x7 .} be a martingale difference array with
E|x7¢|'T¢ < ¢ < oo for all t and T for some € > 0 and a

finite constant ¢. Then X7 := T~1 Zthl XT ¢ 2o
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Session 2. Laws of Large Numbers and Central Limit Theorems = Weak Laws of Large Numbers
WLLNs Il

Stationary Processes
Let {x;} be a stationary stochastic process with
E(xt) = pn < oo and E[(xt — p)(xe—j — )] =
(t=1,2,...) such that 372 || < oc.
Then X1 iy 1 and, hence, X1 LN W,

o

and lim7_o TE(XT — p)? = Zj:—oo -
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Session 2. Laws of Large Numbers and Central Limit Theorems Central Limit Theorems

Lindeberg-Levy CLT
Let {x;} be a sequence of K-dimensional i.i.d. random
vectors with mean p and covariance matrix 2. Then

ﬁ(?'r — ,u) 4, N(O, ZX)

CLT for Martingale Difference Arrays
Let {x7:= (x1Tt,--.,XkT.t)'} be a K-dimensional
martingale difference array with covariance matrices
E(XT,tX/tt) = Y 74 such that 771 Z;l Y1+ — X, where &
is positive definite. Moreover, suppose that
- T p

Ty XT,tX%',t = ¥ and E(Xi7 ¢XT,eXkT,eXiT,t) < 00 for
all tand T and all 1 <i,j, k,/ < K. Then

VTxr % N(0,X).
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Session 2. Laws of Large Numbers and Central Limit Theorems Central Limit Theorems

CLTs Il

CLT for Stationary Processes
Let x = pu+ Zf.io ®;u;_; be a K-dimensional stationary

stochastic process with E(x;) = p < 00, 3272, [|)]| < o0
and u; ~ (0,X,) i.i.d. white noise. Then

where () := E[(xe — 1)(xej — 1)')

Florence 2011
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Session 2. Laws of Large Numbers and Central Limit Theorems Properties of OLS
OLS estimator

Linear model: y=Xg@+u

Consistency
b=(X'X)"1X'y = (X'X)X'(X3+u)
-0 (7)) (%)
T T
= B+ 0(1)op(1)
= [+ o0p(1)

Asymptotic normality

VTb-m = (%) (3%) S N 0.0

Helmut Liitkepohl (EUI Florence) Asymptotic Theory 2011 Florence 2011 19 / 57



Standard asymptotic properties of estimators (Section C.5)

Assumption VT(B-5) <, N(0,X)
Linear transformation

pimA=A = VTAQB-p5)2 N(0,AZA)
Delta method

8(B) = (&1(B).- -, &m(B)) with 0g/0p" # 0 at 3

= VTi(3) - g9 % v (0,222 %800

Quadratic form

pimE =% = T(B-B)YS (3 - B) % xK)

Helmut Liitkepohl (EUI Florence)
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Overview

© Session 3. Estimation and Testing
@ Maximum Likelihood Estimation
@ Testing Principles
o GMM Estimation
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Session 3. Estimation and Testing Maximum Likelihood Estimation

Maximum Likelihood Estimation (Section C.7) |

Sample
Yi,.- YT

Sample density function
fT(ylv < YT 50)

Likelihood function

1(0) = I(0]y1,--.,yT) = fr(y1,...,¥7:6)

log-Likelihood function
In/(4])

Maximum likelihood (ML) estimator
d such that /(6) = supscp /(9), i.e.,
0 = arg max /(J)
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Session 3. Estimation and Testing Maximum Likelihood Estimation

Maximum Likelihood Estimation (Section C.7) Il

Score vector

s(6) = a1 1(5) /6

Information matrix
82%Inl
I(6) = —E [65825’

.
Asymptotic information matrix
Ia((So) = IimT_>OO I((So)/T

Asymptotic distribution of ML estimator
V(5 — d0) % N(0.Zo(60) ™)

under general regularity conditions

Asymptotic optimality of ML estimator
VTE=00) SN0 = L(do)t <3
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Session 3. Estimation and Testing Testing Principles

LR, LM and Wald Tests

Hypotheses
Ho : ¢(60) =0 against Hi:¢(d) #0
or
Ho : 60 = g(70) against Hy : do # g(0)

Likelihood ratio (LR) test
ALr = 2[In 1(8) = In 1(5,)] % X*(N)

Lagrange multiplier (LM) test N
Am = s(8,)Z(6,) ts(5,)

Wald test

Aw = Tp(d) ([% 5
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Generalized Method of Moments (GMM) (Hamilton 1994)

Suppose E[h(6p, wt)] =0

Objective function

/
Qr (6, W) = (% ST ko, Wt)) ob (% ST ko, Wt))
where Q7 is a positive definite weighting matrix

GMM estimat/czr
6 = arg min Qr (6, W)
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Session 3. Estimation and Testing GMM Estimation

Properties of GMM estimator

=5, h(bo, we) <. N(0,Q) by CLT
choose Qr =Q

ISR R

= VT(0 - 00) S N(0, (HQIH)™Y)

In practice choose Q1 = + 3, h(8, we)h(0, we)'
where 6 is a consistent estimator of 6.

Florence 2011
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Overview
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Standard Brownian Motion/Standard Wiener Process

(Section C.8)

W(t) defined for t € [0, 1]:
@ W(0) = 0 with probability one.
@ W(t) is continuous in t with probability one.
© For any partitioning of the unit interval, 0 < t; < o < --- < t, < 1,

the vector
W(tg) — W(tl) 0 th — t1 0
: ~NL : ,
W(tk) — W(tk_l) 0 0 oo b — tq

that is, the differences have a multivariate normal distribution with
independent components, means of zero, and variances t; — t;_1.

Nonstandard version: Z(t) = cW(t)
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Functional Central Limit Theorem (FCLT)

Quantities of interests .
Xr(n=3+>uw, refo
where u; is i.i.d. (0,02)
and [Tr]| largest integer less than or equal to Tr

A limit result

VTXr(r) = \/\[F? [77] S e S N(0, ro?)

ﬁ

FCLT
VTXr()/ou & W()
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Results on Random Functions

Convergence of random function
G7(-), G(-) random functions.
Gr 5 G iff supuep|Gr(t) — G(t)] 20

Continuous Mapping Theorem
{Gr(-)}, G(*) random functions and g(-) a continuous
function defined on a space of functions:

Gr3G6 = g(Gr)<g(G)

Example
fol VT X7 (r)dr < 5, fol W(r)dr
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Properties of Random Walks

Xt = Xt_1 + Us, U ~ i.i.d.(0,02), xo =0

@99000@0

T 1/22 1uti>JuW( 1) = N(0,02).

T Xeewu = 303 [W(L)? — 1] = Jo2[x*(1) — 1],

7327ty & auW(l — 0y Jy W(r)dr = N(0,02/3).
T- 3/2Zt 1 Xt— 1—>qu0 r)dr = N(0,02/3).
T Zt:l Xt 1 o o fo r)zdr.
T—5/2 Z;l txe_1 2 o fol rW(r)dr.
T3 Zthl tx? LN o2 fol rW(r)2dr.
T-( DS " 5 1/(n+1) forn=0,1,....
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Dickey-Fuller Tests |

p =1, p OLS estimator, u; ~ i.i.d.(0,02)

Yt = pyr—1+ Ut
~ 4y e W) 1]
T(p-1)— W
s e HWGP-1)
51 =

[y wrzar]
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Session 4. Unit Root Asymptotics

Dickey-Fuller Tests Il
Yt = W+ X, Xt = pXe—1 + Ut

TG-1) 4 é[vxiu)? -1 - w<11>fol Wi(r)dr
Jo W(r)2dr — {fo W(r)dr}

1 d 3W()? -1 - W() fy W(r)dr
75 2 1/2
{ Jwi(ry2dr — { 5 W(r)dr] }

Ye=V+Yyr1+u,v#0

T3/2(5 — 1) % N(0,1202/12)
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Dickey-Fuller Tests Il

Ye = po + p1t + Xe, X = pXe—1 + U

T(p-1)2 a/b

)

tﬁ*].: :1i>a/\/5

%%
Extension to AR(p)
Rewrite y; = a1ys—1 + -+ + apyr—p + Uz as

Yt = pYi-1 +MAyi—1+ -+ Yp—1DYi—pt1 + Uz

or

Ayr =(p—1)ye—1 + MAY—1+ -+ Vp-1DYt—py1 + s
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Overview
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Standard Brownian Motion/Standard Wiener Process

(Section C.8.2)

W(t) (K x 1) defined for t € [0, 1]:
@ W(0) = 0 with probability one.

@ A realization W(t) is a continuous function in t on the unit interval
with probability one.

© For any partitioning of the unit interval, 0 <t < th < --- < t, < 1,

the vector
W(t2) — W(t1) 0 (tr — t1)lk 0
: ~NT :
W(tk) _W(tkfl) 0 0 (tk — fkfl)/K

that is, the differences have multivariate normal distributions with
independent components, means of zero, and variances of the form
t; — ti_1, depending on their difference in time.
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(Non-standard) Brownian Motion/Wiener Process

Definition
Z(t) == PW(t) with P (K x K)

Properties
Z(t)— Z(s) ~N(0,(t —s)PP’") fors < t

Z(t) ~ N(0, tPP')
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Session 5. Multivariate Unit Root Asymptotics

Results on Multivariate Random Functions

Convergence of random function
G7(+), G(-) multivariate random functions

Gr B G iff supseo 1 | GT(t) — G(t)]| 700 0

FCLT
Xr(r)= 3w (K x 1), up ~iid.(0,5,)

= VTI 2X7 () S W()
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Beveridge-Nelson decomposition

Xt = X¢—1 + Wt, where

we =Z(L)ue = 32720 Zjue—j,  with 3720 jlI5)]l < o0
and uy ~ (0, X, = (O’U)) white noise

:>xt:XO+W1+"'+W1-:XO+E(1)Z;:1u5+zﬁozjut_j_Wg

o 5(1) = Y%, 5
o T =Y 1S j=01,...
° wy =) o= u

Define A = =(1)P with P such that PP' =% ,,.
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Properties of Multivariate Unit Root Processes |

© 0 0 O

900

o

T2 1Wt—>/\W( ).

T2 Weue <N, 0iZw) for i =1,..., K.
T wew! , BTy (k) for h=0,1,2,....

T L (xe1W)_p + WemnXi_y)

J { AW(1)W(1YA — T, (0) for h =0,

AW(LW(L)N =T, (0) + X2, T () for h=1,2,....

T xeawl S A Jy W(raW(r) b A + 5252, Tu ().
T % 1Ur—>/\{fo AW(r)'} P

T3/ thl Y fo W(r)dr.
T3/ 2;1 twe_p L A {W(l) - fol W(r)dr} for h=0,1,2,....
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Properties of Multivariate Unit Root Processes ||

Q@ T2y x x4 A {fol W(r)W(r)’dr} N.
@ T2 i1 5 A [ rW(r)dr.
@ T73 Z;,—:l tXt_1X£71 g A {fol rW(r)W(r)'dr} N
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Session 6. OLS Estimation of the Cointegrated VAR(1) Model
Overview

@ Session 6. OLS Estimation of the Cointegrated VAR(1) Model
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Session 6. OLS Estimation of the Cointegrated VAR(1) Model

OLS Estimation (Section 7.1) |

The model
Ayy =My, 1+ ur=af yr—1+ ue
rk(a) = rk(B) =r #0

OLS estimator

5 T T
n= (Zt:l AYt%fl) (Zt:l yf-“—U’{—l)

Property 1

n-n-= (Zz—:l Ut}’Ll) (EZ::[ thlyiifl)
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OLS Estimation (Section 7.1) II

Transformation ,
Q= [ﬁ/ } Q7 =[a(Ba): Bu(e/ B1)7Y]

Q)
ve = Que,  zp = Qyr
= AZt = QnQ_lzt,1 + Vi = |:

Transformed estimator

QN —N)Q 1=

1) (1 1) (2 -1
3220 N2 )
t

T T
(1) . (2) t
Z ViZy Z szt1] ) _(1) ) _(2)
t=1 t=1 Z; 1% Zztflztfl
t
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Session 6. OLS Estimation of the Cointegrated VAR(1) Model

Lemma 7.1 |

T T
0 T3 e = T Y Ayeayi a8 BT,
t=1 t=1

-
Q T Y2vec (Z vtzt(l)ll> 9, N(0, Ve ),

t=1
where ¥, ;= QX ,Q’ is the covariance matrix of v;.

T 1 /
@ Ty wz S5 < / deW’K> ./ [‘,) ]
t=1 0 K=r

where W abbreviates a standard Wiener process W,(s) of
dimension K.
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Session 6. OLS Estimation of the Cointegrated VAR(1) Model
Lemma 7.1 Il

-
o 732 Z ZS)I Zg)l/ 2.
t=1

T 1
- 2) _(2)y d 1/2 12| 0
0T 2t§1jz§_)lz§_){ 90 Ik )TV < /0 wKw’de) s/ [ b ]

The quantities in (2), (3), and (5) converge jointly.

Helmut Liitkepohl (EUI Florence) Asymptotic Theory 2011 Florence 2011 46 / 57



Session 6. OLS Estimation of the Cointegrated VAR(1) Model

Result 1

LetD:[

T2, 0 ]
Then

0 Tlk—,

vec[Q(M — M)Q1D]

N, (T ex,) ]

1/2 (1 '\ <12 0
d vec{zv (o Wrawy ) = [IK_r]

X ([0: IK—r]zyz (fol WKW,KdS) £/ [ y })_1} i

IK—r
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Session 6. OLS Estimation of the Cointegrated VAR(1) Model
Result 2

The estimator M is asymptotically normal,
VTvec(l— ) 4N <o,ﬁ(r9))—1ﬁ’ ® Zu) ;

and ﬂ(l'gl))_lﬂ’ can be estimated consistently by

- -1
T vy
t=1

Helmut Liitkepohl (EUI Florence) Asymptotic Theory 2011 Florence 2011 48 / 57



A testing problem

Hypotheses
Ho:M=0 wversus H;:M=#0

Test statistic R R R
Aw = Tvec() ((Tfl S yt_lyéfl) ® Z;l) vec()

Problem
Aw > X3A(K?)
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Session 7. Other Estimators of the Cointegrated VAR(1) Model
Overview

@ Session 7. Other Estimators of the Cointegrated VAR(1) Model
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OLS estimation of « given 3

The estimator

a= (Z;l AYtyt{—lﬁ) (Zthl 5/”—“’5*15)_1

Asymptotic properties
vV Tvec(a — a) <, N0, (|_(Zl))_1 ®Xy)

and, thus,

VTvec(@s — Ny % A0, ()15 ® £,)
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GLS estimation of 3 given « |

Normalization of (3

Iy
b= [ Bik-r) ]
?) (

Ayt—ayﬁ)l = aﬁEK_r)yt_l—kut = (yti)1/®oz)vec(ﬂEK_r))+ut

The model

GLS estimator

!
(K=r)

_ (OL/Z;]'CM)_]'O/Z;]'

1 2 2) (2L
X <ZtT:1(AYt - 04}’5—)1))/5—)1/) (Zthl }’r(—)lylg—)l/)
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GLS estimation of 3 given « |l

Properties | R
T(ﬂ/(Kfr) - ﬁZKfr))
-1
* 1 * *

(fo rdW ,) (fo K—r K/—rds>

o Wi, = Q2[0: Ix_, v/ Wy

e Q% denotes the lower right-hand ((K — r) x (K — r))

block of Q71

o W= (o/7la) ta/T;1Q 1Y 2wy

Properties |l

R ) 1/2
vec (,BI(K_,) _BEK—r)) (Zt 1}’( )1 t( )1) ]

4N (0, Ik—r ® (¢’Tta)™t)
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Session 7. Other Estimators of the Cointegrated VAR(1) Model

EGLS estimation of (3

EGLS estimator

~
~

/ _
(K=r) —
(a'igla)*la’z (Zt 1(Aye — ayt )1)Yt( )1)
@) (2
(Zt 1Vt )lytg )1,)

Properties
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Session 7. Other Estimators of the Cointegrated VAR(1) Model
ML estimation |

log likelihood function
In/=—EKLin2r — Lin|Z,|

-3 ZtT=1(AYt —My:1)'S, (Aye — Nye1)

Equivalent optimization problem

minimize | T~} ZtT:l(Ayt —aflye-1)(Dyr — af'ye-1)
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Session 7. Other Estimators of the Cointegrated VAR(1) Model
ML estimation |l

ML estimator
A1 > -+ - > Ak eigenvalues with associated orthonormal
eigenvectors vy, ..., vk of the matrix

(Zthl thlyfq)il/z (Zthl thlAﬂ) (Zthl AYtAYQ
X (Zthl Aytyé—l) (Zt_&rzl )’tfl)’é—l)il/2

_ ~1/2
B=vi,...,v] (Zz—zl Yt—l)/£_1)

5= (SLdyiad) (ST Bveviad)

Properties

VTvec(@d — M) % N (0, (M) 18 @ £,)
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Session 7. Other Estimators of the Cointegrated VAR(1) Model

ML estimation |1

If 5" =11, : [sz_r)] and /3 corresponding ML estimator

3 < o -1
°d= (ZtT:1 AhY{—lﬁ) (Z;l 5’yt—1y{_16)
VTvee(d - a) S N (0. (FE)) 1 & %)
e ’BEK—r)
= (&/le&)—l&/§;1

1 2 2) (2
X (ZI:1(AYt - O‘yf )1)yt( )1/) (Ethl t( )1)’1_S )1/)

T( /(Kfr) - ﬁ(Kfr))

3
% (Wi dw;) (Wi Wi ds)
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