STATISTICS: Problem Set 2¢Multivariate Distributions

1. Let X, X, X3 and Xy be four mutually stochastically independent random variables,
each with pdf fx,(z:) = 3(1 — ;)% 0 < z; < 1. If Y is the minimum of these four variables,
find the cdf and the pdf of Y.

(Hint: Fy(y) = P(Y <y)=1-TY>y)and P(Y >y) = P(X; >y, i=1,23,4)).

2. Let X; and X, be jointly exponential with density function given by
Dxx (71, Tp) = A2e™AEHT2) gy > 0, 25 > 0,

(a) Find the marginal distribution of X; , _

(b) Find the conditional distribution of ¥ = X; + X, given X,

(¢) Find E(X1), Var(X1) and Var(Y1X;)

3. Consider the joint density function of the random variables X and Y given by

Ifxy(z,y) =8zy, 0 <z <y <1; 0 elsewhere.

Show that:

(a) The marginal density fx(z) =42{1—2%),0<z <1

(b) The marginal density fy(y) =44°, 0 <y < 1

(¢) Find the conditional densities fxy(z,y) and fyx(y, z), paying attention to the interval
over which the functions are defined.

(d) Show that E(Y|X =) = 2 (45)

(e} Show that E(X|Y =y) = 2y

4. Using the result according to which if two random variables X and Y are indepen-
dent, then the mgf of Z = X + Y is the product of the mgf of both X and Y, show that the



surmn of ftwo poisson is poisson distributed.

5. Let X3, Xs,..., Xr be iid with normal density N(u, ¢?). Find the distribution of:
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6. Let Y7 = (X; — X), where X; and X, have the following joint pdf:

1 x1+xy
le,Xz (':51::52) = e 2 ]I$1>O]Im2>0
4

Find the pdf of ¥7.

7. Suppose that the joint probability density function of the bivariate random variable
(XY} is given by:

Jxy(z,y) =1 —a(l - 22)(1 — 2y)|[To<ec1 Togy<:

(a) Work out E(XY)
(b) Work out the marginal density functions fx(z) and fy(y) and hence E(X) and E(Y).
(c) Attempt to prove or disapprove the following statement:

"In this example, the variables X and Y are independant if and only if they are uncorrelated.”

8. Let X and Y be random variables with £(X) = E(Y) = 0. Assuming that E{XY)
exists and that E(X|Y) = 0, show that X and Y are uncorrelated.

9. The joint density of 2 random variables X and Y is given by:

i ,
fX,Y(CC: y) — 58 yewyﬂ$>0]ly>0

Compute E(X|Y=y).
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