STATISTICS: Problem Set 4-Solutions

October 11, 2007

1. Let Xy, Xs,..., X7 be iid with the following density px, (z;) = Ae ™, x; > 0, A > 0.

(a) Find an expression for the log-likelihood function as a function of the parameter A, conditioned on

the available data.

The likelihood function is

T
L(Mzy,xa,...,27) = (prz(ac,)) =X,

i=1

So, the corresponding log-likelihood function is

T
LogL(Mz1, z2, ..., x7) := Tln\ — )\in.

=1

(b) Evaluate the score function st(\), that is the first derivative of the log-likelihood function.

d T
sp(A) == aLogL()\|w1,x2, ey XIT) = S le

(¢) Work out the maximum likelihood estimator AL
XML = argmaxyLogL(\|zy, 2o, ..., xT)

The first-order condition is that the score function sT(:\\M 1) is equal to 0. This condition amounts to

T
% = > ., x;. Therefore, we have:

~ T
i=1%i

K|~

(d) Try to work out its variance (Do not spend too much time on that question...)

In order to find the variance of XM L= %, we can find the p.d.f. of the estimator and then simply compute its
moments. Let’s first determine the pdf of X; + X5 + ... + X7. This may be done by the change-of-variables
method. Let

Yi=X1+Xo+...+ X7,
Yo=Xo+ ...+ X7,



Yy = X3+ ...+ Xp,

Yr = Xr.
This means that
Xl = Yl - Y27
X2 = }/2 - Y37
Xr=Yr
and so, the Jacobian of the transformation is
1 -1 0 0 0
0 1 -1 0 0
J =
0 O 0 0 1

The determinant of this Jacobian is 1: det(J) = 1. Therefore, the joint density of Y, .., Y is

PYa,ve (Y1s o UT) = Px1, X (Y1 — Yo, nyr) - 1= Ne ™M 0<yr <yp_1 <..<ys <y < 0.

The marginal density of y; is then

pvi(y1) = Ae?n dys..

Yyr—2 Yr—1
/ dyr— 2/ dyTA/ dyr =
0
Y1 Yr—2
dys.. / dyr— 2/ yr—1dyr—1 =

— N2

Yr-3 T—1

yT 2 T w Y1

(T — 1)

= AN

dys... dyr—2 =

V0O < Y1 < o0

This means that the distribution of the sum of the X;’s:

AT
fxvixoriaxe (@) = T-1° et

Now, using the rule of transformation once more, we have the distribution of the mean of X;’s:

TmT
AT T—1_—ATx

f3(@) = fxi4Xot . x, (T2)|T] = mx

Finally, the third transformation leads to the pdf of the inverse of the mean:

T T+1 N
RO =@~ 5= w25 () <% =,

Now that we have the pdf of the estimator, we can compute its moments. Let’s start with the expectation:

A h = (t\T
B = [t = gy [T (5) P



Change the variable by taking y = TT’\, dy = f—dx Then

E(//\\ML) = % /‘X’ yI2e Vdy = %(T —-2)!

In the end, we have that:
~ X
E(\ = —
(Amr) -1
One can notice that the estimator is biased. In the very same fashion, one can compute the second moment

E\%,) = (T(l)% and finally get the variance of the estimator:

(M T 1P (T2
V()\ML> = (T*l)(T*Q) - |:(T1):| - (T,I)Z(TfQ).

(e) Evaluate the Information Matrix ip(\).
T T

. d?
ir(A) = — (d)\zLogL(/\\ml,xg,...,xT)) = _E(_ﬁ) =z

(f) Is Az an efficient estimator of A? Comment.

First of all, we remarked that the estimator was a biased estimator of the parameter of interest. But,

one can see that it is asymptotically unbiased and efficient since its variance reaches the CRLB

2. Let X1, Xo,..., X7 be iid with normal density N(u,o?).

(a) Find an expression for the log-likelihood function as a function of the parameter § = (i, 02)’, conditioned

on the available data.
The likelihood function is

T 1 T T (.’II—,LL)Q
LBz, xo,...,27) := () = | —=| exp|— ASHUNENS A b
R | | e >
So, the log-likelihood function is

T 2

T -
LogL(0|xy1,x2,...,x7) := =T In V21 — §ln02 — Z %.

i=1

(b) Evaluate the score function sp(6).
5p(0) = %LogL(G\xl, ey ) _ ZlT 1 (I;2“)
%LOQL(wxla "'axT) 20—2 + ZZ 1 (xZZUiL)

(¢) Work out the maximum likelihood estimator Onrr.

Taking the score being equal to zero, we obtain:

(d) Work out its variance.



fvr =17

T 2
62, Note that since X1, Xa,..., X7 are iid with normal density N (u, o?), HL;X) ~ X3

E(63) =FE (Zz 1 LL_L) = UTE (M) TE(X%Tfl)) = UQTT
— T i~ 0'
V(6i) =V (Z?:l %) = T (M) = V(X(T 1)) = 04%

(e) Evaluate the Information Matrix ip(6).

82
s LogL LogL
ir(0) = —E( % Bwﬂ % )

8u802LogL 8( RICOE LogL

Let Q(#) be the matrix of second derivatives, we have:

¥ )
QO=| vr elpw 1 "7 @-w?

ol ’ 204 o6

T
0 204

o
i(9)=—E(Q(9))=< 7 )

(f) Is the maximum likelihood estimator of o2 an unbiased estimator of 02? Does is achieve the Cramer-
Rao lower bound?

The CRLB is the inverse of the information matrix, i.e. :

20
(i (9))1< " gt )
T 0 2%

First of all, one can see that only the MLE of p is unbiased. Therefore, efficiency in finite sample can only
be considered for it, but not for o%,; since it is biased. Having a look at the inverse of the information
matrix, one can see that the variance of Z is equal to the CRLB. Therefore, Z is an efficient estimator of the
parameter f.

Now, if we consider the asymptotic properties of both estimator, one can see that they are both unbiased,

and also efficient. This is a general property of ML estimators.

3.
(a) Define a maximum likelihood estimator.
A maximum likelihood estimator is a function of the observations which maximizes the likelihood function.

Formally, Ay, = argmaxyLogL()\). That is why the necessary condition is the score to be equal to 0.

(b) Let X3, Xs,..., X7 be iid with Poisson distribution given by:

e—A)\ﬂi

fxi (@) =



Derive the log-likelihood function for the sample, and compute the Cramer-Rao lower bound.

e—AT}\Z X

L@y, or) = [Ty fx, (@) = S
LogL(\|xy, ...,zr) = AT + S idn(N) — S In(a:!)

CRLB = (-B(*Z) " = (-E(- S ) =(3) 7 =2

(c) Derive the maximum likelihood estimator for A.

By definition, the MLE is such that the score is equal to 0, which means in our case that v = 7.

(d) Derive the mean and variance of the ML estimator and show whether or not its variance achieves
the Cramer-Rao bound.
E(@)=A
Var(z) = %
We see that our MLE is unbiased and that its sample variance is equal to the CRLB. Therefore, our estimator

is efficient.

4. Consider the process:

0 2
) -1 L7 P fort=1,2..,T.
Zt 0 0 w?

(a) You want to estimate the parameter § in a conditional linear model relating y; to z;. How can this

be justified? Derive § as a function of the parameters of the process above.

Regression of y; on z; is justified because y; and z; are correlated.

2

Recall that generally if & "IN, i , 71 0122 ,t €1,..,T, then we know the conditional
2t w2 021 03

distribution of y;/z;:

012 s Ol
Ye/ze ~ Ni | pa + Q(Zt_lu’Q)?o-l_ 2 |-
g3 03
denote by u, = y; — E(y/2;). Then
012 g12
Yt = (/M — M2~ ) + —5 2+ Uy
03 03

So, regressing y; on z; gives us

g
= p1— P2 R,
8= 22
o’% :

In our problem, py = pus = 0, 012 = @, 05 = w?. Therefore,

(b) Write down the likelihood function for the bivariate process (use the assumption of independence)

and find the maximum likelihood estimator B of 3.

Let x;, = ( o ) . Then using the formula for the n—variate normal density function
Zt



fx(x) =

we know the density function of x,:

Flse) = (2m) (0% — ) Peap(— x5 x,) =

(2m) 2|87 2emp(— 5 (x — ) S (x — ),

2
_ N 1 _
= (2m) 1(w2(<f2—ﬁ)) 1/263:17(—5)522 %)

Alternatively, one may think of density function for x, as f,, /., * f-,.

Let us define 02, = 0% — f—z (it is the conditional variance of y;/z;). Then the likelihood function for the

bivariate process x; is

Taking logs gives

— (2m) " (w%03,)

T
1
,T/2 H ezp(_§X2271Xt)
t=1

T T 1
LogL = —Tlog(27) — Elog(uﬂ) - 5109(032) ~5 Zx;Z_lxt.
t=1

Iy—1
th Xt

Thus

T
LogL = —Tlog(27) — Elog(w ) — =log(oi,) —

The likelihood problem now is to maximize log L with respect to %

—~

v %) 1 o 019 ye \
t )5 5 5 =
0-2‘*)2 - 902 021 O'% 2t

m(wzyf — 2py2 + 0°27) =

a) - ey

, 02, and w?. Note that the parameters

Qmi

t=1

are variation free (in the sense that fixing w? for example does not restrict the values that the remaining

parameters can take on and similarly, for the other parameters).

From part (a) we know that %

T T
LogL = —Tlog(2w) — glog(w ) — 5!09(0142

= (3. Then we have

1 T
ﬂZt _TZ

Mﬂ

201 9 t:l

Differentiate this function with respect to # and equate the derivative with zero:

Hence,

% Zzt (yt - 57&) =



B _ Sz

T
This is a ML estimate of 3.
The ML estimates of the other parameters can be found in a similar way. Differentiating LogL with
respect to 02 , and w? we obtain

>y - Bz)?

t

M-
I

>
N
I
el
[~
N
”.‘l\')

t

Il
—

Since 3 = %, once we know @?, we also have an estimate for ¢:

5 3@2 _ S zeye a7 _ Sz
g Yiz T r oo

~2
Besides, since 6% , = 62 — 23, and we know the estimates for 0%, p, and %, we can also estimate 52

o 2 AT
=23, (yt - ﬁzt) +572”:% o
5. Let

Y = B2 4 Uy,

where

U = pur—1 + €¢

with |p| < 1 and ¢, IN(0,1).

You may also assume that the z; are determined outside the model, and can be taken as fixed in repeated

samples.

Obtain the score and information matrix for the problem and show that the maximum likelihood esti-
mators of § and p are independent of each other (i.e. the information matrix is diagonal).
Briefly describe how you would calculate the estimators.
Given the AR(1) process for u;, the process for y; can be represented in the form
Yr = Bz + pur—1 + ¢

e+ IN(0,1) means that (y: — Szt — pus—1) IN(0,1) or (y: — Bzt — p(yt—1 — Bzi—1)) IN(0, 1) and so, the

likelihood function for this process is

L(ﬁ,pb_/t,zt) = H [\/12?63519(_ (ye — Bz — P(Zt—l — Bz1-1)) )} _

T
- ﬁexp <_1/2 Z(yt — Bz — p(ye—1 — ﬁztl))2> .

t=1



The corresponding log-likelihood function is

T
T
logL(B, ply,»2) = =5 log(2m) — 1/2 > (= Bz — pyr—1 + pBa1).

t=1
The score vector g (8, p) is defined as a vector of the first derivatives of logL with respect to 8 and p:

qr(B,p) = < [ ) - ( Similve = P2 = pyor + pB2) (a1 = p) )
| %LogL S (e = Bz = pyr—1 + pBz-1) (yr-1 — Bzi-1)

The information matrix i (53, p) is 7-” expectation of the matrix Q(0, p) of the second partial derivatives of
logL with respect to 8 and p: i7 (8, p) = —E(Q(S, p)), where
o o

Q(6.p) = < ooz logl g Logh ) _
’ o) o)
_ - Zthl(Pthl - )%, Zthl((Zt = pze-1)(Bzt—1 — Yt—1) — 2e-1(Yt — Bzt — pys—1 + pBzi-1))
Zz;l((zt - Pzt71)<ﬁzt71 - yt71) - th(yt — Bz — pys—1 + pﬁztfl))a - Zle(ﬁztfl - yt71)2
The term outside the diagonal is
Bzizi-1 — 24Yr—1 — PﬁZthl + Pz 11 — Ze—1Ye + Bro12e + pr_1Ye-1 — Pﬁztzq =
=2Bz20-1 — 2pB27 1 + (2pze—1 — Z)Yr—1 — 21yt =
=2Bz2z1 — 2pB21 1 + (2pze—1 — 2) (Bzi—1 + ue—1) — z—1 (B + ug) =

= (2p— D)zi—1us — zpup—1.
Since z; are taken as fixed in repeated samples, z; is uncorrelated with the leads and lags of y;. So,

E(z-1u) = E(z1)E(w) =
E(ziui—1) = E(z) E(ug—1) =

)

Therefore, we get:

T 2
, i1 (pzim1 —2)%, 0
T (/85 ,0) = =t T
07 1,p2
Note, that if not the condition that z; are taken as fixed in repeated samples, i would not necessarily
be diagonal and 3 and p would then be not independent of each other.

The ML estimators of # and p turn the score vector to zero:

{ Zthl(yt - ﬂ:(zt — pz—1) _Aﬁyt—l)(zt - [)Zf_l) =0
Zthl(yt — Bz — p(ys—1 — Bze—1)(Ye—1 — Bz—1) =0

3 _ 23:1(% — pyr—1) (2t — Pz—1) )
’ ZtT=1(Zt — pz—1)? (1)

p= 23:1(% - /th)(yt—l - th—l) _ Z; UpUi—1 @)
ZZ:l(yt—l - B"Zt—l)2 Zle UtA_12

To calculate the estimators, one should first regress y;, on z; and obtain the residuals {;}7_; of this

regression. Then p is calculated according to (2) and after that, given p, 5 is found from (1).



