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This course will cover:
1. Competitive Markets and Welfare (MWG Ch 10 & 15)
2. Uncertainty, Insurance and Asset Markets (MWG Ch 19)
3. Externalities and Public Goods (MWG Ch 11)
4. Monopoly, Oligopoly and Monopolistic Competition (MWG Ch 12)
5. Incentives and Mechanism Design (MWG Ch 23)
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1. Competitive Markets & Welfare

A. Competitive Equilibrium and Pareto Optimality (MWG Ch 10.B)
� Walrasian Equilibrium� Pure Exchange Economy (Edgeworth Box) (MWG Ch 15.B)� Closed Form Solutions� First and Second Welfare Theorems

B. Partial Equilibrium Competitive Analysis (MWG Ch 10.C-F)
� The Quasilinear Model� Welfare Analysis� Comparative Statics
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C. Extensions (MWG Ch 15.C-D)
� Wealth E�ects� Free Entry and Long Run CE� One consumer - One Producer Economy� The 2� 2 Production Model
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A. Competitive Equilibrium and Pareto Optimality

This section reviews some key concepts in economics in a very generalsetting. Consider the following world:
� endowment of !l � 0 of commodity l = 1; :::; L
� consumer i = 1; :::; I chooses bundles xi in consumption set Xi � RL
and has preferences represented by ui(�)

� �rm j = 1; :::; J chooses production vector yj in production set Yj �RL
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An economic allocation (x1; :::; xI; y1; :::; yJ) is feasible if
IP

i=1xli � !l + JP
j=1ylj

for l = 1; :::; L.

A feasible allocation is (strongly) Pareto optimal if there is no otherfeasible allocation (x01; :::; x0I; y01; :::; y0J) such that ui(x0i) � ui(xi) for all iand ui(x0i) > ui(xi) for some i.

The set of attainable utility levels is called the utility possibility set U .
U = f(u1; :::; uI) 2 RI : there exists a feasible allocation(x1; :::; xI; y1; :::; yJ) such that ui � ui(xi) for i = 1; :::; Ig
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Now suppose markets exist for each of the L goods and agents act asprice takers.
A competitive or Walrasian equilibrium is an allocation(x�1; ::; x�I; y�1; :::y�J) of commodities and a vector p� of L prices such that:
i. Firms maximize pro�ts subject to technology constraints
ii. Consumers maximize utility subject to budget constraints
iii. All markets clear, i.e. IP

i=1x�li = !l + JP
j=1y�lj for l = 1; :::; L

This equilibrium concept is not uncontroversial.
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� Walras' law
If prices clear L� 1 markets and preferences are locally non-satiated,then the Lth market must also clear.
Proof. Adding up binding budget constraints and rearranging

P
l 6=L

pl( IP
i=1
xli � !l �

JP
j=1
ylj) = �pL( IP

i=1
xLi � !L �

JP
j=1
yLj)

By market clearing in the L� 1 markets, the LHS equals 0. So the RHS must be 0 as
well and the Lth market clears.

� Price Level Indeterminacy
If (x�; y�; p�) is a CE, then (x�; y�; �p�) as well, for any nonnegativescalar �. What is the numeraire ?
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The Pure Exchange Economy

Consider the following world:
� two commodities, two agents
� total endowment of �!l � 0, l = 1; 2 of which !li is owned by consumeri, i = 1; 2
� consumer i = 1; 2 chooses bundles xi = (x1i; x2i) in consumption setXi � R2+ and has preferences represented by ui(�)
� There are no production opportunities
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� An allocation is feasible if xl1 + xl2 � �!l for l = 1; 2.
� If the latter holds with equality, allocations are called nonwasteful.
� Nonwasteful allocations can be represented by an Edgeworth Box.
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An Edgeworth Box
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� For any prices p = (p1; p2), consumer i's wealth is p�!i = p1!1i+p2!2i.
� We can draw the budget line through the endowment point ! withslope �(p1=p2). (Why?)
� We can also represent preferences by indi�erence curves with slope� @ui@x1i= @ui@x2i. (Why?)
� Letting p vary, we can trace the o�er curve, which passes throughthe endowment point.
� The consumer �nds every point on his o�er curve at least as good ashis endowment point (why?).
� The o�er curve is tangent to the budget line at the endowment point.
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Consumer 1's O�er Curve
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� Assume that preferences are strictly convex, continuous and stronglymonotone.
� A competitive equilibrium for an Edgeworth box economy is a pricevector p� and an allocation x� = (x�1; x�2) in the Edgeworth box suchthat for i = 1; 2,

ui(x�i ) � ui(x0i)
for all x0i in the budget set Bi(p�) = fxi 2 R2+ : xi � p � !ig.

� In a CE, the consumers' o�er curves intersect at the equilibriumallocation.
� Remark: Is price taking a sensible assumption with only two agents?See MWG Ch 18.C for an argument why it might be.
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A competitive equilibrium in an Edgeworth Box Economy
It is easy to �nd examples of nonexistence or nonuniqueness of equilibria.Also, watch out for corner solutions!
When will the two agents trade?
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Example 1:
� Consumer 1: u1 = x11x21, (!11; !21) = (2; 1)
� Consumer 2: u1 = x12x22, (!12; !22) = (1; 2)
A competitive equilibrium is a price vector (p�1; p�2) and an allocation(x�11; x�21; x�12; x�22) such that
i. (x�11; x�21) =

�p�1!11+p�2!212p�1 ; p�1!11+p�2!212p�2
� = �2p�1+p�22p�1 ; 2p�1+p�22p�2

�

ii. (x�12; x�22) =
�p�1!12+p�2!222p�1 ; p�1!12+p�2!222p�2

� = �p�1+2p�22p�1 ; p�1+2p�22p�2
�

iii. x�11 + x�12 = �!1 = 3, x�21 + x�22 = �!2 = 3
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Substituting the Marshallian demands into the market clearingconditions:
2p�1+p�22p�1 + p�1+2p�22p�1 = 3
2p�1+p�22p�2 + p�1+2p�22p�2 = 3

All we can say is p�1 = p�2. To determine equilibrium prices we only needto �nd prices at which one market clears. The other market will clearnecessarily. (Why?)
If we normalize p�1 = 1, the competitive equilibrium is p�2 = 1 andx�11 = x�12 = x�21 = x�22 = 3=2.
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Example 2:
� Consumer 1: u1 = minfx11; x21g, (!11; !21) = (2; 1)
� Consumer 2: u1 = minfx12; x22g, (!12; !22) = (2; 3)
A competitive equilibrium is a price vector (p�1; p�2) and an allocation(x�11; x�21; x�12; x�22) such that
i. (x�11; x�21) =

�p�1!11+p�2!21p�1+p�2 ; p�1!11+p�2!21p�1+p�2
� = �2p�1+p�2p�1+p�2 ; 2p

�
1+p�2p�1+p�2

�

ii. (x�12; x�22) =
�p�1!12+p�2!22p�1+p�2 ; p�1!12+p�2!22p�1+p�2

� = �2p�1+3p�2p�1+p�2 ; 2p
�
1+3p�2p�1+p�2

�

iii. x�11 + x�12 = �!1 = 4, x�21 + x�22 = �!2 = 4
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Normalizing p�1 = 1 and substituting the Marshallian demands intothe market clearing conditions, we are left with the identity:
4 + 4p�2 = 4 + 4p�2

Hence, any p�2 � 0 clears the markets. This is an example of multiplecompetitive equilibria (in fact there are in�nitely many equilibriumallocations).
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� An allocation x in the Edgeworth box is Pareto optimal if there isno other allocation x0 in the Edgeworth box with ui(x0i) � ui(xi) fori = 1; 2 and ui(x0i) > ui(xi) for some i.
� The set of all Pareto optimal allocations is called the Pareto set.
� The part of the Pareto set where both consumers do at least as wellas their initial endowments is called the contract curve.
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The Pareto set and the contract curve
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First Fundamental Welfare Theorem
Assume that preferences are locally nonsatiated. If fp�; x�g =f(p�1; p�2); (x�11; x�12; x�21; x�22)g is a competitive equilibrium, then theequilibrium allocation x� is Pareto optimal.

Proof. Suppose x� is not Pareto optimal. Then there exists a feasible allocation x0 such
that ui(x0

i) � ui(x�
i ) for i = 1; 2 and ui(x0

i) > ui(x�
i ) for some i.

By local nonsatiation, it must be true that p��xi � p��!i for i = 1; 2 and p��xi > p��!i

for some i. Summing across consumers we have that p� �
2P

i=1
xi > p� �

2P
i=1
!i ,

2P
i=1
xi >

2P
i=1
!i = ! which contradicts feasibility.

Moreover, any Walrasian equilibrium lies on the contract curve of thePareto set. (Why?)
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Second Fundamental Welfare Theorem
If preferences are convex, locally nonsatiated (+ some other technicalassumptions), then any Pareto optimal allocation can be implementedas a competitive equilibrium through lump-sum redistribution.
The proof is outside of the scope of these lectures.
See MWG Ch 16 for detailed proofs in more general context.
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B. Partial Equilibrium Competitive Analysis

� Originates with Marshall (Principles of Economics, 1920).
� Partial Equilibrium Analysis focuses on one market only and ignoresinteraction with other markets.
� Interaction between markets is due to cross-price e�ects and wealthe�ects on demand.
� With some simplifying assumptions, these are absent even within ageneral equilibrium context.
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The Quasilinear Model
� Consumer i = 1; :::; I has utility function ui(mi; xi) = mi+�i(xi) with�0i(xi) > 0 and �00i (xi) < 0 at all xi � 0. Normalize �i(0) = 0.
� mi is a composite numeraire good, whereas xi � 0 is consumption ofa good l. (Note: For convenience, mi can be negative)
� Firm j = 1; :::; J can produce qj of good l using the numeraire asinput and has a cost function cj(qj) with c0j(qi) > 0 and c00j (qj) � 0 atall qj � 0.
� Consumer i is endowed with !mi of the numeraire good. Let !m =IP

i=1!mi be the total endowment of the numeraire good in the economy.
There is no initial endowment of good l
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� The composite good can be treated as expenditure on all other goods.The market for good l is su�ciently small.
� Normalize the price of the numeraire good to one and let p be theprice of good l, then the competitive equilibrium conditions are:
i. pro�t maximization:p� � c0j(q�j ) with equality if q�j > 0, j = 1; :::; Jii. utility maximization:�0i(x�i ) � p� with equality if x�i > 0, i = 1; :::; Iiii. market clearing: IP

i=1x�i =
JP

j=1q�j
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� This means I + J + 1 conditions, for as many unknowns.
� Recall that with quasilinear preferences, Marshallian demands dependonly on p. There are no wealth e�ects.
� Because of Walras' law, we can focus on good l.
� As long as maxi �0i(0) > minj c0j(0), there is trade in good l.(Why?)
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i. Aggregate Demand x(p) =Pi xi(p) =Pi �0�1i , continuous and non-increasing at all p > 0. It is the horizontal summation of individualWalrasian demands.
ii. Aggregate Supply q(p) = Pj qj(p) = Pj c0�1j (p), continuous andnondecreasing at all p > minj c0j(0). It is the horizontal summation ofindividual �rms' supply functions.

Note: Convexity is key tothe existence of a competitiveequilibrium. (Why?)
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� Quasilinear preferences allow unlimited unit-for-unit transfer of utilityacross consumers through transfers of the numeraire.
Proof. Fix the consumption and production level of good l at the feasible level
(�x; �q) = (�x1; :::; �xI; �q1; :::; �qJ). Feasibility implies

IP
i=1

�xi �
JP
j=1

�qj and
IP
i=1
mi +

JP
j=1
cj(�qj) � !m

Summing utility across consumers yields
IP
i=1
ui =

IP
i=1
mi +

IP
i=1
�i(�xi), but then

IP
i=1
ui �

IP
i=1
�i(�xi)�

JP
j=1
cj(�qj) + !m

The boundary of the set f(u1; :::; uI) 2 RI :
IP
i=1
ui �

IP
i=1
�i(�xi)�

JP
j=1
cj(�qj) +!mg

is just a hyperplane with normal vector (1; :::; 1). Clearly, how !m is distributed
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among consumers does not a�ect this boundary. There can be unlimited unit-for-
unit transfer of utility across consumers through transfers of the numeraire. 2

� The utility possibility set is

f(u1; :::; uI) 2 RI : IP
i=1ui �

IP
i=1�i(x�i )�

JP
j=1cj(q�j ) + !mg

where
(x�i ; q�j ) = argmaxxi�0qj�0

f IP
i=1�i(xi)�

JP
j=1cj(qj) + !m s.t. IP

i=1xi �
JP

j=1qj = 0g

This amounts to choosing (xi; qj) that shifts the boundary out as faras possible. By de�nition, (x�i ; q�j ) belongs to the Pareto set.
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� First Fundamental Welfare Theorem : Verify that the conditionsthat determine the Pareto point (x�i ; q�j ) are formally identical to thecompetitive equilibrium conditions with the Lagrange multiplier onthe feasibility constraint, or the "shadow price", equal to the marketprice.
� IP

i=1�i(xi) �
JP

j=1cj(qj) is nothing more than Marshallian aggregate
surplus. Thus, a Pareto allocation maximizes Marshallian surplus.Equivalently, in a competitive equilibrium, Marshallian surplus ismaximized.

� Welfare analysis is easy since Marshallian aggregate surplus is a properwelfare metric for any social welfare function.
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Comparative Statics in the Partial CE Model

� Consider the e�ects of a sales tax. The equilibrium conditions imply,assuming an interior solution:
x(p�(t) + t) = q(p�(t))

� Assuming x(�) and q(�) are di�erentiable:
�1 � p�0(t) = � x0(p�(t)+t)x0(p�(t)+t)�q0(p�(t)) < 0

� Tax incidence
q0(p�(t))!1 or x0(p�(t)) = 0; p�0(t)! 0: consumers payq0(p�(t)) = 0 or x0(p�(t))!1; p�0(t) = �1: producers pay
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i. The change in Marshallian Aggregate Surplus:
�MAS = �CS +�PS = � R p�(t)+tp�(0) x(s)ds� R p�(0)p�(t) q(s)ds

ii. The total Dead Weight Loss of the sales tax:DWL =j �MAS + tx�(t) j
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C. Extension: Wealth E�ects and Consumer Surplus
� Why does the area below the demand curve does not always capturethe change in consumer surplus?
� Consumer i maximizes ui(xi) subject to the constraint that xi is inthe budget set Bi(p�) = fxi 2 RL+ : xi � p � !ig.
� F.O.C. (for interior solution) ddxi;lui(xi) = �ipl
� dui =Pl ddxi;lui(xi)dxi;l =

Pl �ipldxi;l
� Holding pl constant for l > 1 implies R dui = R �ipldxi;l
� But �i = �i(p; !i)! (For quasi-linear preferences �i = 1)
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C. Extension: Free Entry and Long Run CE
� In the long run, �rms can enter or exit the market.
� Firms will enter as long as pro�ts are positive at the margin.
Assume common technology and c(0) = 0 (Why?), a triple (p�; q�; J�) isa long run competitive equilibrium if
i. q� solves maxq�0 p�q � c(q)
ii. x(p�) = J�q�
iii. p�q� � c(q�) = 0
J� is the number of �rms in equilibrium.
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� The long run equilibrium price can be thought of as equating demandwith long run supply.
� To generate existence of a long run equilibrium with a determinatenumber of �rms, there must exist a strictly positive output level �q =argminfc(q)q g.
� De�ne �c = c(�q)�q and assume x(�c) > 0, then any long run equilibriumimplies: p� = �c.
Proof. Suppose p� > �c, then p� �q > �c�q and �(p�) > 0. Suppose p� < �c, thenx(p�) > 0, but since p�q � c(q) = p�q � (c(q)q )q � (p� � �c)q < 0 for all q > 0,�(p�) < 0. So p� = �c must be true.
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C. Extension: Examples of General Equilibrium Models
Before:
� The pure exchange economy: endowment economy, no production
� The partial equilibrium model: motivated from a GE perspectivewith many simplifying assumptions (Which?), no interaction betweenmarkets
Now: production and consumption with interacting markets.
� One consumer - One Producer Economy
� The 2� 2 Production Model
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One consumer - One Producer Economy

Introduce production in the simplest-possible setting: The RobinsonCrusoe Economy.
� One price-taking �rm uses labour input z to produce f(z) units of theconsumption good, where f 0 > 0; f 00 < 0 and maximizes pro�ts.

maxz�0 (pf(z)� w(z))
Given prices (p; w), labour demand is z(p; w), output q(p; w) andpro�ts �(p; w).
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� One price-taking consumer chooses leisure x1 and a consumption goodx2 to maximize u(x1; x2) and has time endowment of �L. He also ownsthe �rm.
maxx1;x22R2+u(x1; x2) s.t. px2 � w(�L� x1) + �(p; w)

Given prices (p; w), demand is (x1(p; w); x2(p; w)).
� A competitive equilibrium is a price vector (p�; w�) at whichconsumption and labour markets clear.

x2(p�; w�) = q(p�; w�)z(p�; w�) = �L� x1(p�; w�)
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Competitive Equilibrium in a Robinson Crusoe Economy
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� For any (p; w), the consumer's budget line is exactly the �rm's isopro�tline and has slope �wp .
� For any (p; w), the budget line must cross the vertical q-axis at height�(p;w)p .
� x� can arise in a competitive equilibrium if and only if it maximizesutility subject to technological and endowment constraints. (FirstFundamental Welfare Theorem)
� Under certain assumptions, this model can be thought of as arepresentative agent model.
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The 2� 2 Production Model

� There are J = 2 �rms that each produce one consumer good qj usinga vector of L = 2 production factors, zj = (z1j; z2j) � 0. There areno intermediate goods.
� Firm j has a CRTS production function fj(zj).
� The economy has total factor endowments (�z1; �z2), initially owned byconsumers.
� To focus on factor markets, assume consumption good prices are �xedat p = (p1; p2) (cfr. small open economy).
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A competitive equilibrium for the factor markets in this economy consistsof an input price vector w� = (w�1; w�2) � 0 and a factor allocationz� = (z�1; z�2) = ((z�11; z�21); (z�12; z�22)) such that:
i. pj @fj@z1j = w�1 for j = 1; 2 (�rst FOC of �rm j)
ii. pj @fj@z2j = w�2 for j = 1; 2 (second FOC of �rm j)
iii. z�l1 + z�l2 = �zl for l = 1; 2 (market for factor l must clear)
=) In general, we have a non-linear system of 6 equations to solve forthe 6 unknown variables.
However, the equilibrium in this model is usually de�ned in anotherway.
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� For every w = (w1; w2), de�ne cj(w) as the minimum cost of ofproducing one unit of good j.
� Also de�ne rcj(w) = (a1j(w); a2j(w)). This vector describes theinput combination for which this minimum cost is reached (byShephard's lemma). This input combination is assumed to be unique.
� The factor intensity assumption :the production of good 1 is relatively more intensive in factor 1 thanthe production of good 2, i.e.

a11(w)a21(w) > a12(w)a22(w)
at all factor prices w.
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� Because production is CRTS, cj(w) is homogenous of degree one. ByEuler's theorem we can state
cj(w) = a1jw1 + a2jw2 for j = 1; 2

� Now we can de�ne a competitive equilibrium (w�; y�1; y�2) by
i. cj(w�) = a1jw�1 + a2jw�2 = pj for j = 1; 2ii. al1y�1 + al2y�2 = �zl for l = 1; 2

� Now only 4 equations in 4 unknowns!
� We can also solve i) independently for w�!
� Because of the factor intensity assumption, there is at most a singlew� that solves i) that can arise as an equilibrium factor price vectorof an interior equilibrium.
Pascal Courty, European University Institute 46



� The 2� 2 model has proven quite popular and has been used in:
{ international trade: the Heckscher-Ohlin model{ public �nance: the Harberger model of tax incidence{ neoclassical growth theory

� see Exercises for more on the 2� 2 model
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A. Uncertainty in an Exchange Economy
Describing an Uncertain World

� Consider a simple exchange economy with L physical commodities andI consumers.
� Contrary to the last section, endowments and/or preferences are uncertainand depend on the state of the world.
� The state of the world is a complete description of a possible outcomeof uncertainty, su�ciently �ne for any two distinct states of the world tobe mutually exclusive. The �nite set S is the set of possible states withelement s = 1; ::; S.
Pascal Courty, European University Institute 2



� For every physical commodity l = 1; :::; L and state s = 1; :::; S, a unitof state contingent commodity ls (or an Arrow-Debreu security)is a title to receive a unit of the physical good l if and only if state soccurs.
� A state contingent commodity vector is

x = (x11; :::; xL1; :::; x1S; :::; xLS) 2 RLS
It is a collection of L random variables, the lth random variable being(xl1; :::; xlS).

� Let the endowments of consumer i = 1; :::; I be a contingent commodityvector
!i = (!11i; :::; !L1i; :::; !1Si; :::; !LSi)
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� Consumer preferences are also state-dependent and are speci�ed by arational preference relation &i on a consumption set Xi � RLS.
� Moreover, it is assumed that consumer i assigns to a state s a probability�si and then evaluates physical commodity vectors at state s accordingto a Bernouilli state-dependent utility function usi(�), i.e. for anyxi; x0i 2 Xi � RLS

xi &i x0i if and only if Ui(xi) > Ui(x0i)
where Ui(xi) = P

s �siusi(x1si; :::; xLsi) is the (von-Neumann-
Morgenstern) expected utility function. (recap MWG Ch 6)
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Arrow-Debreu equilibrium
� Assume that the state of the world is observable and contractable byevery agent (symmetric information).
� Assume a market exists for every contingent commodity ls. In otherwords, there is a full set of Arrow-Debreu (AD) securities.
� Markets for AD-securities open before the resolution of uncertainty (atdate zero).
� The price for every contingent commodity/AD security is pls.
� Note that consumers trade in commitments to receive or deliver amountsof physical good l contingent on state s. Payments, however, are notstate-contingent.
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� An Arrow-Debreu equilibrium is an allocation (x�1; :::; x�I) 2 X1� :::�XI 2 RLSI and a system of prices for the contingent commoditiesp = (p11; :::; pLS) 2 RLS such that
i. For every i, x�i maximizes expected utility Ui(xi) and is in the budgetset fxi 2 Xi : p � xi � p � !igii. All markets clear, i.e. Pi x�i =Pi !i

� This is just the standard de�nition of a competitive equilibrium in anexchange economy, so the welfare theorems apply. An AD-equilibrium isPareto optimal.
� E�ciency is achieved because we assume consumers can trade all statecontingent commodities, that is, we have complete markets.
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Economic Issues
� How is risk allocated in the economy?
� How do state contingent prices depend on the parameters of the economy(state utility, subjective probabilities, endowments)?
� Is it necessary to trade all contingent claims to achieve the e�cientoutcome?
� What happens when markets are not complete?
� How to price (new) assets?
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AD equilibrium in the Edgeworth box

� Suppose I = S = 2 and L = 1 , i.e. there are two consumers, twostates, and a single good.
� We will consider in turn an Edgeworth Box economy:
Case A without aggregate uncertainty and with identical probabilitiesCase B without aggregate uncertainty and with di�erent probabilitiesCase C with aggregate uncertainty and with identical probabilitiesCase D with aggregate uncertainty and with di�erent probabilities

Pascal Courty, European University Institute 8



Case A: No Aggregate Uncertainty and Identical
Probabilities

� Let !1 = (1; 0) and !2 = (0; 1) such that !1 + !2 = (1; 1) and thereis no aggregate uncertainty. The state determines only which consumergets the endowment.
� Probability assessments are the same for the two consumers, i.e.(�11; �21) = (�12; �22) = (�1; �2).
� Assume concave Bernouilli utility functions that are state-independentsuch that utility of i = 1; 2 is given by Ui = �1ui(x1i) + �2ui(x2i).
� Recall that the concavity assumption (from convex preferences) has theinterpretation of risk aversion.
Pascal Courty, European University Institute 9



� The MRSi of consumer i is given by �1u0
i(x1i)�2u0
i
(x2i) (Why?)

� Denote the AD equilibrium by a pair of prices (p�1; p�2) and by theallocation (x�11; x�21; x�12; x�22).
� In an interior equilibrium, we must have

p�1p�
2
=MRS1 =MRS2 , �1u0

1(x�
11)�2u0

1
(x�

21
) = �1u0

2(x�
12)�2u0

2
(x�

22
)

which requires x�11 = x�21 and x�12 = x�22 such that p�1p�
2
= �1�2.

� There is full insurance: equilibrium consumption does not vary acrossstates. The price of the AD security whose state is deemed more likelyis higher.
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Equilibrium in Case A
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Case B: No Aggregate Uncertainty and Di�erent
Probabilities

� Suppose that the consumers have di�erent subjective beliefs about thelikeliness of the states, i.e. (�11; �21) 6= (�12; �22).
� In particular, suppose �11 < �12, i.e. consumer 2 assigns a higherprobability to state 1.
� In an interior equilibrium, we must have

p�1p�
2
= �11u0

1(x�
11)�21u0

1
(x�

21
) = �12u0

2(x�
12)�22u0

2
(x�

22
) such that x�11 < x�21, x�12 > x�22.

� Each consumer's equilibrium consumption is higher in the state he thinksmore probable relative to the other consumer's beliefs.
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Equilibrium in Case B
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Insurance: Issues

� Under what condition does trade take place?
� Computation of fair insurance prices?
� Equilibrium when one consumer is risk neutral and has objectiveprobabilities
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Case C: Aggregate Uncertainty and Identical
Probabilities

� Suppose there is aggregate risk, i.e. !1 + !2 = (2; 0) + (0; 1) = (2; 1).
� The consumers' probability assessments are again identical: (�1; �2).
� Again, we must have p�1p�

2
= �1u0

1(x�
11)�2u0

1
(x�

21
) = �1u0

2(x�
12)�2u0

2
(x�

22
). At any point of

the Pareto set, the common MRS must be smaller then the ratio ofprobabilities such that p1p2 < �1�2.
� Suppose �s = 12, then p1 < p2 and the price is larger for the state in whichthe good is scarcer. This illustrates a fundamental result in �nance: anasset (here an AD security) whose pay-o� is negatively correlated withthe market return (here the endowment) is more valuable.
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Equilibrium in Case C
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Case D: Aggregate Uncertainty and Di�erent
Probabilities
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State Dependent Utility
State dependent utility: utility depends on state of nature if do not valuemoney as much in some states

Application: Army draft
� vA(I) and vC(I) are the indirect utility of income in the army and civilian
� vA and vC are positive, increasing and concave
� vA(I) < vC(I) v0A(I) < v0C(I)

Pascal Courty, European University Institute 18



Equilibrium with and without transfer
� Equilibrium under professional army VA(IA) = VC(IC)
� IA > IC compensating di�erential principle
� Can a social planner do better by reallocating income?
� Assume fraction p of population engages in the army
� Consider transfer: draftees give �A and non-draftees receive �C suchthat p�A = (1� p)�C
� Alternative interpretation: Eligible candidates are drafted with probabilityp and can buy lotteries that are contingent on the draft's outcome
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� Social planner maximizes pVA(IA��A) + (1� p)VC(IC ��C) subjectto p�A = (1� p)�C
� F.O.C. V 0A(IA ��A) = V 0C(IC ��C) ) �A > 0
� Consume less in the army!
� No perfect insurance although objective probabilities and fair prices
� Intuition: Since marginal utility of income is low in the army, it is optimalfrom an ex-ante point of view to transfer income from army status tocivilian status
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B. Asset Markets

� Sequential trade
� Option pricing with two states of the world
� Arbitrage free condition and asset pricing
� Interpretation in terms of probabilities and utilities
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Sequential Trade
� Arrow-Debreu equilibrium assumes that it is possible to trade contingentclaims for all goods in all state of the world
� In a T-period model, this assumes LxSxT markets
� Radner Equilibrium: Su�cient to trade one good in all states and letspot markets allocate this �xed endowment across goods
� Two step decision (a) how much wealth to carry to next period? (b)how to allocate today's wealth across goods?
� In two period model, only need to make L + S trades at date 0 and Ltrades at date one instead of (L+ 1)S trades
Pascal Courty, European University Institute 22



Asset Markets

� An asset, or security, is a title to receive either physical goods (realassets) or money (�nancial assets) at some point in the future. Thepay-o� is known as the return and may depend on the state of the world.
� Suppose there are two dates (t = 0; 1). All information about the states 2 S is revealed at t = 1.
� All payo�s are in terms of good 1, the numeraire.
� There is only consumption at t = 1.
� Then the return of an asset at t = 1 is characterized by its return vectorr = (r1; :::; rS) 2 RS.
Pascal Courty, European University Institute 23



Examples
� If r = (1; :::; 1), we have a commodity future. It promises a non-contingent pay-o� of 1. Is r a riskless asset?
� If r = (0; :::; 0; 1; 0; :::; 0), we have an Arrow Debreu security as seenbefore. AD securities are largely theoretical constructs.
� Options are derivative assets rather than real assets, i.e., their returnsare derived from the returns of other assets:
{ A call option provides the holder with the right to purchase the primaryasset (stock) at a speci�ed strike price K and speci�ed expiration date.{ A put option provides the holder with the right to sell...
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Option Pricing
Study how the option price depend on (a) the asset price, (b) assetdistribution of return, (c) strike price, and (d) expiration date
� Two period model (date 0 and 1) and two states of the world, up ordown, that occur with respective probability q and 1� q
� Two primary assets: the stock is worth S at date 0 and gives return uS(dS) at date 1, r(Stock) = (uS; dS), and the riskfree asset, a bond,which is worth 1 at date 0 and gives return r at date 1, r(Bond) = (r; r)
� A call option with strike price K and expiration date 1 is worth C atdate 0
� Can we express C as a function of (u; d; S;K; q; r)?
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� A call option with strike price K will only be exercised if K is less thanthe stock value
� Hence the return vector of the call option is

r(Option) = (Cu; Cd) = (max(0; uS �K));max(0; dS �K))
� Consider a portfolio composed of � units of stocks and B units of bonds
� This portfolio has return r(Portfolio) = (�uS +B;�dS +B)
� Set � and B to equalize this return with the call return (Cu; Cd) =(�uS +B;�dS +B)
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No Arbitrage Condition
� � = Cu�Cd(u�d)S and B = uCd�dCu(u�d)r
� Under no arbitrage no portfolio can have both non-negative and non-zero return at date one and non-negative value at date 0
� No arbitrage implies that the price of the call option has to be equal tothe price of the portfolio that gives identical returns
� C = 1r

hr�du�dCu + u�r(u�d)Cd
i but C is independent of q!

� Interpretation in terms of risk free probabilities:
p = r � d

u� d; 1� p = u� r
u� d
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Asset Pricing

� Two dates, I consumers, K assets, L goods, S states of the world
� Consumer i: Ui utility, !i 2 RL date one endowment, zi 2 RK date zeroportfolio, and xi 2 RLS date one consumption (no consumption at datezero)
� Assets: rk 2 RS return of asset k non-negative non-zero, R is the SxKmatrix of asset returns
� Prices: qk 2 RK date zero asset prices, and ps 2 RL date one spot-pricesin state s
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� A Radner equilibrium is an allocation (x�1; :::; x�I) 2 X1 � ::: � XI 2RLSI, a set of portfolios (z�1; :::; z�I ) 2 RIK, and a system of prices forthe contingent commodities p = (p11; :::; pLS) 2 RLS and for the assetsq = (q1; :::; qK) 2 RK such that
i. For every i, (x�i ; z�i ) maximizes expected utility Ui(xi) subject to theconstraints:(a) ps � xs;i � ps � !s;i +Pk p1;szk;irs;k for s = 1::S(b) Pk qk � zk;i � 0ii. All markets clear, i.e.(a) Pi x�s;i =Pi !s;i for s = 1::S(b) Pi z�k;i � 0 for k = 1::K

� We can set p1;s = 1 for s = 1::S without loss of generality (Why?)
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Proposition: 9� 2 RS, � � 0, such that qk = Ps �srs;k for k = 1::K, orq = R0�0.

� Asset prices are linear functions of asset return
� Can �s be interpreted as the shadow price of one unit of good 1 in states?
� Two di�erent ways to prove this result: (a) Derivation from no-arbitragecondition, (b) Derivation from consumer's �rst order condition
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No Arbitrage Condition
De�nition: q is arbitrage free if there does not exist a portfolio z such that(a) q0z � 0 and (b) Rz � 0 and Rz 6= 0
� What condition on consumer preferences implies arbitrage free prices?
� The proposition follows from convexity theory
Lemma: If q is arbitrage free, then there exists a � 2 RS such that q0 = �0R.
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Graphical Intuition for Lemma 1
Pascal Courty, European University Institute 32



Consumer F.O.C
� Assume consumers have Bernoulli utility representation
� Consumer i has indirect utility vs;i(ps; ws;i) where

ws;i = ps � !s;i +Xk zk;irs;k

� Consumer i maximizes Ps �s;ivs;i(ps; ps � !s;i +Pk zk;irs;k) subject toPk qk � zk;i � 0
� Let �i be the Lagrange multiplier on consumer i's date 0 budgetconstraint (economic interpretation of �i?)
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� Consumer's F.O.C with respect to zk;i gives

�iqk =Xs �s;i @
@wk;ivs;i(ps; ws;i)rs;k

� Let �s = �s;i 1�i @@wk;i
vs;i(ps; ws;i) � 0

� qk =Ps �srs;k
� Interpretation of �s?
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Discussion

� Do asset prices depend on objective probabilities?
� Interpretation in terms of risk neutral probabilities
� Assume r1 = (1; ::; 1). What is the interpretation of q1?
� Is �s unique? When?
� What is the price of a new asset r 2 RK?
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Overview of this section:
A. Externalities (MWG Ch 11.B)
� Example 1: Two-consumer partial equilibrium� Example 2: R&D rivalry� Property Rights and The Coase Theorem

B. Public Goods (MWG Ch 11.C)
C. Multilateral Externalities (MWG Ch 11.D)
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A. Externalities
An externality is present whenever the well-being of a consumer orthe production possibilities of a �rm are directly a�ected by the actions ofanother agent in the economy.

=) directly means excluding any e�ects of prices (pecuniary externalities)
� positive externality: e.g. R&D, vaccination, nice front garden,...
� negative externality: e.g. pollution, ugliness, cigarette smoke,...
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A Two-Consumer Partial Equilibrium Model
� consumer i = 1; 2 chooses a vector of L traded goods, xi 2 Xi � RL+.
� consumer i = 1; 2 has preferences over xi, but also over an action h 2 R+taken by consumer 1. The utility function of i is ui(xi; h).
� If @u2@h > 0, positive externality. If @u2@h < 0, negative externality.
� If utility of consumer i is quasi-linear, we can de�ne (Why?) a derivedutility function vi(p; wi; h) = �i(p; h) + wi where p 2 RL is the pricevector for the L goods and wi is i's wealth.
� Assuming prices are una�ected by changes in h, we can even furthersimplify to �i(h). Also assume �00i (�) < 0.
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Suppose that we are at a competitive equilibrium. Consumer 1 maximizesutility, which implies
�01(h�) � 0 with equality if h� > 0

The Pareto optimal level of h is given by h� = argmaxh�0 (�1(h) + �2(h)). Itis thus the solution to
�01(h�) � ��02(h�) with equality if h� > 0

At an interior competitive solution, �01(h�) = 0, but when h has externale�ects such that �02(h�) 6= 0, the Pareto condition cannot hold at h� unlessh� = h� = 0.
The problem is that consumer 1 does not take into account the impact ofhis actions on consumer 2's well-being.
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Solutions to the externality problem through direct government intervention:
i. a quotum: a rule that states that h � h� if negative externality andh � h� if positive externality.
ii. Pigouvian taxation: imposing a tax on the externality generatingactivity.
� Suppose consumer 1 is made to pay th per unit of h. The idea is toforce consumer 1 to internalize the externality.� The optimal tax equals the marginal externality at the optimal solutionth = ��02(h�). Verify that this restores Pareto optimality.� Negative externality means taxation th > 0, positive externality meanssubsidization th < 0.
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Pigouvian taxation
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� Taxing a negative externality is equivalent to subsidizing its reduction.Suppose government pays sh = ��02(h�) > 0 for every unit as long ash � h�. Consumer chooses h� = argmaxh�0 (�1(h) + sh(h� � h)) = h�.
� It is essential to tax the externality generating activity directly. Considerthe case of car pollution. Taxing cars upon purchase will generally notlead to optimal levels of pollution. Taxing emission (or fuel usage) will.
Quota and taxation are equally e�ective in achieving optimal outcomes forsociety. The problem is whether the information on costs and bene�ts ofthe externality are available to the government.
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R&D Rivalry
� Two �rms (1 and 2) compete in R&D, denoted by x1 and x2 respectively.
� Sales revenue for each �rm is R(x1+x2) with R00 < 0 such that revenuedepends on the sum of R&D spending of both �rms.
� Each �rm faces an identical cost function c(x) = �x with � > 0.
� A Nash equilibrium (x�1; x�2) is such that x�i maximizes pro�ts given x��ifor i = 1; 2.
� De�ne x� as the solution to R0(x�) = �. Any pair (x1; x2) such thatx1 + x2 = x� is a Nash equilibrium.
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� Industry pro�ts are given by 2R(x1+x2)��(x1+x2) and are maximizedat a level x� of total R&D which is the solution to R0(x�) = �2 .
� Clearly x� > x� and the level of R&D spending in the industry issuboptimal.
� Firms do not take into account the positive spill-over e�ects of theirR&D on other �rms.
� Possible solutions to the externality problem are:
{ Firms write a contract in which they commit to choose x�2 .{ A per unit subsidy of �2 .

Pascal Courty, European University Institute 11



Property Rights and The Coase Theorem
Generally, a less intrusive form of intervention based on the assignmentof enforceable property rights is possible. Consider the case of a negativeexternality (e.g. loud nightclub in a quiet neighbourhood). The propertyrights can be assigned in two ways:
� Case 1 Agents who are at the root of the externality can be assigned theright to generate that externality (club can play music at any number ofdecibels).
� Case 2 Agents who su�er from the externality can be assigned the rightto an externality-free environment (neighbours have the right to absolutesilence).
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The Coase Theorem states that if trade of the externality can occur,competitive markets will deliver Pareto optimality, no matter how propertyrights were assigned initially.
The externality problem is thus treated as a problem of missing markets.
In the example: suppose the club owner and the neighbours can trade inthe number of decibels. In Case 1, the club owner will pay the neighboursto produce some decibels. In Case 2, the neighbours will pay the club ownerto turn down the volume. Under competitive conditions, the number ofdecibels is Pareto optimal.
The information requirement for the regulator is much lower. Optimality isrestored through the price mechanism.
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Consider the two-consumer partial equilibrium model .
� Assign the right to an externality free environment to consumer 2.Bargaining takes a form in which consumer 2 makes consumer 1 atake-it-or-leave-it o�er, demanding a payment T in return for allowingconsumer 1 to generate h.
� Consumer 1 agrees if she is at least as well o� as she would by rejectingit, i.e. if �1(h)� T � �1(0)
� Consumer 2 chooses (h�; T �) to solve

maxh�0;T�2(h) + T s.t. �1(h)� T � �1(0)).
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� Since the constraint is always binding, this is equivalent to maxh�0 �1(h) +�2(h)� �1(0) which yields exactly the Pareto optimal level h�.
� Verify that assigning the right to generate the externality to consumer 1will also yield h�, but now, T < 0 such that consumer 2 needs to payconsumer 1.
� Also verify that h� will also be the outcome if it is consumer 1 thatmakes the take-it-or-leave-it o�er, regardless of the initial allocation ofrights.
Thus, the Coase theorem holds in this example, provided that there areno bargaining ine�ciencies and there are no wealth e�ects. Note that theconsumers need to know each other's preferences, but the government neednot.
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B. Public Goods
A public good is a commodity that is non-depletable or non-rivalrous,i.e. for which use of a unit of the good by one agent does not preclude itsuse by other agents. e.g. knowledge, public defense, non-congested road,air quality... .
Public goods can be excludable (knowledge through patents) or non-excludable (public defense, air quality), depending on whether exclusion ofan individual from the bene�ts of a public good is possible.
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Consider a partial equilibrium setting with I consumers, L traded privategoods and one public good.
� As before, de�ne for each consumer i a derived utility function �i(x)over the level of the public good x. Let �00i (x) < 0 at all x � 0.
� The cost of supplying q units of the public good is c(q), with c00(q) > 0at all q � 0.
� If �0i > 0 and c0 > 0, we have a public good whose production is costly.If �0i < 0 and c0 < 0, we have a public bad whose reduction is costly.
� The Pareto optimal level q� of the public good must solve

maxq�0 IPi=1�i(q)� c(q)
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� The optimality condition is:
IPi=1�0i(q�) � c0(q�) with equality if q� > 0

� At an interior solution, the optimal level of the public good is such thatthe sum of the consumers' marginal bene�t equals the marginal cost.
� A competitive equilibrium is a price p� and an allocation (x�; q�) suchthat
i. x�i = argmaxxi�0

 �i
 xi + Pk=�ix�k

!� p�x�i
! for i = 1; :::; I

ii. q� = argmaxq�0 (p�q � c(q))
iii. x� = IPi=1x�i = q�.
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� Notice the concept of Nash equilibrium. Each consumer i maximizesover xi taking x�i as given.
� Whenever there is an i for which there is an interior solution, i.e.�0i(q�) = c0(q�), we have

IPi=1�0i(q�) > c0(q�)
and the Pareto condition is violated.

� At a competitive equilibrium, q� < q� such that the provision of thepublic good is too low, (or too high, in the case of a public bad suchthat q� > q�).
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� The failure of each consumer to consider the bene�ts for others of herpublic good provision is known as the free-rider problem.
� In the current example: Assume we can order �01(x) < ::: < �0I(x) at allx � 0. The �rst order condition to consumer i's problem, �0i(x�) � p�,can only hold with equality for one consumer. So only one consumer willchoose xi > 0. Moreover this must be consumer I.
� Therefore, only the consumer who derives the largest (marginal) bene�tfrom the public good will provide it.

Pascal Courty, European University Institute 20



Private and Pareto optimal provision of a public good
Pascal Courty, European University Institute 21



C. Multilateral Externalities
� Often, externalities a�ect numerous agents. In that case, we candistinguishdepletable externalities: experience of the externality by one agentreduces the amount that is felt by other agents, e.g. garbage thrownin one garden cannot be thrown anymore in another.nondepletable externalities: externalities with the characteristics ofpublic goods or bads, e.g. air pollution.
� With depletable externalities, the establishment of a market for theexternality may be expected to lead to the Pareto optimal outcomebecause of the �rst fundamental theorem of welfare.
� With nondepletable externalities, Pareto optimality may not be restoredwith the creation of markets.
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Private Information
� Ususally, how an agent is a�ected by externalities or public goods is onlyknown to her.
� This asymmetric information can be a serious obstacle to bothcentralized and market based attempts to restore optimality.
� The study of ways of dealing with this problem is called mechanismdesign and will be studied in the last section.
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Economic Issues
� Understand market outcomes in concentrated industries
� Model strategic interactions (interdependent decision making)
� Evaluate welfare properties of industry competition
� This �eld of research is known as `Industrial Organization' or `IndustrialEconomics'
� Applications: Competition policy, regulation, international trade
� Tools: Game theory
Pascal Courty, European University Institute 2



A. Monopoly Pricing
Consider a monopolist, i.e. a �rm that is the only producer of a good.
� The monopolist faces a continuous demand curve x(p), with x(�) > 0,x0(�) < 0 and inverse p(q) � x�1(q) and a continuous cost function c(q)with c0(�) > 0 where q is the output level.
� For convenience, assume there exists �p < 1 such that x(p) = 0 for allp > �p and that p(0) > c0(0).
� The monopolist's decision problem can be to

i. choose the price p that solves maxp (px(p)� c(x(p)))
ii. choose the output level q that solves maxq (p(q)q � c(q))
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� Assuming q is the decision variable, the optimal qm must equate marginalrevenue MR(q) with marginal cost:
MR(qm) = p(qm) + p0(qm)qm = c0(qm)

or equivalently
p(qm) �1 + 1�� = c0(qm)

where � < 0 is the price elasticity of demand.
� In the basic monopoly model, whether p or q is the decision variable doesnot matter for the outcome (Check!). This is not generally true (seeoligopoly: Bertrand vs. Cournot).
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� Comparing with the Pareto optimal q� that solves p(q�) = c0(q�), �1+� isthe monopolist's mark-up over marginal cost that gives rise to a deadweight loss.
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� Since c0(�) > 0, it must be that � < �1 and �1+� > 1 at the optimalsolution, such that pm > p� is always true. The monopolist supplies onthe elastic part of the demand curve.
� pm�c0(qm)pm = �1� is the Lerner index and is an empirical measure ofmarket power.
� The requirement for a global maximum (second-order condition) isMR0(qm) < c00(qm). Unlike the competitive case, this can be satis�edeven if c00(qm) < 0, i.e. with increasing returns.
� The supply curve is not de�ned for a monopolist.(Why?)
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Example:
� Suppose c(q) is CRTS with c0(�) = 0 and p(q) = a� bq.
� The monopolist's problem is maxq ((a� bq)q).
� The FOC is a� 2bqm = 0, qm = a2b < q� = ab
� The monopolist price is pm = a� b a2b = a2
� The monopolist pro�ts are �m = a24b
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B. Oligopoly
Consider a situation in which more than one, but still not many, �rmscompete in a market: an oligopoly.
� Competition among �rms is characterized by strategic interaction.
� Game theory is the appropriate tool for analysis.
� If �rms choose prices simultaneously we have Bertrand competition.
� If �rms choose quantities simultaneously we have Cournot competition.

Pascal Courty, European University Institute 8



The Bertrand Model
� Consider a duopoly, i.e. two maximizing �rms 1 and 2 in a market withdemand function x(p) which has the same properties as in the monopolymodel.
� Production is CRTS with per unit cost c, identical for both �rms.
� Firm 1 and 2 simultaneously choose p1 and p2
� Sales for �rm j = 1; 2 are given by

x(pj; p�j) =
8<
:

x(pj) if pj < p�j12x(pj) if pj = p�j0 if pj > p�j
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� The unique Nash Equilibrium is p�1 = p�2 = c
Proof. If p�1 = p�2 = c both �rms earn zero pro�ts. Given p��j = c, suppose �rm j
sets pj > c, it would sell nothing and still earn zero pro�ts. If �rm j sets pj < c it
would make a loss. There is no gain from deviating. Thus p�1 = p�2 = c is a NE. If
p��j > c, �rm j always asks an in�nitesimal lower price and captures the entire market.
If p��j < c, �rm j asks a higher price to avoid losses. Hence the NE is unique.

� With two (or more) �rms, Bertrand competition yields the competitive,Pareto optimal outcome!
� This strong result fails under

i. quantity or Cournot competitionii. product di�erentiation (e.g. monopolistic competition)iii. decreasing returns to scaleiv. repeated interaction (with in�nite horizon)
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The Cournot Model

� Suppose now the two �rms simultaneously decide on q1 and q2.
� Given a pair (q1; q2), the price adjusts such that it clears the market, i.e.x(p) = q = q1 + q2 or using the inverse demand, p = p(q).
� To obtain a Nash equilibrium, we must �nd �rm j's best-responsefunction bj(�q�j) (or best-response correspondence if it is not single-valued). That is, the optimal quantity qj, given that �rm �j produces�q�j.
� A pair (q�1; q�2) is a Nash equilibrium if and only if q�j 2 bj(q��j) forj = 1; 2.
Pascal Courty, European University Institute 11



� The best-response function bj(�q�j) is found as the solution to
maxqj�0 (p(qj + �q�j)qj � cqj)

with �rst-order condition
p0(qj + �q�j)qj + p(qj + �q�j) � c with equality if qj > 0

� A Nash equilibrium is a pair (q�1; q�2)� 0 that is a solution to
p0(q�)q�1 + p(q�) = cp0(q�)q�2 + p(q�) = c

where q� = q�1 + q�2.Note that if c is equal for both �rms (q�1; q�2)� 0. (Why?)
Pascal Courty, European University Institute 12



� In any Nash equilibrium, the market price is greater than the competitiveprice c and smaller than the monopoly price pm.
Proof. Adding the two equilibrium conditions, we get p0(q�)q

�
2 + p(q�) = c. Since

p0(q�)q
�
2 < 0, p(q�) > c.

Now suppose p(q�) � pm, which implies q� � qm. If �rm j chooses q̂j = qm� q��j,
instead of q�j = q� � q��j, then the aggregate pro�ts of the �rms increase, since at
qm pro�ts are maximal. However, since that means that �rm j increases output, the
market price must decrease, making �rm �j strictly worse o�. Such a deviation would
thus be optimal for �rm j and q� could not have been a NE. Moreover q� = qm cannot
be true since p0(q�)q�+p(q�) = c and the equation above cannot hold simultaneously.
Hence p(q�) < pm.

� Thus, the presence of two �rms is not su�cient to restore a competitiveoutcome. At the same time, the increase in competition lowers the pricebelow the monopolistic level.
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in the Example:
� �rm j solves maxqj ((a� b(qj + �q�j))qj)
� The FOC is a� b(2qj + �q�j) = 0 and the best response is qj = a�b�q�j2b
� In a symmetric equilibrium q�j = �q�j for j = 1; 2 such that q�1 = q�2 = a3b
� Industry output is q� = q�1 + q�2 = 2a3b . Note qm = a2b < q� < q� = ab .
� The market price is p� = a3 < pm = a2
� Firm j's pro�ts are ��j = a29b such that ��1 + ��2 < �m = a24b
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Cournot duopoly equilibrium in the example
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The Competitive Limit
� The extension of the Cournot model to J > 2 identical �rms isstraightforward.
� Let Q�J denote the resulting aggregate output level in a symmetric Nashequilibrium, given by

p0(Q�J)Q�
JJ + p(Q�J) = c

� When J = 1, this condition coincides with the �rst-order condition of amonopolist.
� On the other hand, if J !1, p0(Q�J)Q�

JJ ! 0, and the price approachesmarginal cost. This is the competitive limit result.
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Equilibrium Entry in The Cournot Model

� Until now the number of active �rms was �xed exogenously.
� Suppose instead there is a in�nite number of potential entrants, each ofwhich can enter and produce if it is pro�table.
� There is however a �xed set-up cost K > 0 in entering the industry.
� Consider this simple dynamic game setting:
stage 1 All �rms decide \in" or \out"simultaneously.stage 2 All �rms engage in Cournot competition.
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� In any subgame perfect Nash equilibrium, no �rm wants to changeits entry decision, given the entry decision of all the other �rms.
� De�ne an equilibrium with J� �rms choosing to enter the market if andonly if �J� � K and �J�+1 < K
� The equilibrium is found by backwards induction: First solve theCournot game for a given J , then determine J� given the second-stagepro�ts.
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Example:
With linear demand, zero constant marginal cost and J �rms, the outcomeof the 2nd stage Cournot game is:

�bQ�
JJ + a� bQ�J = 0, Q�J = ab � JJ+1�

� Each �rm j = 1; :::; J chooses to produce q�J = Q�
JJ = ab � 1J+1� and earns

a pro�t �J = 1b � aJ+1�2.
� The market price p�J is aJ+1.
� Note that as J ! 1, �J ! 0, p�J ! 0 and Q�J ! ab , which is thecompetitive outcome.
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Now we can solve for the real number ~J 2 R at which � ~J = K:
~J = apbK � 1

The equilibrium number of entrants J� is the largest integer that is lessthan or equal to ~J .
Is the equilibrium number of entrants J� socially optimal?A social optimal number of �rms J� must maximize Marshallian aggregatesurplus W (J), i.e.

J� = argmaxJ2Z+ W (J)
where W (J) = R Q�

J0 p(s)ds� JK = a hab � JJ+1�i� b2 hab � JJ+1�i2 � JK
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� Let �J 2 R be the real number such that W 0( �J) = 0. Then
�J = a

3pbK � 1
� Hence, ~J > �J such that the optimal number of �rms is always smalleror equal than the number of �rms that actually enter.
� The reason is business stealing: when an additional �rm enters themarket, the sales of the existing �rms decline. However, the new entrantdoes not take this into account.
� In more general settings, the entry bias due to business stealing is alsopresent, but it is also possible to have too few entrants. (see MWG12.E).
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C. Monopolistic Competition

� So far we only considered markets for homogenous goods.
� Suppose now that each �rm can di�erentiate its own variety of the good,such that consumers cannot substitute perfectly between varieties.
� One important model that captures product di�erentiation is the Dixit-Stiglitz model.
� The model is built on the idea of monopolistic competition, introducedby Chamberlin and Robinson in the 30s.
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� There are J �rms, each producing qj of their own variety j according toa linear technology qj = 1b(lj � a) with a; b > 0.
� There are I symmetric consumers that choose a vector x of the Jdi�erentiated goods and that have preferences represented by the utilityfunction u(x) =PJj=1 x1�1

�j with � > 1.
� Each consumer also supplies one homogeneous unit of labour inelasticallyin return for a wage w. Thus the total labour supply is I.
� An equilibrium is a price vector (p�1; :::; p�J ; w�) and an allocation(x�1; :::; x�J ; q�1; :::; q�J ; l�1; :::; l�J) such that:

i. Consumers maximize utility subject to their budget constraintii. Firm maximize pro�ts subject their technology constraint and thedemand for their goodiii. The market for labour and for every variety j clears, i.e. PJj=1 l�j = Iand Ix�j = q�j for j = 1; :::; J .
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Solution of the model:
� The representative consumer problem is:

maxx�0 PJj=1 x1�1
�j s.t PJj=1 pjxj � w

and has as FOCs:
��1� x�1

�j = �pj for j = 1; :::; JPJj=1 pjxj = w
� Solving for the Lagrange multiplier yields ��� = w �� ���1���PJj=1 p1��j

��1
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� Subsituting this expression into the FOC for xj yields the demandfunction:
xj = �pjP ��� wP

where P = �PJj=1 p1��j � 1
1��

� So �� is the (constant) price elasticity of demand for good xj.
� Firm j's problem can now be written as maxpj�0(pjIxj�w(a+bIxj), which
has as a FOC

xj + pj @xj@pj � bw@xj@pj = 0
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� Plugging the value of good j's price elasticity,
, pj = ���1bw

� Hence, each �rm j behaves as a monopolist setting its price as a mark-upover marginal cost.
� Despite the fact that the number of �rms J can be arbitrarily large, each�rm has market power because of product di�erentiation.
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Suppose there is free entry, what is the equilibrium number of �rms?
� Pro�ts are zero in any free entry equilibrium or equivalently price equalsaverage cost p� = w�( aq� + b).
� Substituting the monopolist price into this expression yields theproduction level q� = (� � 1)ab .
� From labour market clearing I = Jl� = J(a+ bq�) = Ja�.
� So the number of �rms that will enter is the largest integer smaller orequal than J = Ia�.
� Note that consumers value diversity and utility is strictly increasing in J .
� Question: Consider two countries with I consumers each. What happensto consumption, production and product diversity in both countries aftera move from autarky to free trade?
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The monopolistic competition model knows many applications:
international trade: a theory of intra-industry trade (Krugman)
industrial organization: optimal product diversity (the subject of theoriginal Dixit-Stiglitz (1977) paper)
macroeconomics: introducing price setting into general equilibrium models(Blanchard-Kiyotaki)
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Economic Issues

� Symmetric versus asymmetric information
� Preferences are typically privately known (does this matter in G.E.analysis?)
� Evaluate welfare properties of institutions used allocate goods (e.g. �rstprice sealed bid auction)
� Applications: Public choice (e.g. enviromental standards), monopolypricing, auctions
� Tools: Mechanism design
Pascal Courty, European University Institute 2



Mechanism Design Problem

� i = 1::I agents
� x 2 X alternative
� �i 2 �i type of agent i,privately observed by i
� ui(x; �i) utility of agent i when alternative x is chosen
� �(�) probability density on � = �1x::x�I
� fui;�; Xg is common knowledge
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Questions:
1. E�cient choice of alternative x conditional on realization of �
2. Implementation through agreed-upon mechanism (institution)

� Which choice functions are `implementable'?� E�ciency properties of commonly used mechanisms
3. Is it possible to get agents to reveal truthfully their types?
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Clarke-Groves Mechanism (1/3)

� Example: Allocation of right to play music with privately knownpreferences
1. Music lover (ML) gets bene�t b from playing music2. Neighbour (N) su�ers c from music annoyance3. b and c are privately known and distributed g(b) and f(c)

� What is the e��cient allocation?
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Take-it-or-leave-it O�er (2/3)
� Assume N has the right to a quite environment and makes a take-it-or-leave-it o�er of the type \you can play if you pay me t"
1. ML accepts o�er t with probability 1�G(t)2. N chooses t to maximize (1�G(t))(t� c)3. FOC implies g(t)(t� c) = 1�G(t)4. The optimal o�er is such that t > c

� The equilibrium allocation is not always e�cient (Coase theorem fails)!
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Gloves-Clarke Mechanism (3/3)
� Consider the following game
� Both ML and N �rst announce their private preference bb and bc to athird party
� The third party then choose the following allocation
1. ML is allowed to play i� bb > bc2. If bb > bc, ML pays bc and N receives bb

� Truth telling is wealky dominant startegy (why?)
� The equilibrium allocation is e�cient
� Problem: not budget balanced!
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Main Concepts
� De�nition: A social choice function (SCF) is a mapping from types toalternative f(�) 2 X (example, f(b; c) = fyb; yc; tb; tcg, with y = 0; 1and t 2 R)
� De�nition: f is ex-post e�cient if there does not exist (x; �i) such thatui(x; �i) � ui(f(�); �i) for i = 1::I with at least one inequality strict
� De�nition: A mechanism � = (S1; ::; SI; g()) is a collection of I strategysets and an outcome function which maps each strategy vector intoan alternative g(s) 2 X where S = (s1; ::; sI) 2 S1x::xSI (example:Clark-Groves mechanism)
� Formally, (�;�; ui;�) de�nes a Bayesian game of incomplete information(still need to de�ne equilibrium concept)
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� De�nition: Mechanism � implement SCF f if there exists a strategy(s�1(); ::; s�I()) of the game induced by � such that g(s�1(�); ::; s�I(�)) =f(�) for any � 2 � (for example, the Clark-Groves mechanism implementsthe �rst-best allocation)
� De�nition: A direct revealation mechanism is a mechanism in whichSi = �i (for example, an English auction, as de�ned in later slide, is nota direct mechanism)
� De�nition: SCF f is truthfully implementable (or incentive compatible IC)if the direct revealation mechanism � = (�1; ::;�I; f(�)) has equilibrium(s�1(); ::; s�I()) such that s�1(�i) = �i, that is, truthtelling is an equilibriumof � (for example, the �rst best allocation with transfer t = b+c2 is notIC, why?)
� Questions: Can we restrict to truthfully implementable SCF?
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Bayesian Implementation
� Let ��i = (�1; ::; �i�1; �i+1; ::; �I), s�i = (s1; ::; si�1; si+1; ::; sI), s =(si; s�i) is a strategy, and s() = (si(); s�i()) is a strategy pro�le
� De�nition: s�(�) = (s�1(�); ::; s�I(�)) is a Bayesian Nash equilibrium(BNE) of � if 8i;8�
E��i

�ui(g(s�i (�i); s��i(��i)); �i)j�i� � E��i

�ui(g(bsi; s��i(��i)); �i)j�i�for any bsi 2 Si
� De�nition: � implements SCF f in BNE if there exists a BNE of, �,such that g(s�(�)) = f (�) for any � 2 �
� De�nition: SCF f is truthfully implementable in BNE (or IC) if 8i;8�i
E��i

[ui(f(�i; ��i); �i)j�i] � E��i

hui(f(b�i; ��i); �i)j�i
i for any b�i 2 �
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Revelation Principle
� Proposition: If � implements SCF f in BNE then f is truthfullyimplementable in BNE.
� Intuition: Under �, �i �nds it optimal to reveal s�i (�i): Assume �i revealsits own type, �i, to an automaton who then plays s�i (�i) on her behalf.It is optimal to reveal �i to the automaton.
� Conclusion: Can we restrict without loss of generality to truthfullyimplementable SCF.
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Application to Auctions
� x = fy1; ::; yI; t1; ::; tIg where yi = 0; 1 and P

i ti � 0
� ui(x; �i) = �iyi + ti, where �i is type i's valuation
� A SCF is ex-post e�cient i� yi(�i)(�i �Maxi�i) = 0 and P

i ti(�i) = 0
� i = 2 corresponds to bilateral trade.
� Auctions is a special case of unit-good allocation problems: assumingthat agent 0 is the auctioneer and receives Pi ti
� We assume that the �i are independently distributed with density f(�)and distribution F (�) with support [�; �]
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General Direct Mechanism
� Denote a direct mechanism fy(�); t(�)g
� Consider the following SCF: yi(�i)(�i�Maxi�i) = 0 and yi(�i)ti(�i) = �i
� It it incentive compatible?
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� Indirect Mechanism 1: Second Price Sealed Bid
Auction (SPSBA)

� Institutional Design
1. All bidders make sealed bid2. The highest bid wins the good and pays an amount corresponding to thesecond highest bid

� Equilibrium and direct implementation
1. What is a (weakly dominant strategy) equilibrium of the bidding game?Is the allocation e�cient?2. What SCF is (indirectly implemented) by the SPSBA?3. What direct revealation mechanism implements this SCF?
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� Indirect Mechanism 2: First Price Sealed Bid Auction
(FPSBA)

� Institutional Design
1. All bidders make sealed bid2. The highest bid wins the good and pays an amount corresponding to herbid

� Equilibrium and direct implementation (Assume f is uniform on [0; 1])
1. What is the Bayesian Nash equilibrium of the bidding game? Is theallocation e�cient?2. What SCF is (indirectly implemented) by the FPSBA?3. What direct revealation mechanism implements this SCF?
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More notation...
� ti(b�i) = E��i

ti(b�i; ��i) expected payment under b�i
� yi(b�i) = E��i

yi(b�i; ��i) expected probability of receiving the good underb�i
� ui(�i) = �iyi(�i)� ti(�i) equilibrium expected utility
� eui(�i; e�i) = �iyi(e�i)� ti(e�i) is the expected utility of type �i if she claims
to be type e�i
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Implication of IC
Proposition: Assume fy(�); t(�)g is IC. (a) yi is non-decreasing, (b)
ui(�i) = ui(�i) + R �i�

i

yi(s)ds for i = 1::I.
� Proof (sketch): Type �i maximizes eui(�i; x) over x. FOC implies
�iy0i(�i) � t0i(�i) = 0. Taking full derivative of eui(�i; �i) with respect to�i and plugging in FOC implies u0i(�i) = yi(�i).

� Intuition: Higher types are more likely to get the good. Expected utilityis only a function of the utility of the lowest type and the allocationprobability.
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Revenue Equivalence Theorem
� Proposition: (Revenue Equivalence Theorem) Any auction mechanismin which (a) the good is always allocated to the highest bidder, and (b)any bidder with the lowest valuation � gets 0 expected surplus, yieldsthe same expected revenue for the seller, and results in a buyer withvaluation � making the same expected payment.
� Intuition: ui(�i) depends only on yi(�i) and ui(�i). Therefore expectedpayment of �i depends only on yi(�i) and ui(�i).
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� Interpretation: Consider the following four auction mechanisms
1. First price sealed bid auction2. Second price sealed bid auction3. English auction (the price increases by unit increment from � to � untilone bidder bids)4. Dutch auction (the price decreases by unit increment from � to � untilone bidder bids)

� If in equilibrium the bidder with the highest realized valuation alwaysgets the good and a bidder with valuation � gets zero surplus, then theseller gets is indi�erent (ex-ante) between these 4 schemes

Pascal Courty, European University Institute 19



Application to Uniform Case
� Assume the valuations are uniformly distributed between � and �
� F (�) = 1��� and F (�) = ������
� The kth highest expected value drawn among n independently drawnvalues is � + n+1�kn+1 (� � �)
� The expected revenue of any auction that achieves e�ciency and leaveno surplus to the lowest valuation is � + n�1n+1(� � �)
� Can compute bidding strategies using revenue equivalence theorem
1. Under FPSBA, ui(�i) = �iyi(�i)� ti(�i) = (�i � bi)yi(�i)2. This implies bi = ti(�i)yi(�i) = � + n�1n (�i � �)
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