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H{huflvh 571 Iru d vwdwlrqdu| DU+4, surfhvv |
w

�qg
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w.5

m|
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lv fdoohg dq PD+4, ru prylqj dyhudjh surfhvv1 Ilqg wkh dxwrfryduldqfh ixqfwlrq
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H{huflvh 591 Ohw %
w
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w
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=

H{huflvh 5:1 Vkrz wkdw wkh dxwrfruuhodwlrq ixqfwlrq �+k, iru d vwdwlrqdu| sur0
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H{huflvh 5;1 Ohw wkh surfhvv |
w

eh jlyhq e|

|
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w�4 . �w. %

w

=

Glvfxvv wkh uhsuhvhqwdwlrq ri wkh surfhvv e| d grxeo| lq�qlwh vhtxhqfh ri %= Wkdw lv/
krz grhv wkh whup �w lq xhqfh wkh uhvxowv wkdw duh ydolg iru wkh surfhvv zlwkrxw wklv
whup1 Ilqg wkh phdq ri |

w

dqg wkh dxwrfryduldqfh ixqfwlrq1 Glvfxvv wkh hvwlpdwlrq
ri �> � dqg �5=

Ilqg wkh dv|pswrwlf glvwulexwlrq ri +a�> a�, li � @ 3=
^Klqw1 Lw sd|v wr lqyhvwljdwh krz wkh pdwul{# S
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vkdoo eh qruphg wr frqyhujhqfh1`

H{huflvh 5<1 Vkrz wkdw wkh dxwrfryduldqfh ixqfwlrq iru d vwdwlrqdu| DU+5,
surfhvv/ lv jlyhq uhfxuvlyho| e| wkh htxdwlrqv
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4
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5
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5
{
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w

eh gh�qhg e| wkh htxdwlrqv

{
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Qrz uhzulwh wklv dxwruhjuhvvlyh surfhvv ri rughu n lq 4 glphqvlrq dv d pxo0
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Wkxv wkh lqlwldo ydoxh iru �|
w

lv �|3
3
@ +|

3
> = = = > |�n.4,/ dqg zh vhh wkdw |
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ghw+�L �U, @ 3
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duh wkh uhflsurfdo urrwv ri wkh sro|qrpldo
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^Klqw= Shuirup froxpq rshudwlrq rq wkh odvw froxpq lq +U� �L,`1
e, Ilqg dq h{suhvvlrq iru wkh vwdwlrqdu| surfhvv �|�

w

zkhq wkh urrwv lq D+}, kdyh
prgxoxv A 41

H{huflvh 641 Frqvlghu wkh wzr surfhvvhv f
w

dqg |
w

jlyhq e| wkh htxdwlrqv
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w
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� �+f
w�4 � |
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Dvvxph dovr wkdw |
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w

dqg |
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dqg y
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dqg vroyh wkh htxdwlrqv iru x
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1` Wklv prgho
fdq eh dssolhg wr lqwurgxfh wkh vwdwlf wkhru| prgho iru frqvxpswlrq
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w

dqg |
w
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H{huflvh 651 Ohw wkh surfhvv |
w
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dqg yduldqfh �5/ dqg �

3
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3
wkhq wkh surfhvv |
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w

lv dq DU+4, surfhvv1 Jlyh
wkh frqglwlrq iru wklv wr eh vwdwlrqdu|1

H{huflvh 661 Ohw wkh surfhvvhv x
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> y
w

dqg u
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eh jlyhq e| wkh htxdwlrqv
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w

lv frqvxpswlrq lq wwk shulrg/ u
w

lv lqfrph dqg y
w

lv lqyhvwphqwv/ vxfk
wkdw +315, lv wkh frqvxpswlrq ixqfwlrq/ +316, lv lqyhvwphqw ixqfwlrq dqg �qdoo|
+317, lv dq lghqwlw| ehwzhhq frqvxpswlrq/ lqyhvwphqw dqg lqfrph1

d, Ilqg +x
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> y
w

, h{suhvvhg e| +x
w�4> yw�4, dqg %
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w

dqg y
w

jlyhq wkh odjjhg ydoxhv ri wkh
surfhvvhv x dqg y=
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w
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w
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H{huflvh 671 Lq hfrqrplf wkhru| rqh phhwv wkh qrwlrq ri h{shfwdwlrqv1 Rqh
zd| ri vshfli|lqj wkh h{shfwdwlrq irupdwlrq lv e| dgdswlyh h{shfwdwlrqv= Ohw |

w

eh
d wlphv vhulhv dqg |

w

wkh h{shfwdwlrq ri wklv wlph vhulhv edvhg rq revhuydwlrqv ri
wkh surfhvv xs wr wlph w � 41 Wkh h{shfwdwlrqv wr wkh surfhvv fkdqjh iurp shulrg
wr shulrg e| dq dprxqw wkdw lv sursruwlrqdo wr wkh odvw revhuyhg ghyldwlrq ehwzhhq
h{shfwhg dqg dfwxdo ydoxh
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3
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|h
5
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6
wr jhw d ihholqj iru wkh uhvxow1`

Zh zdqw wr �qg rxw zkhq wkh h{shfwdwlrq |
w

fruuhvsrqgv wr wkh frqglwlrqdo
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w

/ jlyhq wkh sdvw1 Lq wklv fdvh rqh fdq vd| wkdw wkh h{shfwdwlrq irupdwlrq lv
prgho edvhg ru udwlrqdo1 Wr lqyhvwljdwh wklv zh duh irufhg wr vshfli| wkh vwrfkdvwlf
surfhvv |

w

1 Zh zloo dvvxph wkdw |
w

kdv wkh uhsuhvhqwdwlrq=

|
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w

.
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z
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%
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3
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zkhuh % duh lqghshqghqw qrupdoo| glvwulexwhg zlwk phdq 3 dqg yduldqfh �5 dqg |
3
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51 Vkrz wkdw wkh ���hogv jhqhudwhg e| wkh | lv wkh vdph dv wkdw jhqhudwhg e|
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w
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w

@ � wkhq
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w

mI
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Lw lv vhhq wkdw dsduw iurp wkh glvfrxqwhg lqlwldo ydoxhv ri wkh h{shfwdwlrq dqg wkh
surfhvv wkh h{shfwdwlrqv duh prgho edvhg1 Li |rx jxhvv fruuhfwo| dw wlph 3/ |h

3
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3
>

wkhq wkh h{shfwdwlrqv zloo eh udwlrqdo1
Qrwh wkdw wkh surfhvv |

w

lv qrq0vwdwlrqdu|/ li wkh h{shfwdwlrqv duh wr eh dgdswlyh1

H{huflvh 681 Wkh sxusrvh ri wklv h{huflvh lv wr lqyhvwljdwh d whvw wkdw wkh uhvlg0
xdov iurp dq DU+4, surfhvv duh lqghshqghqw djdlqvw wkh dowhuqdwlyh wkdw wkh| iroorz
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�5= Lw lv dvvxphg wkdw m�m ? 4> vxfk wkdw wkh surfhvv lv vwdwlrqdu|1
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Wkh Gxuelq�Zdwvrq whvw +GZ, lv d plvvshfl�fdwlrq whvw iru lqghshqghqfh ri
wkh vkrfnv %

w

djdlqvw wkh dowhuqdwlyh wkdw %
w
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%
w
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duh lqghshqghqw
lghqwlfdoo| glvwulexwhg1
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Vhh dovr H{dp Txhvwlrqv Mdqxdu| 4<<:/ T=6/ Pd| 4<<: T= 4/ Mdqxdu| 4<<;/
T=4/ Mxqh 4<<;/ T=4/ T=5/ Mdqxdu| 4<<</ T=4/ T=5/ T=6/ T=71
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w

jlyhq �{
w

dqg wkh sdvw/ �
f

> dqg wkh sdudphwhuv
iurp wkh pdujlqdo prgho iru �{

w

jlyhq wkh sdvw/ �
p

1
71 Ghulyh wkh pd{lpxp olnholkrrg hvwlpdwruv ri wkh ruljlqdo sdudphwhuv iurp

wkh pd{lpxp olnholkrrg hvwlpdwruv ri wkh sdudphwhuv �
f

dqg �
p

=

Txhvwlrq 5
Ohw +|

w

> {
w

,3 eh l1l1g1 Q
5
+3>
,> zlwk


 @

�
$
44

$
45

$
54

$
55

�
=

Wkh iroorzlqj txhvwlrqv frqfhuq wkh ghulydwlrq ri d whvw iru wkh k|srwkhvlv K
3
=

$
45

@ 4

5
$
55
=

41 Ghulyh wkh frqglwlrqdo ghqvlw| ri |
w

> = = = > |
W

jlyhq {
4
> = = = > {

W

=
51 Uhsdudphwul}h wkh prgho xvlqj wkh sdudphwhuv ri wkh frqglwlrqdo dqg wkh

pdujlqdo glvwulexwlrq dqg h{suhvv wkh k|srwkhvlvK
3
lq whupv ri wkh qhz sdudphwhuv1

4:
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61 Vkrz wkdw wkh olnholkrrg udwlr whvw ri K
3
fdq eh edvhg xsrq wkh frqglwlrqdo

olnholkrrg ixqfwlrq/ dqg wkdw wkh whvw fdq eh shuiruphg dv d w�whvw1

Txhvwlrq 6
Ohw wkh xqlyduldwh surfhvv |

w

eh jlyhq e| wkh htxdwlrq

|
w

@ �|
w�4 . 5�|

w�5 . %
w

> w @ 4> = = = > W=+31:,

Khuh %
w

duh l1l1g1 Q+3> �5,> dqg wkh lqlwldo ydoxhv duh |
3
dqg |�4=

41 Vkrz wkdw iru

�4

5
? � ?

4

6
>

wkh surfhvv |
w

fdq eh pdgh vwdwlrqdu|1
Qh{w dvvxph � lv vr fkrvhq dqg wkdw zh ohw wkh lqlwldo ydoxhv eh glvwulexwhg dv

Q
5

�
3> �5

�
4 �
� 4

��
>

zkhuh

� @
�

4� 5�
>

dqg

�5 @ �5+4� 8�5 � 7�5�,�4=

Lq wklv fdvh rqh fdq vkrz wkdw wkh surfhvv ehfrphv vwdwlrqdu|1 Wklv uhvxow fdq eh
dssolhg zlwkrxw surri1

51 Ilqg wkh pd{lpxp olnholkrrg hvwlpdwru edvhg xsrq wkh frqglwlrqdo olnh0
olkrrg ixqfwlrq jlyhq wkh lqlwldo ydoxhv |

3
dqg |�4> zkhq lw lv dvvxphg wkdw wkh

sdudphwhuv � dqg �5 ydu| iuhho|/ dqg vkrz wkdw

W
4

5 +a�� �,
z$ Q+3> �5,>

zkhuh

�5 @
4

5
+4� 5�� 8�5 . 9�6,

zkhq lw lv dvvxphg wkdw |
w

lv d vwdwlrqdu| surfhvv=
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Ghsduwphqw ri Hfrqrplfv Hfrqrphwulfv dqg Vwdwlvwlfv
Hxurshdq Xqlyhuvlw| Lqvwlwxwh
Pd| 4<<:

Txhvwlrq 4

Frqvlghu wkh surfhvv

[
w

@
6

7
[
w�4 � 4

;
[
w�5 . %

w

> w @ 4> = = = > W>+31;,

zkhuh %
w

duh l1l1g1 Q+3> 4,=

41 Vkrz wkdw wkh surfhvv fdq eh pdgh vwdwlrqdu| iru d vxlwdeoh fkrlfh ri
wkh lqlwldo glvwulexwlrq1 Wkh yduldqfh ri wkh vwdwlrqdu| surfhvv lv lq wklv fdvh
htxdo wr 97

68
= Wklv uhvxow |rx qhhg qrw suryh/ vkrz lqvwhdg wkdw wkh fruuhodwlrq

� @ Fry+[
w

> [
w�4,@Y +[

w

, @ 5

6
=

Qh{w frqvlghu wkh vwdwlvwlfdo prgho

[
w

@ �
4
[
w�4 . �

5
[
w�5 . %

w

> w @ 4> = = = > W>+31<,

zkhuh %
w

duh l1l1g1 Q+3> �5,= Wkh sdudphwhuv duh +�
4
> �

5
> �5,> zklfk ydu| xquhvwulfw0

hgo|/ vxfk wkdw �5 A 31

51 Jlyh wkh sdudphwhu ydoxhv ri +�
4
> �

5
> �5, zklfk fruuhvsrqg wr wkh surfhvv

+31;, dqg jlyh wkh pd{lpxp olnholkrrg hvwlpdwru a�
4
iru wkh sdudphwhu �

4
= Ilqdoo|

vkrz wkdw wkh dv|pswrwlf glvwulexwlrq iru a�
4
lv jlyhq e|

W
4

5 +a�
4
� �

4
,

z$ Q+3>
96

97
,>

iru wkh surfhvv jlyhq e| +31;,1

Qh{w frqvlghu wkh vwdwlvwlfdo prgho

[
w

@
4

;
+9�[

w�4 � �[
w�5, . %

w

> w @ 4> = = = > W=+3143,

zlwk sdudphwhuv +�> �5,> zklfk ydu| iuhho|1

61 Jlyh wkh ydoxh ri wkh sdudphwhuv lq wklv prgho zklfk fruuhvsrqg wr wkh
surfhvv +31;, dqg �qg wkh pd{lpxp olnholkrrg hvwlpdwru1 Vkrz wkdw wkh dv|pswrwlf
glvwulexwlrq ri a� lv jlyhq e|

W
4

5 +a�� �,
z$ Q+3>

68

5<
,>

iru wkh surfhvv +31;,1
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71 Vkrz �qdoo| wkdw li zh zdqw wr hvwlpdwh wkh frh!flhqw wr [
w�4> wkhq zh jhw

d vpdoohu yduldqfh iurp wkh hvwlpdwru lq prgho +3143, wkdq iurp wkh hvwlpdwru lq
prgho +31<,1

Txhvwlrq 5

Lw lv jhqhudoo| dvvxphg wkdw orj frqvxpswlrq F
w

ghshqgv rq orj lqfrph \
w

wkurxjk wkh htxdwlrq

F
w

@ �. �\
w

=

Lq sudfwlfh wklv prgho lv wrr vlpsoh dqg dq dwwhpsw wr ghvfuleh wkh g|qdplf dgmxvw0
phqw ri frqvxpswlrq wr lqfrph lv jlyhq e| d vr0fdoohg sduwldo dgmxvwphqw prgho ri
wkh irup

�F
w

@ +4� �,+�. �\
w

�F
w�4, . %

4w
>+3144,

zkhuh/ iru wkh suhvhqw h{huflvh/ lw zloo eh dvvxphg wkdw orj lqfrph lv jhqhudwhg e|

\
w

@ �\
w�4 . %

5w
=+3145,

Pruhryhu lw lv dvvxphg wkdw %
w

@ +%
4w
> %
5w
,3 duh l1l1g1 Q

5
+3>
,> zkhuh


 @

�
$
44

$
45

$
54

$
55

�
=

Wkh sdudphwhuv +�> �> �> �>
, lq wkh vwdwlvwlfdo prgho duh dvvxphg wr ydu| iuhho|/
vxfk wkdw 
 lv srvlwlyh gh�qlwh1

41 Ilqg wkh frqglwlrq rq wkh sdudphwhuv iru wkh surfhvvhv F
w

dqg \
w

gh�qhg e|
+3144, dqg +3145, wr eh vwdwlrqdu|1

51 Vkrz wkdw iru $ @ $45$
�4
55

zh kdyh iurp +3144, dqg +3145, wkdw

H+�F
w

m\
w

> F
w�4> \w�4, @ +4� �,�. ++4� �,� . $,\

w

� +4� �,F
w�4 � $�\

w�4

dqg xvh wklv uhvxow wr vkrz wkdw \
w

lv zhdno| h{rjhqrxv iru wkh sdudphwhuv ri lqwhuhvw
+�> �,> exw qrw ru �=

61 Vxjjhvw d uhvwulfwlrq rq wkh sdudphwhu vsdfh wkdw pdnhv \
w

zhdno| h{rjhqrxv
iru wkh sdudphwhuv +�> �> �,1
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Ghsduwphqw ri Hfrqrplfv Hfrqrphwulfv dqg Vwdwlvwlfv
Hxurshdq Xqlyhuvlw| Lqvwlwxwh
Mdqxdu| 4<<;

Txhvwlrq 4
Li {

w

lv lqyhvwphqw dqg |
w

lv surgxfwlrq lq shulrg w> +w @ 3> 4> = = = > W , wkhq {
w�4

lv d ohdglqj lqglfdwru iru |
w

li

|
w

@ �{
w�4 . %

4w
> w @ 4> = = = > W=

Zh dvvxph ixuwkhu wkdw {
w

lv jlyhq e|

{
w

@ �{
w�4 . %

5w
> w @ 4> = = = > W>

dqg wkdw wkh % duh l1l1g1 Q5
+3>
,1

41 Ilqg wkh fkdudfwhulvwlf sro|qrpldo iru wkh surfhvv +|
w

> {
w

, dqg �qg wkh frq0
glwlrq iru wkh surfhvv wr eh vwdwlrqdu|1

Frqvlghu wkh vwdwlvwlfdo prgho zh jhw e| ohwwlqj wkh sdudphwhuv ydu| iuhho|/ wkdw
lv/

� 5 U> � 5 U> 
 srvlwlyh gh�qlwh

51 Glvfxvv li {
w

lv zhdno| h{rjhqrxv iru � dqg �qg wkh pd{lpxp olnholkrrg
hvwlpdwru iru �=

61 Ilqg wkh dv|pswrwlf glvwulexwlrq ri a�> zkhq wkh surfhvv lv dvvxphg vwdwlrq0
du|1

Txhvwlrq 5
Frqvlghu wkh prgho

|
w

@ �{
w

. %
4w
> w @ 4> = = = > W>

{
w

@ �|
w�4 . %

5w
> w @ 4> = = = > W=

Khuh % duh l1l1g1 Q
5
+3>
, dqg wkh sdudphwhuv duh iuhho| ydu|lqj vxfk wkdw 
 lv

srvlwlyh v|pphwulf/ � 5 U> dqg � 9@ 3=
41 Vkrz wkdw wkh frqglwlrqdo prgho iru |

w

jlyhq {
w

dqg +|
w�4> {w�4, kdv wkh

irup

|
w

@ �
4
{
w

. �
5
|
w�4 . �

6
{
w�4 . %

4=5w
>

dqg ghwhuplqh wkh frqglwlrqdo sdudphwhuv �
frqg

@ +�
4
> �

5
> �

6
> $

44=5
, dv ixqfwlrqv ri

wkh sdudphwhuv +�> �>
,
51 Vkrz wkdw wkh frqglwlrqdo dqg wkh pdujlqdo sdudphwhuv duh yduldwlrq iuhh

dqg h{suhvv wkh k|srwkhvlv $
45

@ 3 lq whupv ri wkh frqglwlrqdo sdudphwhuv1
61 Krz zrxog |rx whvw wkh lqghshqghqfh ri %

4w
dqg %

5w
xvlqj wkh uhvxowv lq 41

dqg 51 B
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Ghsduwphqw ri Hfrqrplfv Hfrqrphwulfv dqg Vwdwlvwlfv
Hxurshdq Xqlyhuvlw| Lqvwlwxwh
Mxqh 4<<;

Txhvwlrq 41
Ohw wkh elyduldwh surfhvv |

w

> {
w

eh jlyhq e| wkh htxdwlrqv

|
w

@ �
44
|
w�4 . �

45
{
w�4 . �

4w
. %

4w

{
w

@ �
54
|
w�4 . �

55
{
w�4 . �

5w
. %

5w

w @ 4> = = = > W @ 5Q> zkhuh %
w

duh l1l1g1 Q
5
+3>
,> dqg

�
lw

@

�
�
l

w @ 4> = = = > Q
�
l

w @ Q . 4> = = = > 5Q

vxfk wkdw d euhdn rffxu dw wlph w @ Q> lq wkh plggoh ri wkh shulrg1 htxlydohqwo|
zh fdq zulwh

�
w

@ �. +� � �,Liw A Qj>
zkhuh wkh ixqfwlrq Liw A Qj lv 3 iru w @ 4> = = = > Q dqg 4 iru w @ Q . 4> = = = > 5Q=

41 Ilqg wkh frqglwlrqdo prgho iru |
w

jlyhq {
w

dqg wkh sdvw dqg vkrz wkdw wkh
frqglwlrq iru wkh frqglwlrqdo prgho qrw wr kdyh d euhdn lv

�
4
� $�

5
@ �

4
� $�

5
> $ @ $

45
$�4
55

+3146,

51 Ghvfuleh wkh uhjuhvvlrqv wkdw rqh fdq shuirup lq rughu wr �qg wkh pd{lpxp
olnholkrrg hvwlpdwru ri wkh sdudphwhuv ri wkh prgho xqghu wkh dvvxpswlrq wkdw
wkhuh lv qr euhdn lq wkh frqglwlrqdo prgho/ exw rwkhuzlvh qr uhvwulfwlrqv rq wkh
sdudphwhuv1

Txhvwlrq 5
Ohw wkh surfhvv +|

w

> {
w

, eh jlyhq e| wkh htxdwlrqv

|
w

@ �{
w�4 . %

4w

{
w

@ �|
w�4 . %

5w

w @ 4> = = = > W> zkhuh %
w

duh l1l1g1 Q
5
+3>
,=

41 Ilqg wkh frqglwlrq iru wkh surfhvv wr eh vwdwlrqdu| h{suhvvhg lq whupv ri wkh
sdudphwhuv1

51 Ilqg wkh yduldqfh pdwul{

Y du

�
|
w

{
w

�
61 Li zh ixuwkhu dvvxph $45 @ 3> dqg qr rwkhu uhvwulfwlrqv rq wkh sdudphwhuv/

�qg wkh pd{lpxp olnholkrrg hvwlpdwru iru wkh sdudphwhu � dqg lwv dv|pswrwlf
glvwulexwlrq1
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Ghsduwphqw ri Hfrqrplfv Hfrqrphwulfv dqg Vwdwlvwlfv
Hxurshdq Xqlyhuvlw| Lqvwlwxwh
Mdqxdu| 4<<<

Txhvwlrq 4

Wkh elyduldwh yhfwru dxwruhjuhvvlyh surfhvv lv jlyhq e|

|
w

@ �
4
+|

w�4 � �{
w�4, . %

4w

{
w

@ �
5
+|

w�4 � �{
w�4, . %

5w

zlwk %
w

@ +%
4w
> %
5w
,3 l1l1g1 Q

5
+3>
,> w @ 4> = = = > W=

41 Ilqg wkh frqglwlrqdo prgho iru |
w

jlyhq {
w

> |
w�4> {w�4=

51 Lq wkh vwdwlvwlfdo prgho zlwk sdudphwhuv �
4
9@ 3> �

5
@ 3> � 5 U> 
 xquh0

vwulfwhg/ vkrz wkdw {
w

lv zhdno| h{rjhqrxv iru �=
61 Ilqg wkh pd{lpxp olnholkrrg hvwlpdwru iru � xqghu wkh dvvxpswlrq wkdw

�
5
@ 3=
71 Zkdw lv wkh suredelolw| olplw ri wklv hvwlpdwru li �

5
9@ 3=

Txhvwlrq 5

Wkh elyduldwh yhfwru dxwruhjuhvvlyh prgho lv jlyhq e|

�|
w

@ �
4
+|

w�4 � {
w�4, . %

4w

�{
w

@ �
5
+|

w�4 � {
w�4, . %

5w

zlwk %
w

@ +%
4w
> %
5w
,3 l1l1g1 Q

5
+3>
,=

41 Ilqg wkh fkdudfwhulvwlf sro|qrpldo/ dqg lwv urrwv dqg vkrz wkdw wkh surfhvv
lv qrw vwdwlrqdu|1

51 Vkrz wkdw y
w

@ |
w

�{
w

lv dq dxwruhjuhvvlyh surfhvv vdwlvi|lqj dq htxdwlrq ri
wkh irup

y
w

@ �+�
4
> �

5
,y

w�4 . �
w

iru �
w

@ �+%
4w
> %

5w
,=

61 Vkrz wkdw wkh pd{lpxp olnholkrrg hvwlpdwru iru �+�
4
> �

5
, edvhg xsrq

~|
w

> {
w

jW
w@4

lv wkh vdph dv wkh pd{lpxp olnholkrrg hvwlpdwru edvhg rq wkh revhuyd0
wlrqv ri wkh surfhvv y

4
> = = = > y

W

=
71 Ilqg wkh dv|pswrwlf glvwulexwlrq ri a�+�

4
> �

5
, zkhq lw lv dvvxphg wkdw wkh

sdudphwhuv �
4
> �

5
kdyh ehhq fkrvhq vxfk wkdw y

w

lv vwdwlrqdu|1

Txhvwlrq 6

Ohw |
w

dqg {
w

eh jlyhq e|

|
w

@ +�. �,|
w�4 . +�� �,{

w�4 . %
4w

{
w

@ +�� �,|
w�4 . +�. �,{

w�4 . %
5w

zlwk %
w

@ +%
4w
> %
5w
,3 l1l1g1 Q

5
+3>
,=

41 Ilqg wkh fkdudfwhulvwlf sro|qrpldo D+}, iru wkh surfhvv dqg lwv urrwv dqg
wkh yhfwruv

y
4
@

�
4
�
4

�
> y

5
@

�
4
�
5

�

zklfk vdwlvi|

D+}
l

,y
l

@ 3=
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51 Ilqg wkh dxwruhjuhvvlyh prgho iru wkh qhz yduldeohv

x
w

@ +|
w

> {
w

,y
4
@ |

w

. �
4
{
w

z
w

@ +|
w

> {
w

,y
5
@ |

w

. �
5
{
w

dqg �qg wkh frqglwlrq iru wkh surfhvvhv wr eh vwdwlrqdu|1
Txhvwlrq 7

Ohw
|
w

@ �{
w

. %
4w
. �%

4w�4

{
w

@ �{
w�4 . %

5w

zlwk %
w

@ +%
4w
> %
5w
,3 l1l1g1 Q

5
+3>
,=

Wklv lv qrw dq dxwruhjuhvvlyh surfhvv dqg pd{lpxp olnholkrrg hvwlpdwlrq lv
pruh gl!fxow1 Khuh lv dqrwkhu zd| ri vroylqj wkh hvwlpdwlrq sureohp1

41 Vkrz wkdw

H+|
w

{
w�5, @ �H+{

w

{
w�5, @ ��5

$
55

4� �5
=

Wkh vr fdoohg lqvwuxphqwdo yduldeoh hvwlpdwru kdv wkh irup

a�
LY

@

S
W

w@4
|
w

{
w�5S

W

l@4
{
w

{
w�5

51 Vkrz wkdw a�
LY

lv d frqvlvwhqw hvwlpdwru iru �=
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Ghsduwphqw ri Hfrqrplfv Hfrqrphwulfv dqg Vwdwlvwlfv
Hxurshdq Xqlyhuvlw| Lqvwlwxwh
Mdqxdu| 5333

Txhvwlrq 4
Frqvlghu wkh prgho

|
w

@ �{5
w�4 . %

4w

{
w

@ �|
w�4 . %

5w

zkhuh %
w

@ +%
4w
> %
5w
,3 duh l1l1g1 Jdxvvldq zlwk phdq }hur dqg yduldqfh 
=

41 Ilqg wkh frqglwlrqdo prgho iru |
w

jlyhq {
w

> {
w�4> |w�4=

51 Vkrz wkdw wkh sdudphwhuv lq wkh frqglwlrqdo prgho iru |
w

jlyhq {
w

> {
w�4> |w�4

duh qrw yduldwlrq lqghshqghqw ri wkh sdudphwhuv lq wkh pdujlqdo prgho iru {
w

jlyhq
{
w�4 dqg |

w�4=

Txhvwlrq 5
Ohw {4> = = = > {W eh l1l1g1 Srlvvrq yduldeohv zlwk phdq �=
41 Ilqg

H+
W[
w@4

w{
w

,

51 Vkrz wkdw

Y du+

S
W

w@4
w{

wS
W

w@4
w
, $ 3

Txhvwlrq 6
Ohw {4> = = = > {W eh lqghshqghqw h{srqhqwldo yduldeohv zlwk ghqvlw|

s+{
w

, @
4

�w
h{s+�{

w

�w
,> w @ 4> = = = > W>

zkhuh � A 3 lv d sdudphwhu1
41 Ilqg wkh olnholkrrg ixqfwlrq/ wkh vfruh ixqfwlrq/ dqg wkh lqirupdwlrq1
51 Ilqg wkh dv|pswrwlf glvwulexwlrq ri wkh pd{lpxp olnholkrrg hvwlpdwru iru

wkh sdudphwhu �=
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Ghsduwphqw ri Hfrqrplfv Hfrqrphwulfv dqg Vwdwlvwlfv
Hxurshdq Xqlyhuvlw| Lqvwlwxwh
Mxqh 5333

Txhvwlrq 4
Frqvlghu wkh uhjuhvvlrq prgho iru wkh xqlyduldwh vwrfkdvwlf yduldeoh |

w

=

|
w

@ �{
w

. %
w

> w @ 4> = = = > 5W>

zkhuh %
w

duh l1l1g1 Jdxvvldq zlwk phdq }hur dqg yduldqfh �5> dqg wkh ghwhuplqlvwlf
uhjuhvvru {

w

lv jlyhq e|

{
w

@

� �4 w @ 4> = = = > W>
4 w @ W . 4> = = = > 5W=

Khqfh wkh �uvw kdoi ri wkh revhuydwlrqv kdyh phdq ��> dqg wkh odvw kdoi kdyh phdq
�=

41 Vkrz wkdw wkh pd{lpxp olnholkrrg hvwlpdwru ru wkh ruglqdu| ohdvw vtxduhv
hvwlpdwru lv

a� @
�S

W

w@4
|
w

.
S

5W

w@W.4
|
w

5W
=

51 Ilqg h{suhvvlrqv iru wkh phdq dqg yduldqfh ri wkh hvwlpdwru a� iru wklv fkrlfh
ri uhjuhvvru {

w

=

Txhvwlrq 5
Frqvlghu wkh prgho iru wkh elyduldwh surfhvv +|

w

> }
w

, gh�qhg e| wkh htxdwlrqv

|
w

@ �|
w�4 . ��}

w�4 . %
4w

}
w

@ �}
w�4 . %

5w

w @ 4> = = = > W

zkhuh %
w

@ +%
4w
> %

5w
,3 duh l1l1g1 Q

5
+3>
,= Wkh sdudphwhuv duh +�> �> �>
,> zklfk ydu|

iuhho|1
41 Ilqg wkh frqglwlrqdo h{shfwdwlrq ri |

w

dqg }
w

> jlyhq wkh sdvw/ wkdw lv/ lq wklv
fdvh |

w�4 dqg }
w�4=

51 Ilqg wkh frqglwlrqdo h{shfwdwlrq ri |
w

jlyhq wkh sdvw dqg }
w

1
61 Vkrz wkdw }

w

lv zhdno| h{rjhqrxv iru �> exw qrw iru �=
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Txhvwlrq 6
Frqvlghu wkh uhjuhvvlrq prgho iru wkh xqlyduldwh surfhvv

|
w

@ h�w . %
w

> w @ 4> = = = > W

zkhuh %
w

duh l1l1g1 Jdxvvldq zlwk phdq }hur dqg yduldqfh �5 @ 41 Wklv prgho lv qrw
vr hdv| wr hvwlpdwh/ vr zh zdqw lqvwhdg wr ghulyh d vfruh +ru Odjudqjh pxowlsolhu,
whvw iru wkh k|srwkhvlv � @ 3=

41 Vkrz wkdw wkh vfruh dqg lqirupdwlrq duh jlyhq e|

v
W

+�, @
S

W

w@4
+|

w

� h�w,wh�w

l
W

+�, @ �S
W

w@4
+|

w

� h�w,w5h�w .
S

W

w@4
w5h5�w

51 Vkrz wkdw iru � @ 3>

l
W

+�,S
W

w@4
w5

�����
�@3

S$ 4

61 Vkrz �qdoo| wkdw

v
W

+�,tS
W

w@4
w5

������
�@3

lv glvwulexwhg dv Q+3> 4,=


