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1. Preface

These exercises have been used during the course held at EUT 1996-2000. The
topics taught have changed somewhat during the time and the exam questions
therefore do not reflect the current curriculum.
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CHAPTER 1

Probability and Distributions

EXERCISE 1. Let x1,z2 be jointly exponential with density
plx1,2) = A exp(—A(z1 + 22)), 71 > 0,29 > 0.

1. Find the marginal distribution of x1 and the conditional distribution of
T9 + x1 given xy.
2. Find E(z1), Var(z1), Var(z1 + z2) and Var(zy + x2|xq)

EXERCISE 2. Let x1,x2,x3 be distributed as

&1 011 012 013
N3 o || o021 022 o33
&3 031 032 033

1. Find E(z1|z2,z3) and Var(zi|xe, x3).

2. Check the formula Var(xy) = E(Var(xzi|xe,x3)) + Var(E(zy|ze, 3)).

3. Find an expression for E(x1|xe) and compare with the coefficient of xo in
the expression for E(x1|za,x3).

EXERCISE 3. Let the random variables y and x be given by the equations
y = PBrtey,
r = &2,
where ¢ = (e1,e2) are distributed as N2(0, ), with
_ [ wn w2

wor waz )

1. Find E(y), Var(y), E(y|z), Var(y|z), and check that
Var(y) > Var(y|z).

2. Find an expression for R?, and find for what values of 3 this is zero and for
what values it is close to 1.

EXERCISE 4. Let x; be a martingale, such that
E(xt\}—t—l) = Tt—1.

Show by applying the rules for conditional expectations, that Ax, = x4 — x4 is a
martingale difference.

Let p(xq, ..., z4,0) be the joint density of T stochastic variables.

1. Show that under suitable reqularity conditions

dlogp(xy, ..., x,0)
de

has expectation zero with respect to the density p(z1, ..., x¢,0).
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2 1. PROBABILITY

2. Show that under suitable regularity conditions it holds that

dlogp($t|$17 ) .Z‘t,1,9)
df '
has expectation zero with respect to the conditional distribution of x; given x1, ..., Ti_1,
and hence that x; is a martingale difference sequence.
3. Try to find examples of this result for independent Poisson variables, inde-
pendent Gamma distributed variables etc.
The fact that the score function

dlog L(0) idlogp(xtm, o, e, 0)

do do ’

t=1
is a martingale is the basic result that allows one to use the central limit theorem to
prove asymptotic normality of the maximum likelihood estimators in a wide variety
of cases.

EXERCISE 5. Let ¢, be a sequence of independent identically distributed vari-
ables with expectation 0. Show that the random walk

t
Tt — Z€i
i=1
is a martingale with respect to
Fr=o0(e1, ..., &)
EXERCISE 6. Let x; be mizing, show that x? is mizing.

EXERCISE 7. Show the formulae for the variance and covariance function for
the linear process xy =y .o 0ie¢—i. Show that v(h) — 0, for h — cc.

EXERCISE 8. Let the p x ¢ matriz u be distributed as Np,(0, A ® B).
That is
a'ub is distributed as N(0,a’ Aab’ Bb).

1. Show that by choosing a and b to be unit vectors one can express the variance
of the elements u;; in terms of the entries of A and B.

2. How can one choose the vectors a and b to find the covariance of uy; and
w19 expressed by the entries in A and B ?

See also Exam Questions January 2000, Q:2.



CHAPTER 2

Some concepts from statistics

EXERCISE 9. Let Xi,..., X7 be independent identically distributed with the
density
p(z) = Aexp(—Az),z > 0, A > 0.

1. On the basis of all data find an expression for the log likelihood function as
a function of the parameter.

2.Find

2a) the score function sp(N), that is, the first derivative of the log likelihood
function and

2b) the information iT(\), that is, minus the second derivative of the log like-
lihood function.

2¢) Use this to find the mazimum likelihood estimator A.

3. Determine by the law of large numbers the limits

plim T~ s7())
plimj\
and find the limit
lim T Yir())
4. Find by the central limit theorem the asymptotic distribution
T~ 357 () 57
5. Find the asymptotic distribution of the maximum likelihood estimator

TE(A—N) 57

EXERCISE 10. Let zq,...,zN be i.i.d. exponentially distributed with density
Aexp(—zA) x>0
p(x, )‘) - { (() ) <0

1. Find an expression for the likelihood ratio test (—2logQ(Xo)) of the hypoth-

esis

H()Z)\:)\(),

and show that it is a function of the ratio )\io

2. Go through the proof that the asymptotic distribution of —2logQ()\o) is x2(1),
using the method of the notes and the results from Exercise 9.

EXERCISE 11. 1 Let Z;,i =1,... ,n, be independent identically distributed with
values 1 and 0, such that



4 2. SOME CONCEPTS FROM STATISTICS

2 Find the likelihood function based on Zy,... , Zy,.
LetY;, i =1,... ,m, be independent identically distributed with values 1 and 0,
such that

PY;,=1)=8,i=1,... ,m.
Assume further that Zy,...,Z,, and Y1,...,Y,, are independent.
3 Find the likelihood function based on Zy,... , Zn,Y1,... , Y.
4 Formulate the analysis as a special case of the logit regression model by choos-
ing a suitable regressors xy = (214, x2t), and parameter B, Bs.

5 Find the score function spiym,a(a, 3), Sntm,g(c, B) and the (2 x 2) informa-
tion matrix with elements

. _ in+m,aa (Oé, /6) in+7n,aﬁ(a, /6) >
Zn—i—m(a, ﬁ) - < in—l—m,ﬂOc(aa I@') in+m,ﬁﬁ<av 6)

and find the maximum likelihood estimator.

6 Show that if
n — 00, m—»oo,L—er]O,l[
n+m

then the estimator of (a, B) is asymptotically normal, and find the asymptotic vari-
ance matrix.

7 Find the asymptotic distribution of the estimators for a, (.

See also Exam Questions January 1997, Q:2, January 2000, Q:3, June 2000,
Q:1, Q:3.



CHAPTER 3

Regression models

EXERCISE 12. As a continuation of Exercise 2 consider the three dimensional
normal distribution with mean zero and variance matrix

Y 1 3 1 -2
Var | x1 = B 1 3 -2
o -2 =2 4

1. Show that if you want to explain y by x, the “regression coefficient” is +

3 bl
that is, E(y|zy) = %:1:1, such that the marginal effect of x1 ony is %
2. Show then that the effect of x1 ony corrected for xo is zero. In other words,
given o the variables y and x1 are in fact independent.

EXERCISE 13. In the model
Yt :6/$t+6t,t: 1, ,T
with ¢, i.i.d. N(0,02), and z; fized deterministic, show that B is independent of
/

the residuals y; — B x¢, and use this to show that the estimators of 3 and o2 are
independent.

If Bz, = By + B1(t — 1), find a 95% confidence interval for the parameter [3.
Find a 95% confidence interval for the parameter [3;.

EXERCISE 14. Define the 1-dimensional processes x; and y; by the equations

Yt = QT+ E1e,

xy = Py +ea,

where e, is independent Gaussian Na(0, Q). Find E(y:|z:) and determine which
functions of a, B, Q can be estimated. What will a regression of y; on x,; estimate
ifa=0.

EXERCISE 15. Let (y,x1,22) be multivariate normally distributed with expec-
tation 0 and variance ). We are interested in the hypothesis

Q1 = Dy Qs Voy.

1. Show that a convenient parametrization is in terms of the marginal param-
eters for y and the conditional parameters of y given (z1,x2).

2. How can you estimate the parameters under the hypothesis if there are no
further restrictions on the parameters.

EXERCISE 16. Let
yt:6$t+6t7t:1a"' 7T
where &, are independent N(0,0?) and x; is a deterministic 1-dimensional variable.

5



6 3. REGRESSION MODELS

1. Give the likelihood ratio test for the hypothesis B = 0, together with its
distribution.

In the following we assume that the variances are known, since it only compli-
cates the calculations to estimate them.

Now let

yt:61x1 +/62$2+6t7t:1a"' 7T

with the same assumptions about e, and x; except that xy = (1, x2)’ is 2-dimensional.

2. Give the likelihood ratio test for the hypothesis B, = By = 0, and its distri-
bution.

3. In the situation in question 2 give the Wald test for the hypothesis B; = 0
and its distribution.

Now assume that x4 is stochastic, or more precisely assume that

ytzﬂxt+6t7t:1a"' 7T7

where (g4, x¢) are independent Gaussian distributed as N2(0, ), and that

o2 0
o= (7 0.

4. Give the model for y, given xy and derive the likelihood ratio test for the
hypothesis B = 0 based on the conditional likelihood function.

5. What is the conditional distribution of this test given the x ¢

6. How can one from the conditional distribution of the test statistic derive the
marginal distribution ?

7. What is the marginal distribution ?

Next assume that z; is stochastic and multivariate, that is,

yr = a1+ Boza + et =1,... T,
where (g4,x¢) are independent 3-dimensional Gaussian N3(0,9), and that
o2 0 0
Q= 0 o011 o012
0 o091 02

8. Give the model for y; given x; and give the likelihood ratio test for the
hypothesis 3 = 0 based on this conditional model.

9. What is the conditional distribution of this test given the x ?

10. What is the marginal distribution of the test ?

11. Find the test for the hypothesis 3; =0 ¢

12. Give its distribution.

Finally we assume that x; is a stochastic process, which generates the o-algebra

ﬁ :O'({L't—f»l,xt,-” y L1y Ety e v 7€1)

and that &, given Fy_1 is Gaussian N(0,02). A special case of this is where the x
are the lagged y.

18. Derive on the basis of the partial likelihood a likelihood ratio test for the
hypothesis 8 = 0, and give under suitable assumptions on the x the asymptotic
distribution.



CHAPTER 4

Statistical analysis of (Gaussian autoregressive
models

EXERCISE 17. Show that the autocovariance function for a p—dimensional sta-
tionary process satisfies

v(h) =v(=h) ,h=0,1, 2, ...
EXERCISE 18. Show that the difference equation
Ty = P1Tt—1 T Pa%t—2,
has solution
Ty = c1zl_t + CQZQ_t,
where z1 and z9 are the solutions of the equation
1=pyz+py2*,
and determine the coefficients c1 and co as functions of the initial values.
EXERCISE 19. Show that the process determined by the equations
Yy =pyr-1te, t=1,...,7T,

and the initial value yg, is stationary if we choose the distribution of yg to be
2
N(0, 1%5).
EXERCISE 20. Let y; be stationary AR(1) process given by
yt:pytfl_klj’_'—gt? t= ]-a ceey T.

Take expectations on both sides and use this to find E(y;). Next take the variance
on both sides and use this to find the variance of y;.

EXERCISE 21. Find which of the following processes that are stationary. Through-
out the € are independent identically distributed N(0,02).

(@) v = etera

b)) ye = Y1 ter Yo =0

() ye = euetten

(d) ye = Y1 —05y_1 + &

(e) yr=¢¢ fort odd and y, = 2¢; fort even.

EXERCISE 22. Consider the process z, defined by
2 = e18in(t) + eg cos(t),

where 1 and g9 are independent normally distributed stochastic variables with mean
0 and variance 1.

a) Find the autocovariance function for z.

b) Is z; stationary ¢



8 4. STATISTICAL ANALYSIS OF GAUSSIAN AUTOREGRESSIVE MODELS

EXERCISE 23. Let y; be given by

Yy =pytt+e, t=1, ..., T,
and assume further that the initial value ygo is N(O,lf—;), and independent of
€1,...,er and finally that |p| < 1, and 02 > 0.
Derive the likelihood equations to determine p and 62 on the basis of the simul-
taneous density for the variables yo, ..., Y.

This analysis is important if one has a large number of short times series, such
that too much information is lost by conditioning on the initial values.

EXERCISE 24. For a stationary AR(1) process y; find
Cou(yt, Ye+2|ye+1)
and
Cov(ys, Yer3|Yit1, Yer2)-
EXERCISE 25. The linear process
Y =&t + b1ee-1,

is called an MA(1) or moving average process. Find the autocovariance function
and find

COU(yt, Yt+2 |yt+1)

and
Cov(Y, Ye43|Yi+1, Yey2)-

EXERCISE 26. Let &; be independent N(0,02) and define the empirical auto-
correlation function

1 T
Th Zt=h+1 EtEt+h

= % ZtT=1 &7
Show that
(0.1) VT4(h) % N(0,1).
Show the same result if e, is replaced by the residuals from the model
Yo = PYt—1 + E¢.
That is, e is replaced by
€t = Yt — PYt—1,
where
p= Zt%l YtYt—1 '
D1 Vi

In the proof of the result (0.1) it is assumed that p = 0, such that yy = ;.

EXERCISE 27. Show that the autocorrelation function p(h) for a stationary pro-
cess satisfies

p()] < 1.



4. STATISTICAL ANALYSIS OF GAUSSIAN AUTOREGRESSIVE MODELS 9

EXERCISE 28. Let the process y,; be given by

Yt = pYi—1 + at + €.

Discuss the representation of the process by a doubly infinite sequence of . That is,
how does the term at influence the results that are valid for the process without this
term. Find the mean of y; and the autocovariance function. Discuss the estimation
of p,a and o2

Find the asymptotic distribution of (p, &) if p = 0.

[Hint. It pays to investigate how the matrix

T T
Z%=1 €2, Zt:% teg—1
D i tet—1 D e t?

shall be normed to convergence.]

EXERCISE 29. Show that the autocovariance function for a stationary AR(2)
process, is given recursively by the equations

v(h) =po(h — 1)+ pov(h—2), h=2,3,...
and that v(1) can be calculated from
v(1) = p10(0) + po(1),

such that v(h) can be calculated recursively from v(0) = 02
[Hint: The equation

o g2
i=0 75
Ty = PyTi—1 + poti—a + e, t =...,—1,0,1,...
can be multiplied by x¢_1, T¢_2, . . ., respectively and then one can take expectations.]

EXERCISE 30. Let x; be defined by the equations

k
Ty :Zpixt_i—l—at,t: 1,...,T
i=1
with fized initial values y_jy1, ... ,Yo.
Now rewrite this autoregressive process of order k in 1 dimension as a mul-
tivariate process, but autoregressive of order 1. The representation is called the
companion form. We define

ﬂé = (yt, cee 7yt—k+1)
g;i = (st,O,.. . ,0)

P1 P2 Prk—1 Pk
1 0 0 0
R= .
0 0 1 0
Thus the initial value for §; is 9y = (Yo, -+, Y—k+1), and we see that y; is deter-

mined by the equation
9t = Ryr—1 +&,t=1,... T
a) Show that the eigenvalues for R, that is, the solutions to the equations

det(AI — R) =0
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are the reciprocal roots of the polynomial

A(z) =1—- Zplzl

[Hint: Perform column operation on the last column in (R — XI)].
b) Find an expression for the stationary process i when the roots in A(z) have
modulus > 1.

EXERCISE 31. Consider the two processes ¢y and y; given by the equations
Acy =vAy —alci—1 —y) e, t=1, ..., T.
Assume also that y; is a random walk y; = 21;:0 €2i. Show that for 0 < a < 2 the

process ¢; is a non-stationary process of the form

t
cp = Z €9i + stationary process.
i=0
From this it follows that ¢; and y; are non-stationary, but that c; —y; is stationary,
since the common random walk can be eliminated by taking differences.
[Hint: Let uy = ¢t — y¢ and vy = Yy and solve the equations for us.] This model
can be applied to introduce the static theory model for consumption

C=aY

into a dynamic statistical model for the observed series for ¢, = log(C;) and y, =
log(y). The processes ¢, and y, are said to be cointegrated.

EXERCISE 32. Let the process y; and x; satisfy the equation
Yr = Y1 + Bore + Brwi—1 + &,

where e, t =..., —1, 0, 1, ... are independent normally distributed with mean 0
and variance o2, and 3y # 0.

Show that if oo = — /By then the process y. — Boxt is an AR(1) process. Give
the condition for this to be stationary.

EXERCISE 33. Let the processes ug, vy and ¢ be given by the equations

(0.2) up = ary+ 6 +en
(0.3) vp = K(ug — ug—1) + 2
(0.4) T = Ut + Vg

Here uy is consumption in tth period, vy is income and v; is investments, such
that (0.2) is the consumption function, (0.3) is investment function and finally
(0.4) is an identity between consumption, investment and income.

a) Find (ug,v) expressed by (uz—1,v¢—1) and &.

b) Find the conditional expectation of uy and v, given the lagged values of the
processes u, and v.

¢) Find the conditions for the process (ug,v:) to be stationary.

d) Find consistent estimators for «a, B and k.
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EXERCISE 34. In economic theory one meets the notion of expectations. One
way of specifying the expectation formation is by adaptive expectations: Let y; be
a times series and y; the expectation of this time series based on observations of
the process up to time t — 1. The expectations to the process change from period
to period by an amount that is proportional to the last observed deviation between
expected and actual value

yf :yf—l +/8(yt—1 *yf—l)) t= 11 vy Ta OS/GS 1.
1. Show, that

yi = By + B(L = B)ye—1 + -+ B = B) 2y + (1= B8)" 1 (Byo + (1 — B)y5)

expresses y; as function of lagged values of y, and y§. [Hint: start for example by
ys and y§ to get a feeling for the result.]

We want to find out when the expectation y; corresponds to the conditional
mean Yy, given the past. In this case one can say that the expectation formation is
model based or rational. To investigate this we are forced to specify the stochastic
process y;. We will assume that y, has the representation:

t—1

yt:Et+Zwi€t7i+yOa tzla sty Ta

i=1
where € are independent normally distributed with mean 0 and variance o and yqo
18 fixed.

2. Show that the o—fields generated by the y is the same as that generated by
the € :

o(yt, ..y yr) =0(er, ..., &)
This o—algebra is called F.

3. Find E(yt|.7:t,1).

4. Show that if we choose wy = --- = wy = 3 then

Y = E(y| Fe1) + (1= B)" (v5 — vo)-

It is seen that apart from the discounted initial values of the expectation and the
process the expectations are model based. If you guess correctly at time 0, y§ = yo,
then the expectations will be rational.

Note that the process y; is non-stationary, if the expectations are to be adaptive.

EXERCISE 35. The purpose of this exercise is to investigate a test that the resid-
uals from an AR(1) process are independent against the alternative that they follow
an AR(1) process. We define the process y; by:

Yt = pYr + €, tzlv ) T7

where €1, ..., € are independent normally distributed with mean 0 and variance
o?. It is assumed that |p| < 1, such that the process is stationary.
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The Durbin—Watson test (DW) is a misspecification test for independence of
the shocks e, against the alternative that e; is an AR(1) process:

g=ag_1+u, t=2,...,T,

where uy, ..., u; are independent normally distributed with mean 0 and variance
72. The DW-test statistic is calculated by first regressing y; on ys—1 to form residuals
e¢. Next we check the independence by regressing €4 on e¢—1. The test statistics is
given by

T (2 4 T
D = 2t=2(Et —&1)? D Y1
o T A2 T .o
> =15 D=1
In the following it is assumed that o = 0, such that the £; are independent

identically distributed.
1. Show that DW and 2(1 — &) have the same asymptotic distribution, where

T ..
21— €t
T .2
Dt—2€i1
is the estimated coefficient in the regression of & on &;_1.
The test accepts for values of DW close to 2 corresponding to & close to 0. What
1s close should of course be determined by the quantiles in the limit distribution.
2. Show that & converges in probability towards zero when o = 0.
We next want to show that p # 0, we have

,  where & =y — py—1 and p =

(A)[:

T Xiebibe \
VTa = YX—=—— 4 N(0,p).
T 2 i—28i1

3. Show that for ey =y — pyr—1 = (p — p)Y1—1 + ¢ it holds that

1 T
(0.5) —= ) EEi

t=2
and
T X T
\/LT Pl P)ﬁ D Et-1Ye1
(06) YTy

| T 1 T
=T DSt S T 2 Y1

have the same asymptotic distribution, that is the difference converges to zero in
probability.

[Hint: Insert the expression for & and use that \/T(p — p) converges in distri-
bution, see Theorem 2.1.]

4. Show that (0.6) has the same asymptotic distribution as

T T
1 1
= Zﬁt—lﬁt - (1 - Pz)_ Zyt—15t
\/T t=2 \/T t=2
since

T
thlTytféfftfl P 1— p2.
D=1 Vi1
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5. Show that
T 4 4
1 €t—1 w o o
— et — N2(0,3), hvor ¥ = 1
VT ; ( Yi—1 ¢ 2(0,%) ol T2
and use this to find the asymptotic distribution of (0.5).
6. What is the asymptotic distribution of /Té& and /T(DW —2) ?

See also Exam Questions January 1997, Q:3, May 1997 Q: 1, January 1998,
Q:1, June 1998, Q:1, Q:2, January 1999, Q:1, Q:2, Q:3, Q:4.
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CHAPTER 5

Weak, strong and super exogeneity

EXERCISE 36. Let the bivariate processes (y, xi) be given by the equations

Ay = o1 (yYe—1 — Bri—r) + e1e,
Az = oxi1 + €.

Here e, = (14, €9:) are i.i.d. N2(0,Q), with
_ [ wn w2
wor wan )
1. Show that

E(Ay| Az, yp1,2-1) = aaye—1 — (oq S+ wag) w1 + wAxy,

where w = wWiaway .
Consider the statistical model given by the parameters

(ala az, ﬁa Q)
varying freely except for the condition that ay # 0.

2. Show that x; is weakly exogenous for the parameter of interest aq but not

for the parameter of interest 3.

3. Discuss the reparametrization of the model we get by using the parameters
from the conditional model for Ay; given Ax; and the past, 0., and the parameters

from the marginal model for Ax; given the past, 0,,.

4. Derive the maximum likelihood estimators of the original parameters from

the maximum likelihood estimators of the parameters 6. and 6,,.

See also Exam Questions January 1997, Q:1, May 1997 Q: 2, Janary 1998 Q:2,

January 2000, Q:1, June 2000, Q:2.

15
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CHAPTER 6

Exam questions

Department of Economics Econometrics and Statistics
European University Institute
January 1997

Question 1

Let the bivariate processes (y, ;) be given by the equations

Ay = o1 (ye—1 — Bri—r) + e1e,
Axy = oxi1 + €24

Here &, = (14, e2¢)’ are i.i.d. No(0,9), with
0= ( w1l W12 > .
wol w22

E(Ay| Ay, yi—1, x21) = 0qyi—1 — (@18 + wan)ri_1 + wAxy,

1. Show that

where w = wiawyy -
Consider the statistical model given by the parameters

(alaQQaﬂa Q)

varying freely except for the condition that ay # 0.

2. Show that z; is weakly exogenous for the parameter of interest oy but not
for the parameter of interest (3.

3. Discuss the reparametrization of the model we get by using the parameters
from the conditional model for Ay, given Az, and the past, ., and the parameters
from the marginal model for Ax; given the past, 0,,.

4. Derive the maximum likelihood estimators of the original parameters from
the maximum likelihood estimators of the parameters 6. and 6,,.

Question 2

Let (y;, @) be iid. Na(0,Q), with

0— ( w1l w12 > .
w21 w22
The following questions concern the derivation of a test for the hypothesis Hy :
w12 = Sway.
1. Derive the conditional density of v, ... ,yr given xy,... , .

2. Reparametrize the model using the parameters of the conditional and the
marginal distribution and express the hypothesis Hy in terms of the new parameters.

17



18 6. EXAM QUESTIONS

3. Show that the likelihood ratio test of Hy can be based upon the conditional
likelihood function, and that the test can be performed as a t—test.

Question 3
Let the univariate process y; be given by the equation
(0.7) Yo =y + 20y 2+, t=1,...,T.

Here ¢; are i.i.d. N(0,02), and the initial values are yo and y_;.
1. Show that for

1< <1
Ll ca< =
2 3’

the process y; can be made stationary.
Next assume « is so chosen and that we let the initial values be distributed as

(0 1))

@
—2a’

where

pP= 1
and
% =0%(1 - 5a® — 4a?p) L.

In this case one can show that the process becomes stationary. This result can be
applied without proof.

2. Find the maximum likelihood estimator based upon the conditional like-
lihood function given the initial values yo and y_1, when it is assumed that the
parameters o and o2 vary freely, and show that

T%(a—a) % N(0,%),
where
1
K = 5(1 —2a — 5a? 4 6a3)

when it is assumed that y, is a stationary process.
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Department of Economics Econometrics and Statistics

European University Institute
May 1997

Question 1

Consider the process

3 1
(OS) Xt == ZXt_l - gXt_Q + Et, t= 1, e ,T,

where ¢; are i.i.d. N(0,1).

1. Show that the process can be made stationary for a suitable choice of

the initial distribution. The variance of the stationary process is in this case

equal to %. This result you need not prove, show instead that the correlation

P = CO’U(Xt,thl)/V(Xt) = %

Next consider the statistical model
(09) Xt - 041th1 + CYQXt,Q + Et, t= 1, e ,T,

where ¢; are i.i.d. N(0,02). The parameters are (aq, ag, 02), which vary unrestrict-
edly, such that 02 > 0.

2. Give the parameter values of (aq,ag,0?) which correspond to the process
(0.8) and give the maximum likelihood estimator &; for the parameter a;. Finally
show that the asymptotic distribution for &; is given by

63
T# (a1 — ) 5 N (0, ).

for the process given by (0.8).

Next consider the statistical model
1
8

with parameters («,o?), which vary freely.

(010) Xt (6aXt_1 - CYXt_Q) + Et, t= 1, e ,T.

3. Give the value of the parameters in this model which correspond to the
process (0.8) and find the maximum likelihood estimator. Show that the asymptotic
distribution of & is given by

for the process (0.8).
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4. Show finally that if we want to estimate the coefficient to X;_1, then we get
a smaller variance from the estimator in model (0.10) than from the estimator in
model (0.9).

Question 2

It is generally assumed that log consumption C; depends on log income Y;
through the equation

Cy = a+ BY;.

In practice this model is too simple and an attempt to describe the dynamic adjust-
ment of consumption to income is given by a so-called partial adjustment model of
the form

(0.11) AC; = (1 = N)(a+BYy — Cy 1) + e,
where, for the present exercise, it will be assumed that log income is generated by
(0.12) Y =pYi 1+ e

Moreover it is assumed that e; = (e1¢,¢2:)" are i.i.d. N2(0, ), where

0= Wil W12
wor wa )
The parameters (o, 3, A, p, ) in the statistical model are assumed to vary freely,
such that  is positive definite.

1. Find the condition on the parameters for the processes C; and Y; defined by
(0.11) and (0.12) to be stationary.

2. Show that for w = wiswy, we have from (0.11) and (0.12) that
E(ACY;, Ci 1, 1) =1 —=XNa+ (1 =B+ w)Y; — (1 —N)Cy1 —wpYy 1
and use this result to show that Y; is weakly exogenous for the parameters of interest

(a, ), but not or .

3. Suggest a restriction on the parameter space that makes Y; weakly exogenous
for the parameters (o, A, 3).
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Question 1
If x4 is investment and y, is production in period ¢, (t = 0,1,...,T) then z; 1
is a leading indicator for y; if

Yy =Pxy 1 +en, t=1,...,7T.
We assume further that z; is given by
Ty =pri_y +ea, t=1,...,T,

and that the ¢ are i.i.d. N2(0, Q).

1. Find the characteristic polynomial for the process (y, ;) and find the con-
dition for the process to be stationary.

Consider the statistical model we get by letting the parameters vary freely, that
is,

B € R, p € R, Q) positive definite

2. Discuss if x; is weakly exogenous for § and find the maximum likelihood
estimator for f3.

3. Find the asymptotic distribution of 3, when the process is assumed station-
ary.

Question 2
Consider the model
Yy = Paxy+ey, t=1,...,T,
Ty = ayi—1+egy, t=1,...,T.

Here € are i.i.d. N3(0,2) and the parameters are freely varying such that 2 is
positive symmetric, 8 € R, and a # 0.

1. Show that the conditional model for y, given x; and (y;—1,2¢—1) has the
form

Y = 012¢ + Ooyp—1 + 0321 + 1.2,

and determine the conditional parameters 0.onq = (01, 02,03, w11.2) as functions of
the parameters (a, 3, Q)

2. Show that the conditional and the marginal parameters are variation free
and express the hypothesis wio = 0 in terms of the conditional parameters.

3. How would you test the independence of €1, and e9; using the results in 1.
and 2. 7
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European University Institute
June 1998

Question 1.
Let the bivariate process y;, x; be given by the equations

Yo = T1Yi—1 T T12%e 1 + fyg T E1e
Ty = TMoYi—1 + T22Ti_1 + foy + €24
t=1,...,T =2N, where ¢ are i.i.d. N2(0,9), and

o /J/Z t == ]., e ,N
it =Y v, t=N+1,...,2N

such that a break occur at time ¢ = N, in the middle of the period. equivalently
we can write

= p+ (v —p)I{t> N},
where the function I{t > N} isOfort=1,... ,Nand 1 fort=N+1,... ,2N.

1. Find the conditional model for y; given z; and the past and show that the

condition for the conditional model not to have a break is
(0.13) [y — Wiy = V] — W9, W = WiaWay

2. Describe the regressions that one can perform in order to find the maximum
likelihood estimator of the parameters of the model under the assumption that
there is no break in the conditional model, but otherwise no restrictions on the
parameters.

Question 2

Let the process (y;, z;) be given by the equations
Yt = o@p—1+ e
Ty = Pyi1+texn

t=1,...,T, where ¢ are i.i.d. N(0,).
1. Find the condition for the process to be stationary expressed in terms of the

parameters.
Var( Ye >
Tt

2. Find the variance matrix

3. If we further assume wy9 = 0, and no other restrictions on the parameters,
find the maximum likelihood estimator for the parameter o and its asymptotic
distribution.
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Question 1

The bivariate vector autoregressive process is given by

Y = a1(ye—1 —O0xe1) + e
= oY1 — Oxp1) + e

with e, = (e14,€9¢) 1.i.d. N2(0,Q), t=1,...,T.

1. Find the conditional model for y; given x;, vy 1,2 1.

2. In the statistical model with parameters ay # 0, ag = 0, 8 € R, € unre-
stricted, show that z; is weakly exogenous for 6.

3. Find the maximum likelihood estimator for # under the assumption that
Qg — 0.

4. What is the probability limit of this estimator if ag # 0.

Question 2

The bivariate vector autoregressive model is given by

Ayr = a1(yt—1 — o¢-1) + €1t
Azy = ag(yp—1 — T4-1) + e
with & = (e1¢,€9¢) 1.1.d. N2(0, Q).
1. Find the characteristic polynomial, and its roots and show that the process
is not stationary.

2. Show that v, =y, — x4 is an autoregressive process satisfying an equation of
the form

vy = plog, a)ve—1 + 64

for 6t = 6(€1t,62t).

3. Show that the maximum likelihood estimator for p(ai,as2) based upon
{ys,z¢}1_ is the same as the maximum likelihood estimator based on the observa-
tions of the process vq,... ,vr.

4. Find the asymptotic distribution of p(c, ) when it is assumed that the
parameters aq, as have been chosen such that v, is stationary.

Question 3

Let y; and x; be given by

ye =P+ N1+ (p— N1 + 1t
== Ny—1+ (p+ N1+ e

with g = (e1¢,€2¢) 1.1.d. N2(0, Q).
1. Find the characteristic polynomial A(z) for the process and its roots and

the vectors
! ") 2 Y2

which satisfy
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2. Find the autoregressive model for the new variables
g = (Y, o)1 =Yg + Y174
wy = (Yo, Te)V2 = Y¢ + Vo4
and find the condition for the processes to be stationary.
Question 4
Let
Ye = Bay + €10 + 01—t
Ty = PTr—1 T €2
with e = (e1¢,€9¢) 1.1.d. N2(0, Q).
This is not an autoregressive process and maximum likelihood estimation is
more difficult. Here is another way of solving the estimation problem.

1. Show that

w
B(ynar—) = PE(@iae2) = B9 7

The so called instrumental variable estimator has the form
T
B - thl YtTr—2
v — T
Zizl TtTt—2

2. Show that 3, is a consistent estimator for §.

R
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Question 1
Consider the model
Yy = axf_l + et
Ty = PYi—1 T €2
where g, = (e14,€9¢)" are 1.i.d. Gaussian with mean zero and variance 2.

1. Find the conditional model for ¥, given x;, xs_1,yr_1.

2. Show that the parameters in the conditional model for y; given z;, xy_1,yr_1
are not variation independent of the parameters in the marginal model for x; given
xy1 and yg 1.

Question 2

Let x1,... ,zp be ii.d. Poisson variables with mean A.
1. Find

T
t=1
2. Show that

T
Var(iz:t:T1 twt) -0
D=1t
Question 3
Let x1,... ,zp be independent exponential variables with density
Lt

exp(—=),t=1,...,T,

1
plo) =g ot

t
where 6 > 0 is a parameter.

1. Find the likelihood function, the score function, and the information.

2. Find the asymptotic distribution of the maximum likelihood estimator for
the parameter 6.
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Question 1
Consider the regression model for the univariate stochastic variable y; :

Yt :/Gxt+5tat: 17 72T7
where ¢, are i.i.d. Gaussian with mean zero and variance o2, and the deterministic
regressor x; is given by

(-1 t=1,....T,
Y 1 t=T+1,...,2T.

Hence the first half of the observations have mean —g, and the last half have mean
s.

1. Show that the maximum likelihood estimator or the ordinary least squares
estimator is

T 2T
- D1 Yt D ari Yt
2T '
2. Find expressions for the mean and variance of the estimator ,3 for this choice
of regressor x.

Question 2

Consider the model for the bivariate process (y:, z:) defined by the equations

Yo = ayp—1 + A\Bz—1 + €1t

t=1
2 = Az—1 + e

v, T
where e, = (g1, £2¢)" are i.i.d. Nz(0, ). The parameters are (v, 5, A, Q), which vary
freely.

1. Find the conditional expectation of 4, and z;, given the past, that is, in this
case yy;_1 and z;_1.

2. Find the conditional expectation of y; given the past and z.

3. Show that z; is weakly exogenous for «, but not for 5.
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Question 3
Consider the regression model for the univariate process
yt:eet—i—et, t=1,...,T
where ¢, are i.i.d. Gaussian with mean zero and variance o2 = 1. This model is not
so easy to estimate, so we want instead to derive a score (or Lagrange multiplier)
test for the hypothesis 6 = 0.
1. Show that the score and information are given by
T
sT(0) =32 (ye — e?)telt
ir(0) = = Xy (e — )P + T, 1762
2. Show that for 8 = 0,
ir(6)
T
2= P

£

0=0
3. Show finally that

sT(0)

/=T
Zt:l t2 0=0

is distributed as N(0,1).



