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Detailed Proofs to Accompany
Testing for the Cointegrating Rank of a VAR Process

with Level Shifts at Unknown Time
by Helmut Liitkepohl, Pentti Saikkonen and Carsten Trenkler

In the proofs we use the following notational conventions in addition to the notation defined
earlier. Right hand side and left hand side will be abbreviated by r.h.s. and l.h.s., respec-
tively. The smallest and largest eigenvalues of a matrix are denoted by Apin(+) and Apax(+),
respectively. The complement of a set B is signified by B¢. A general notational convention
is that the dependence of quantities on the sample size T is not indicated. The symbol =
signifies weak convergence in a product space of D([A, A]) or D([0,1]). The former is relevant
for random functions depending on the parameter A\, whereas the latter is used when the
weak limit is a Brownian motion. Unless otherwise stated, all limits assume that T" — oc.
When obtaining weak convergences in a product space of D([\, \]) we frequently make use
of results given in Appendix A.1 of Gregory & Hansen (1996). It is straightforward to check
that these results are applicable despite the differences in assumptions.

In the proofs we assume the model described in Sections 2 and 3, where the parameters
to, f1,0 € R™ and the true o, 5, [T and I'; (j = 1,...,p — 1) satisfy the restrictions which
ensure that the observed variables are at most (1) whereas these restrictions are not imposed
in the estimation. Moreover, 7 € 7, the white noise covariance matrix € is positive definite
and the components of €; have finite moments of order b, where b > 4, as specified in Section
2. For convenience it is assumed that the initial values of the DGP are such that #'z; and
Auwx,; are stationary.

The true DGP is one specific process from our model class. It is occasionally helpful to
be more explicit about its particular parameter values. In these cases they will be indicated
with a subscript ‘0’ (e.g., oo, f10, To €tc.). We begin by proving the first part of Theorem
3.1.



Proof of Theorem 3.1(i)

Instead of the series y; it will be convenient to use the mean adjusted series
Ty = Yp — Moo — Mot — Oolir,, t=1,2,...

Solving the above equation for y, and inserting the result into (3.1) yields

p—1
Az, = V(()O)—I—Vfo)t—l—&dﬁ—l—lc_lh—5§O)dt70 —l(o)c_ltTo—i—th_l—I—Z LAz j+ep, t=p+l,p+2,...
j=1
(A1)
Here
0 — Mpgo — gy — 11
vo o = Vo + oo Hio 1o
Vio) = v + e
Y = Do)
C_lt‘r = [AdtT R Adt—p+1,T],
s = 116,
and
0 0
L0 = B
with
0 .
(0) . 50_65)7 j:O
oz =

T, j=1,....p—1

Note that the true values of 1/(()0) and Vf)) are zero.

It will also be convenient to use the transformation

Iz, = a(O)ug(i)l + P(O)Uz@h

where u!”) = Blxi_1, 0 = B 21, o = o B,(8,3,)7" and p@ = Lo (3, Bor) "

Clearly, the true values of o(? and p(®) are o, and zero, respectively. With this transformation

the preceding error correction form can be expressed as

p—1
A:L‘t — V(go) + V%O)t + 51dt7— +Zdt7— o 6§O)dt7'o _ Z(O)C_ltTo + a(O)ul(f(i)l _|_ p(o)vlgg)l + Z F]Al't_] + gty
j=1



t=p+1p+2,... (A.2)

/
- (O ()
T2 O A Az, 0

|

and
qir = [dtT : C_l;q—]/-

With this notation (A.2) becomes

Axt = (I)wg()) +eq‘r _E(O)Qt‘ro +€t7 t:p+ 1ap+27"'7 (A3>

— o~

where & = [1/(()0) ; Tl/fo) T2 Ty Ty ], E= 16 :9] and 20 = [6 0. ©)].

Let © = [® : Z] contain the freely varying parameters in (A.3) or (A4.2). (2 is not a

freely varying parameter because it is determined by @, p©® and T'y,... T, ;.) Set

£ (0) = Azy — duw” — Zqyy + EVq,,.
Then

T
1ﬂ@mﬁnsz_pﬂ%daQ+¢r0rl}:gm@xﬁaw)
t=p+1
is —2 times the (conditional) Gaussian log-likelihood function of the parameters in (A.3).
Minimizing this function yields Gaussian ML estimators of the parameters ©, 7 and Q. It
is not difficult to see that the resulting estimators of © and 7 can alternatively be obtained
by minimizing the concentrated counterpart of i7(0,7,2), that is,
T
11900, 7) = (T — p) log det ( > 5”(@)5”(@)) .
t=p+1
The definition of £,,(0) (and the fact that Z(© is not a freely varying parameter) makes it
clear that the value of 7 that minimizes the function Z(TC)(Q,T) is identical to 7 defined by
(3.2). Thus, (asymptotic) properties of 7 can be studied by using the Gaussian ML estimator
of 7 discussed above. Before turning to this issue we note that the above discussion also
makes clear that a minimizer of (0, 7,2) exists (for every T' larger than some constant).
The proof of Theorem 3.1 consists of several steps. In the first one we consider a subset

of the parameter space of (0, ) defined by
0 <w < Anin(Q) < Apax () <0 < 0 (A.4)
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and

D)2+ |61 — 82 < M < oo. (A.5)

Note that here M does not depend on T although ® does. We use B¢ to signify the comple-

ment of the set B and prove

Lemma A.1. Let B; = B;(M,w,®) be the part of the parameter space of (6, 7, Q) in which
conditions (A.4) and (A.5) hold. Then there exist choices of M, w and & such that

inf  Ip(0,7,Q) — Ir(Op, 75, 2) >0

(©,1,)eBy

with probability approaching one.

Proof: First note that

T
. P . ,
T (O, 70, ) = (1 - T) log det 2, + tr <§201T Yy 5tat> = 0,(1),  (A6)

t=p+1
where the latter equality is justified by the weak law of large numbers.

Next, since [T'A] < 7,7, < [T'A], we find from the definitions that
£ () = Axy —<I>w,§°), t=p+1,...,[TA -1,
and
er(0) = Az — dw” — (6, — 6\), t=[TN+p,...,T.
Hence,

T7'r(0,7,Q) > (1-£)logdetQ
+r <Q*1T*1 SIN-1 AL, — ow®)[Az, — cpw,EO)]f) (A7)

t=p+1
+tr (Q 7T T: Axy — O)gy® Az — 0Oy ,
t=[TAl+p ¢ ¢
where ®©) = & + [§, — 5%0) : 0]. Here
(TA]-1 Azr ,
Amin | 777 Z (0§ [Aa:; : wt(o)/} > e, (A.8)

t=p+1 | Wy

where €, > 0 is a suitable real number and the inequality holds with probability approaching

one. This fact can be justified in the same way as Lemma A.4 of Saikkonen (2001). A
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similar result is also obtained by changing the range of summation on the Lh.s. of (A.8) to
t = [T\ +p,...,T. When these two eigenvalue conditions are assumed arguments entirely
similar to those in Saikkonen (2001, pp. 320-321) show that, with suitable choices of M, w
and @, the r.h.s of (A.7) can be made arbitrarily large whenever (©,7,Q) & B;(M,w,®).

The assertion of the lemma follows from this and (A.6). O

Lemma A.1 implies that a minimizer of i7(0, 7,2) will asymptotically satisfy inequality
restrictions of the form (A.4) and (A.5). In what follows, the set B; is always assumed to
be defined in such a way that the conclusion of Lemma A.1 holds. We shall now proceed in
the same way as in Saikkonen (2001) and express the function I7(©,7,Q) as a sum of two

components. To this end, define

t /
ot = [t |

and
0 0)/ !
wét) = [ug_)l CAT e Aa:;_pﬂ] )
Then w\” = [w(o)/ : w(o)/]’ and we also iti i
y = Wy Wy partition the parameter matrix & conformably as
O = [®; : By] where &y = [\ : T\ . T12pO] and &y = [0 : Ty : -+ : T,_,]. With these
definitions,
€tr(O) = €16:(0) + €9:(P2),
where
51t7(@) = _cblwgg) - E’th + E(O)Qt‘ro
and

€2t<q)g) = Al’t — (I)ngz)
Clearly, €14, (©,) = 0 and
ZT(@, T, Q) = llT(®7 T, Q) + ZQT((I)Q, Q),

where

Lir(0,7,9Q) = tr (Ql > gm(@)gm@)’) + 2tr <Ql > gltT(@)g%(@Q)’)

t=p+1 t=p+1



and
T
lor (P2, Q) = (T — p) log det 2 + tr <Ql Z Egt(q)Q)EQt((I)Q),) :
t=p+1

For o7 (P2, 2) we have the following result.

Lemma A.2.

(qi};,l;) lar (P2, ) — lop(P20,£2) = Op(1),

where the infimum is over unrestricted values of ®, and €2 > 0.

Proof: Because we can treat Az, as a zero mean stationary process and because lor(®Po, 2)
can be interpreted as —2 times the logarithm of the Gaussian likelihood function associated
with the regression model Ax; = q)Qwé?) + &4, the stated result follows from standard regres-

sion theory (cf. Saikkonen (2001, p. 321)). O

Next consider the function l;7(0, 7,2). Our treatment will be divided into several steps in
which the time index ¢ is suitably restricted. This means considering the function l;7(0, 7, Q)
with the sample size T replaced by appropriate quantities smaller than 7. Most of the
subsequent results will explicitly be formulated for 7 < 7, and only briefly discussed in the
case T > T,. Due to the occurrence of impulse dummies the situation is in this respect
somewhat more complicated than in previous cases where the break date parameter is not
affected by impulse dummies.

In the following results about the function l17(©,7,Q), ¢, ¢, ... denote positive con-
stants and ayr, asr, ... are nonnegative random variables which depend on the sample size

but not on the parameters O, 7 or ). First we prove
Lemma A.3. There exists a constant ¢; > 0 such that, with probability approaching one
and uniformly in [TA] <7 <7, and (0,7,Q) € By,

51,771(@, T, Q) > ClHTI/quHQ - CL1THT1/2(I)1||,

where a;7 > 0 and a1 = Op(1).



Proof: Fort <7 —1, 14,,(0) = —(I>1w§[t)) and, consequently,

T—1
1177-,1(@, T, Q) = tr ( 1(13 Z wlt wlt > — 2tr <Q1q)1 Z wgg)egt(ég)’) déf L1 + LQ.

t=p+1 t=p+1

For L, we have

Ly 2 Auin (2 ( Z wgg)wlt > > Amin (271) Amin <T_ Z wﬁ))wlt ) |T1/2q) 1%

t=p+1 t=p+1

For (©,7,9Q) € By, the first eigenvalue in the last expression is bounded away from zero.
That the same holds with probability approaching one and uniformly in [TA] < 7 < 7, for
the second eigenvalue, can be seen by using an analog of (A.3) of Gregory & Hansen (1996,
p. 118). Thus, we have shown that L; > ¢;||®1]|?, ¢; > 0, with probability approaching one.
It remains to show that Ly > —aip||T"/2®, || with a7 having the properties stated in the

lemma. To demonstrate this, notice that

7—1
Lo] < 2007 [@r Y wi? Az, — douf))

t=p+1

< 27|72 Z iy [Az, — Dwy)]

t=p+1

1T 20|

Here we have used the definition of £9(®P2), the Cauchy-Schwarz inequality and the norm in-
equality. By an analog of (A.4) of Gregory & Hansen (1996, p. 118), the norm in the middle
of the last expression is of order O,(1) uniformly in [T'A] < 7 < 7y and for any fixed value
of ®,. Thus, since the parameters &, and 2 belong to bounded sets when (©,7,9Q) € By
the last expression as a whole has an upper bound a1T||T1/ 20,|| with a7 as required. This

completes the proof. a
Our next result deals with the contribution of i1 -, _1(0, 7, Q)= ,_1(0, 7, Q) to l17(0, 7, 2).
Here the relevant expression of €14, (0) is
_ 0) _ — _
£11-(0) = —Vwy, —dy,, t=7,...,7,— 1,

where ¥y = & + [0; : 0].



Lemma A.4. Let ¢ be any real number with the property 0 < ¢ < A\, — A. Then, for
A < X < )\, — € there exists a constant co > 0 such that, with probability approaching one
and uniformly in [TA] <7 <[T'(\, — €)] and (O, 7,9Q) € By,

hr-1(0,7,Q) = 11 71(0,7,Q) > | T2 |I* + col|[¥||* — aor || T4 || — azr|l7]l,

where a;r > 0 (i = 2,3), aor = Op(1) and asp = 0,(T") with 3 <7 < 1.

Proof: By the definitions,
ll,Tofl(@ T, Q) -l 771(@77'7 Q)
= tr ( ZTD ! 61157—( )511&7(@),) + 2tr ( ZTO ! 81157—( )€2t<q)2)/>
YLyt L.

First consider Lz and for simplicity denote ¥, = [¥; : 9] and gg(z) = [w§2)' :d,.']'. Then

T

To—1 To—1
b= te (0719, 0000 > e w0 (05 3005 05 ) D)

(A.9)
where Dy = diag[T~V21,, .o : L,).
Next note that
To—1
T2 WP Adyir = O,(T7Y?), i=0,....p—1, (A.9a)
t=1
uniformly in [TA] < 7 < 7,. Because w!? = [1 : £ : T-V/2%y () ] this is obvious for the

first and second components of wﬁ?). For the third component the same is true because
T2 maxy iy, 02| < TY2maxic<r |8, 21| = O,(1), where the equality follows
form the fact that T-'/23! | x4 obeys an invariance principle. Thus, we can conclude that

To—1

Dir Z zlthlt) DlT1 = diag | T

To—1

0
Z wlt wgt) :

+0,(1) (A.10)

uniformly in [TA] <7 < 7.

The next step is to observe that

T)\O] 1
Z wlt wﬁ) = Mn()\O) - Mll()‘)7 ASAL )\07
t=[T\]

1 [TA-1 (0) (0)
where Mj1(A) is the weak limit of 77" )" Jwy,  (cf. (A.3) of Gregory & Hansen

t= p+1

(1996, p. 118)). It is straightforward to check that the difference Mi1(A,) — Mi1(A) is
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positive definite and its smallest eigenvalue is bounded from below by a positive constant
when A <A< )\, — e

The above discussion implies that, with probability approaching one, the smallest eigen-
value of the matrix on the Lh.s. of (A.10) is bounded away from zero uniformly in [T')] <
T < [T(X\, — €)]. Thus, it follows from (A.9) that, for (©,7,Q) € B; and with probability

approaching one,
no_ 1/2q, 1|12 2
L3 > cotr(¥, Dir Dir¥)) = [T/ =W1 |7 + co|y |7,

where ¢y > 0 is a (small) constant. This implies that it only remains to show that Ls >
—aor||TY?W 1 || — agr||y]| with asr and asr stated in the lemma.

To show the above mentioned inequality about L4, conclude from the definitions that

To—1 T0—1
Ly=—2tr (Ql\l}l Z w§2)€2t(®2)/> — 2tr (Qll Z C_ltT‘€2t((I)2)/> = Ly + Lyo.

t=1 t=1

Arguments similar to those already used in the proof of Lemma A.3 show that

To—1

| Laa| < 27 T204 | T2 ) wid [Azy — awV || < aor|| T2 T4 ),
t=1

where asr = O,(1) in the required uniform sense.

Regarding L4, one similarly obtains

To—1

D> dicAy — o))

t=1

| Laz| < 207 ]Il < agr|]7];

where azr = 0,(1"), % <n< i, in the required uniform sense. The latter inequality follows
if the last norm in the preceding expression can be replaced by o0,(7"). To justify this,
recall that Az, and wé‘? can be treated as stationary processes with finite moments of order
b > 4 and that ®, can be assumed to belong to a bounded set. Thus, it suffices to show
that maxy<;<r [|Az¢|| = 0,(7") and similarly with Az, replaced by wég). This, however, can
be done by using an argument entirely similar to that in (A.14) of Saikkonen & Liitkepohl
(2002). The inequalities obtained for |L,;| and |L4s| above show that L, has the required

lower bound and the proof is complete. O

Our next result describes the contribution of iy ;,+,-1(0, 7,2) =11 -, —1(0, 7, Q) to [17(0, 7, Q).

We introduce the notation

2 = (e — iz, )87 +7d,, = 70d

=t70"



In the following lemma the relevant values of £1,,(©) can then be written as

€11-(0) = _\Ij2w§(2) — Y t="To ..., To+p—1,

tT

where Uy = ®; 4 [6; — (550) : 0]. Note that here the first term in the definition of 4}9 vanishes

but the general definition is convenient in later derivations. Now we can formulate

Lemma A.5. There exists a constant c3 > 0 such that, with probability approaching one

and uniformly in [TA] <7 <7, and (0,7,Q) € By,

To+p—1 To+p—1 1/2
hrip1(0,7,9Q) = L7, 1(0,7,Q) > 5 Y [IGP)1? - (Z ||g§£>||2) — asr,

t=T7o t=T7o

where a;r > 0 and a;7 = O,(1) (i =4,5).

Proof: By the definitions,

To+p—1
ll,To+p—1<@7 T, Q) - l1,70—1<®7 T, Q) = tr (Q_l Z glt’r(@)gltﬂ'(@)/)

t="7o
To+p—1
+2tr (Ql > gltT<@)52t(<b2)’>
t=7o
“ L+ L.
Assuming (0, 7,Q) € B; we find that
To+p—1
Ly > A @) Y (e (0)2
t=T7o
To+p—1 To+p—1 To+p—1
—— . —— 0
> o Z H\IIZU)U [ Z ||Ct7' 17 + 207 Z C()\Ij2w1t‘
t=To t=7o t=7o

Because we can here assume that U, is bounded (see (A.5)), an application of the triangle
inequality and the Cauchy-Schwarz inequality shows that the absolute value of the third
term in the last expression can be bounded from above by

To+p—1 1/2 To+p—1 1/2
0 0
const. X ( E HCt(T)HQ> ( E ij([t)H2> :

t=To t=To

Here the latter square root is of order O,(1) (see the argument leading to (A.10)). Hence,

we can conclude that

To+p—1 To+p—1 1/2
S udmw—m(z ||<;£>||2) | (A1)

t=7o t=7,
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where ¢; = 0! > 0 and aq1r = O,(1) in the required uniform sense.
Now consider Lg. Arguments similar to those used in previous derivations combined with

the present definition of £44,(©) yield

Tot+p—1 Tot+p—1
Lol < 217 {[T2 D wipean(@o) || + 217 |] Y ¢Pen(@s)].
t=17, =17,

It is easy to see that the first term on the r.h.s. can be used to define the term asr in the
lemma. The arguments needed are similar to those used to obtain (A.11) and they can also

be applied to the second term so that we can write

To+p—1 1/2
|Lg| < asr + asor ( Z HQ(B)W) ; (A.12)

t=T7o
where also asor = O,(1) in the required uniform sense. The result of the lemma now follows

from (A.11) and (A.12) be defining asr = aqr + aqor. a
The next lemma is concerned with the contribution of l;7(0,7,Q) —l; -, 1,-1(0,7,Q) to
Lir(0,7,9Q) . Here £14,(0) is given by
- _ (0) _
51t7(@) - \IJlet ) t_To+pa"'>T'

Lemma A.6. There exists a constant ¢4 > 0 such that, with probability approaching one

and uniformly in [TA] <7 <7, and (0,7,Q) € By,
Lr(©,7,Q) = li74p-1(0,7,Q) > C4||T1/2‘I’2||2 - a6T||T1/2‘I’2||,
where agr > 0 and agr = Op(1).
Proof: The proof is similar to that of Lemma A.3 except for being simpler because the

considered quantities are independent of 7 and uniformity over this parameter is therefore

of no concern. Details are omitted. O

Our next lemma is used as an alternative to Lemma A.4 in some of the subsequent deriva-

tions. The formulation of this lemma makes use of the notation gt(f) employed in Lemma A.5.
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Lemma A.7. There exists a constant c; > 0 such that with probability approaching one
and uniformly in [TA]| <7 <7,—1and (0,7,Q) € By,
ll,Tofl(@ T, Q) — ll 7-,1<®, T, Q)
To— To—T 1/2 7—0_
> 5 S GO — (arr(r — )7 4 asr (57) V2 T2 ) (St 12 )
—agr||T*Ws|,

where § <1 < I, air > 0 and a;r = O,(1) (1 =17,8,9).

Proof: By the definitions,

ll,To—l(G T, Q) — ll 7—_1(67 T, Q)
=tr ( D P ! €14 (O )51”(@)/) + 2tr ( D P ! €14 (O )52t(<132)/)
“ L.+ L
Recall that Wy = &1 4 [6; : 0] and ¥y = &y + [§; — 550) :0]. Fort =r71,...,7, — 1, we thus

have
0) = -0 w) —yd, = -V
€147(0) 1Wyy — Yyr 2w1t Ct‘r .

Hence,

!
Ly = < Q7h, YT 17~U1t wlt) \I’/> +tr< DIt ' CtT (2) )
+2tr (Q 270—1 th 1t \I’l2>
= L7 + L7y + L.

Assume that (©,7,§2) € By. An application of the Cauchy-Schwarz inequality, the norm
inequality and the triangle inequality yields

To—1

— 0) (0)/
T 1/2 Z Ct(‘l')wgt)
t=1

|Lzs) < 2|27

T T 1/2 To—1 1 T0—1 1/2
— o 0

< 2107 (25T) I ( 3 ||2) (Z I >||2> .
Because max<;<r ngg)H = O,(1) (see the arguments leading to (A.10)), the second square

root in the last expression is of order O,(1) uniformly in [TA] <7 < 7,. Hence,

To—1

1/2 1/2
To— T
|L73|Sa8T( ; ) 72w (ZIIQT ||2) , (A.13)
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where agy = O,(1) in the required uniform sense.

Next note that Ly; > 0 and A, (Q71) > 0~ for (0, 7,Q) € B;. Consequently,

To—1

L+ L >0 Y 1G] (A.14)

t=1

Now consider Lg for which we have

To—1 To—1
_ _ de
Lg = —2tr (Q 1\112 E wgg)ggt(®2),> — 2tr (Q ! E Ct(g)éfgt(q)Q)/) :f L81 + ng.
t=1

t=1
Arguments similar to those used for L73 show that

To—1

| La| < 27 T2 0, | T2 ) wi) ean(@s)
t=T1

< agr || T Wy, (A.15)

where agr = O,(1) in the required uniform sense. The latter inequality is obtained because,
for (©,7,Q) € By, the last norm in the second expression can be replaced by O,(1) by an
analog of (A.4) of Gregory & Hansen (1996, p. 118).

As for Lgs, assume first that 7 < 7,—p and use the Cauchy-Schwarz inequality to conclude

that
To—1
L] < 2077 Zcéi”sgt(cbg)"
t=1
T+p—1 T0—1
< 27| D2 (61 + ad)ean(®@a|| + 2027 617 D or(@a)’
t=1 t=7+p
Tp—1 12 rrip—1 1/2
< 21!9%1(2 Ha§0>+zdﬁw> > uezt@?)w)
t=1 t=1
To—1
— 0
217 SN || D (@) -
t=7+p

Here the second inequality is based on the definitions and the triangle inequality whereas
the third one also makes use of the Cauchy-Schwarz inequality and the norm inequality.

In the last expression

T+p—1

1 1
(=7 =8 3 lleal®)I = 01 g <u<y
and
To—1
(To =7 =) 2| Y ea(®a)|| = Op(1)
t=7+p
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uniformly in [TA] <7 <7, —p and (0, 7,Q) € By. Here the latter result can be concluded
from the Hajek-Rényi inequality given in Proposition 1 of Bai (1994). The former can be
obtained by an argument similar to that used to prove (A.14) of Saikkonen & Liitkepohl
(2002).

Combining the above discussion on Lgy shows that

T+p—1 1/2
Lso| < anr (Z ||5§°>+zdtf>||2) + (1o — 7 — p)2||8|
t=1

T+p—1 1/2 To—1 1/2
0 0
= any (Z ||<§T>||2) +<Z ||<§J||2> :
t=1

t=T+p

where arir = O,((7, — 7)") in the required uniform sense and the equality follows from
definitions. Since for any real numbers a > 0 and b > 0 we have a + b < v/2(a® + b*)'/? it

follows that
To—1 1/2
|Lso| < V2a77 (Z ”Ct(‘z(-))HZ) . (A.16)
t=1

In the proof of this result it was assumed that 7 < 7, —p but it also holds for 7, —p < 7 < 7,,.

In that case arguments similar to those used for L7z give

To—1 1/2 To—1 1/2
_ 0
|Lgs| < 2[|07Y| (Z ucﬁ)n?) (Z ||ezt<<1>2>||2)
t=r1 t=1

and (A.16) holds with a7;r = O,(1). The result of the lemma is obtained from the definitions
of L7 and Lg in conjunction with (A.13)—(A.16) by defining c¢s = @', a7 = V2a717/(1,—7)"

and agy and agr as done in (A.13) and (A.15), respectively. O

In the proof of the next lemma as well as in subsequent proofs, frequent use will be made
of the elementary inequality

CL2

asx? —a1r —ag > —— —ag, >0, (A.17)
4@2

which holds for ag,a; > 0 and ay > 0.

Lemma A.8. Let ¢ > 0 and By = {(©,7,Q) : |[TV>7®,||2 + ||T"/* "W, ||2 < €2}, where

% <n< i is the same as in Lemma A.7. Then,

inf  Ip(0,7,Q) — Ir(Op, 75, 2) >0
(©,1,9)eBs
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with probability approaching one and uniformly in [TA] < 7 < 7,,.

Proof: By the definitions and Lemma A.2,

Ir(0,7,9Q) = 1p(0,,75,) = Lr(O,7,Q) + lop(Pe, Q) — lop (Do, )
Lir(©,7,Q) +inf (e, o) lar (P2, Q) — lor (P20, £20) (A.18)
= llT<®,T, Q) +Op<].)

v

Thus, it suffices to show that, for some ¢, > 0,

© Tig)feBc T27(0,7,9Q) > € (A.19)

with probability approaching one and uniformly in [TA] < 7 < 7,.
From Lemma A.1 it follows that we only need to prove (A.19) with the set B replaced
by B1 N BS. Let 0 < ¢; < A\, — A and define the sets

Bgl = Bl N Bg N {(@77', Q) : [TA] S T < [T(/\O — 61>]}
and
By =BiNBsN{(O0,7,Q): [T(X\o—€&1)] <7 <70}

According to what was said above, it suffices to establish (A.19) separately with BS replaced
by Bs; and Bgy. Here we are free to choose the value of €;. Whatever our choice, Lemma
A.4 can be applied on the set By, on which we shall first concentrate.

From Lemmas A.4, A.5 and (A.17) we first find that, uniformly in B,
T2, 1(0,7,Q) = T2, 1(0,7,Q) > —(a3y + a3p)/4cs T = 0,(1)

and

_ aj asrt
T2 i p1(0,7,) — b 7,1 (O, 7,Q2) > —4034;2,] ~ Tan op(1).

Combining these inequalities with those obtained from Lemmas A.3 and A.6 shows that,

uniformly in Bsq,

T210p(0,7,Q) > al| TV = T || TV |

(A.20)
+C4||T1/2_77\112||2 — T_nCLﬁTHTl/Q_n\I/QH -+ Op(l).
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Denote ¢* = min(c;, ¢4) and a’ = v/2max(ar, agr). Then the preceding inequality implies

that, uniformly in Bsy,

T=20(0,7,Q) > &[TV + || TY2710,12)

I B .
— =T (|72 7100 | + ITY277s ) + 0(1).

V2
For simplicity, denote 2. = ||T"/277®,||? 4 ||T/>7"W,||> and note that the sum of the two
norms in the last expression above is at most v/2¢7. Thus, uniformly in Bo;,

*

T_znl1T(@7 7,Q) > C*SO% — T apor +0p(1) = C*SO%“ <1 -

C*WT) +o(1).  (A21)

Because ¢r > € on By and aj = O,(1) uniformly in By, this shows that (A.19) holds with
B$ replaced by Bs.
Now consider proving (A.19) with BS replaced by Bss. Here we can use Lemmas A.3,

A5, A.6 and A.7 to conclude that, with probability approaching one and uniformly in Bas,

T2, 0(0,7,Q) > al|T2770 || = T ar [T 779,
+C4||T1/2777\I/2||2 — Tfn(CL@T + agT) HT1/2777\I/2||
+cgT 2" Zfiifﬂ ||Ct(£) 1> — T ayr <T7277 ZtTng ||Ct0)|| > — T *agy

+es T2 301G )12

~Jarr (25)" + agr (27) V2 102 ] (1720 T3 G0)
(A.22)

By (A.17) the sum of the fifth, sixth and seventh terms on the r.h.s. is of order o,(1)

uniformly in Bss and the sum of the last two terms can be bounded from below by

1 To — T 17+ To — T 1/2 ||T1/2—7]\Ij ||
— | Q a
405 r T 8T T 2

Thus, expanding the square and inserting the result to the r.h.s. of the preceding inequality

2

yields, uniformly in Bas,

T2 (0,7,Q) > TV |? = T ay [T, ||

+eur (T) [ TY21W5||2 = ayor (7) || T2, || — arir(T) + 0p(1),
(A.23)
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— —n Qrragr [ To — T R
aror(7) =T "agr + T "agr + o T

and

azy (10— 7\
anT(T):fc:g( T ) :

Note that here agr, . . ., agr are of order O, (1) uniformly in By, and that, on Ba, (17,—7)/T <
2¢1, say. Since we are here free to choose the value of €; we can choose it so small that the
following two conditions hold with probability approaching one and uniformly in Bag: (i)
car(T) > ¢4/2 and (ii) ajor(7) and aq17(7) become smaller than any preassigned positive
number. Taking these facts into account and comparing the inequality (A.23) with (A.20)
shows that there are only two points which make the previous proof based on inequality
(A.20) directly inapplicable in the present context. These points are that instead of the
terms T "agr = 0,(1) and o,(1) we have in (A.23) a1or(7) and a117(7) + 0,(1), respectively,
which are not of order 0,(1) but can only be replaced by an arbitrarily small positive number
independent of parameters. However, this is sufficient for the application of essentially the
same proof as previously. Indeed, we can conclude that, uniformly in Bss, an analog of
(A.21) holds except that in the last expression 7" is replaced by a fixed positive number
which can be assumed as large as we wish and o,(1) is replaced by a fixed negative number
which, in absolute value, can be assumed as small as we wish. In particular, we can assume
that 7 and o,(1) in (A.21) are replaced by M /e and —e/M, respectively, where M can be
chosen arbitrarily large. This shows that we can make the r.h.s. of the present version of
(A.21) larger than some €, > 0 with probability approaching one. Thus, there is a choice of
€1 such that (A.19) holds with BS replaced by Bs; and Bas. This completes the proof. O

The next lemma is similar to Lemma A.8 except that it deals with the short-run param-

eter ®s.

Lemma A.9. Let ¢ > 0 and B = {(0,7,Q) : [|[TV271(®y — 0y,)|| < €}, where + <n < 1is

the same as in Lemma A.7. Then,

it 1(0,7,9Q) — 1p(O, 7, Q) > 0
(@,T,Q)GBg

with probability approaching one and uniformly in [TA] < 7 < 7,.
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Proof: By Lemma A.1 it suffices to prove the result with Bf replaced by By N BS. First
consider the break dates [TA] < 7 < [T'(A\,—¢€1)] and note that the derivation of the inequality
in (A.21) is valid for these break dates and for all (©,7,Q) € By N BS. It is also valid for
every €; > 0. Thus, an application of (A.17) shows that in this part of the parameter space
T=217(0,7,9) > 0,(1) holds uniformly. Next note that the inequality (A.23) is valid for
TN\, —€)] <7 <7, and for all (©,7,Q) € By N BS. Moreover, as the discussion after that
inequality reveals, we can, with a suitable (small) choice of ¢, obtain an analog of (A.21)
and conclude that, with probability approaching one and uniformly in the considered part of
the parameter space, T~ 2";7(0,7,§) > —ey, where €5 > 0 can be chosen arbitrarily small.
From the above discussion and the first equality in (A.18) it thus follows that we need to

show that, for some €, > 0,

© ig)fegc T or (g, Q) — T 2oy (P2, Q) > e,
5Ty 3

with probability approaching one. Arguments needed to show this are similar to those used
in previous proofs and also very similar to those used to prove the consistency of the LS
estimators of the parameters ®5 and €2 in the standard regression model Ax; = qDngO) + &4

Details are straightforward and are omitted. a

The next lemma again makes use of the notation Q@ introduced for Lemma A.5.

Lemma A.10. Let B, = {(0,7,Q) : (1, — 7)1 3 [t*~! 19012 < M2}, where T < 7, and

1

3 <n< i is the same as in Lemma A.7. Then, there exists a real number My > 0 such

that, for all M > M,,

inf lT(@,T, Q) — lT(@o,TO,QO) >0
(©,7,92)eB;

with probability approaching one and uniformly in [TA] <7 <7, — 1.

Proof: From (A.18) it follows that it suffices to show that there exists a real number My > 0
such that, for all M > M, and any M; > 0,

inf  11p(©,7,Q) > M, (A.24)
(©,7,2)eBg

with probability approaching one and uniformly in [TA] < 7 < 7, — 1. From Lemmas A.1,
A.8 and A.9 it further follows that here the set Bf can be replaced by B; N By N B3 N BY.
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From (A.19) it can be seen that the value of € in the definition of By can be chosen arbitrarily
small.

We wish to apply Lemmas A.3, A.5, A.6 and A.7 to obtain a lower bound for l17(0, 7, Q).
This lower bound can be obtained by multiplying both sides of the inequality (A.22) by T".
By (A.17) the contribution of the first four terms to the r.h.s. of the resulting inequality can

be replaced by O,(1). This is also the case for the seventh term. Hence, we can write

To+p—1 Tot+p—1 1/2 To—1
hr(9,7,9) > ¢ Y Hc§£’>||2—a4T< > ||<£B>||2) +c52||c” §

t=T7o t=7o

To—1 1/2
— (arr(ro = 7)" + asr(7, — 7)!?[| ] <Z IS ||2) + Op(1).

This holds uniformly in By N Bo N B3 N BS and [TA] < 7 < 7, — 1. In this part of the

parameter space we also have

Ty — T

1/2—n
(70 = D)2 s | = (7, — 77 ( ) ITV21, | < e(r, — )"

and ayr < a4 (7, —7)" (see Lemma A.8). Denote ¢* = min(cs, ¢5), @) = max(aqr, arr+e€asr)
and for simplicity,

To+p—1

g= > e

t=1

From the lower bound obtained for l;7(0, 7, 2) above we can then further obtain
Lr(0,7,Q) > & — a1, — 1), + 0,(1) = &2 (1 — %5—7)”) + O,(1).  (A.25)
Again, this holds uniformly in By N By N B3N B and [TA] < 7 < 7, — 1. Now, on Bj,
& > M(1, — 7)" so that, for all M large enough and with probability approaching one, we
can make the r.h.s. of (A.25) larger than any preassigned number M; > 0. Thus, we have
established (A.24) and thereby the assertion of the lemma. O

Before proceeding to new proofs we discuss how Lemmas A.3-A.10 are formulated when
T 2 To-

The counterpart of Lemma A.3 is concerned with the time points t =p+1,...,7, — 1
and break dates 7, < 7 < [T'A] but is otherwise similar to Lemma A.3 and its proof is similar

to the proof of Lemma A.6 in that uniformity in 7 is of no concern.
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The next time points of interest are now t = 7,,...,7,+p— 1 so that we need to consider

a counterpart of Lemma A.5. Here we write

(@) = @) — dir, (51 — 6) — (diy — dir, )01 — 7y, +7Od,,

= —\Ilgwgg)—ch, t=17, ..., To+p—1,
where Wy = & + [; — (550) : 0] as before and

Ct'r = (dtT - dtTo)(Sl + ldtrr - Z(O)dtq—o-

In other words, in place of Ct(f) we now use an analogous variable defined by using the
parameter 0, instead of 5§0). However, replacing C}B) in Lemma A.5 by (;, is clearly possible,
as can be seen from the given proof.

Instead of the time points t = 7, + p, ..., 7 — 1 it is next reasonable to consider the time
points t =7, +p,..., 7+ p— 1. Then the number of time points is the same as in Lemmas

A.4 and A.7. Changes in parameters have to be made, though. Now

£117(0) = =01\ i, 0\ —dyr 6y —7d,, = =V VWY ~(dir b1 49d,,),  t=Totp, .. TP,

where \Ifgo) =&, — [550) : 0]. Thus, we now have the matrix \Ifgo) in place of ¥; used in Lemma

A.4 and, as above, the former is defined by using 5§0) instead of 4; in W;. The parameter v
used in Lemma A.4 is also changed by adding d; to its columns. With these replacements
the counterpart of Lemma A.4 applies with [T(\, + €)] <7 < [T\

Next consider the counterpart of Lemma A.7 which is also concerned with time points

t=1,+p,...,7,+p— 1. Here the preceding expression of €14, (©) is modified to the form
£1-(0) = —%wﬁ” —Ctry, t=To+p,...,T+p—1

In the counterpart of Lemma A.7 we then have (i, in place of (t(f) and 7, +1 < 7 < [T)].
The proof can again be basically obtained by following the previous proof.

The counterpart of Lemma A.6 is straightforward. The relevant time points are t =
7,..., T and the obtained lower bound is as before except for the obvious change in the
values of 7 which become 7, < 7 < [T/_\]. The proof is also changed and becomes similar to

the proof of Lemma A.3.
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It is not difficult to check that the modified versions of Lemmas A.3 - A.7 can be used
to show that the results of Lemmas A.8 and A.9 also apply for 7, < 7 < [T'A\]. Regarding
Lemma A.10, when 7, + 1 < 7 < [T')\], the set By is defined as

T+p—1
B4 = {(@,T, Q) : (7'0 — 7')_277 Z ||Ct7||2 S M2}

t=7o
but otherwise the same result is obtained.

Now we can turn to our next lemma which is central in studying asymptotic properties of
the break date estimator. Recall that 6,, = —I1,0, = —a,3.0,. Thus, d1, # 0 if and only if

B,'8, # 0. Note also that we shall use the convention that the infimum over an empty set is co.

Lemma A.11. Let M > 0. Assume that 1, # 0 and define By = {(0,7,9Q) : (|7, — 7| —
P)|610][# 1727 < M}, where 3 < 7 < 1 is the same as in Lemma A.7 or its counterpart when

T > T,. Then there exists a real number My > 0 such that, for all M > M,,

inf lT(@,T, Q) — lT(@o,TO,QO) >0
(0,7,2)eBg

with probability approaching one.

Proof: Assume first that 7 < 7, —p. From Lemmas A.1, A.8 and A.9 it follows that we can
replace the set B by By N By N By N BE.
By the definitions,

where 3.6, # 0. On Bs, [|a® — a,|| < eI"Y/2 and, on B,, ||p|| < €T""'. Thus, since
510 = _Oéoﬂ(/)&oa

0
169 — 6100l < (10 — |11l + 1018, 60|

< el 2
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for some positive and finite constant c. Hence, because C}S) = (dy — dm)égo) for t =

T+p,...,7o— 1, we have on By N By N B3N B and when 7 < 7, — p,

- To+p—1 | ~(0 1/2 - To—1 0 2
(o= 1K) 2 (=) 2k, IGEP1R)
_ 0
= (1o — 7)1, — 7 — )6
n
(1-:2) (ro =7 = )28
n oy 1/2— 5051,
(55)" (7o = 7 = D)o/ n(l_ Ot )

1/2—n Tn—1/2
> M 1 — ce ]
= (pHD)" ( 010l

(A.26)

Here the fourth relation makes use of the triangle inequality. For all 7" and M large enough

the last expression can be made larger than the real number M, in Lemma A.10. Thus, the
stated result follows from Lemma A.10.

Now consider the case 7 > 7, + p. Then, using the counterparts of Lemmas A.8 and A.9

we can proceed in the same way as in the case 7 < 7, — p until the relations (A.26) which

start now as

T+p—1 1/2 T—1 1/2
<<T—ro>-2" > HW) > <<T—To>-2’7 > Hw) = (r=7) 7 =10=p) [

t=To t=To+p
Thus, in place of 59)) we have now d;. However, from the counterpart of Lemma A.8 we find
that, on By, ||6; — (550)H < €I"Y2 and a straightforward modification of the arguments in

the latter part of (A.26) combined with the present version of Lemma A.10 give the desired

result. This completes the proof of the lemma. O

As discussed earlier, the estimator 7 can also be obtained by minimizing —2 times the
Gaussian log-likelihood function I7(0,7,). Thus, Theorem 3.1(i) follows directly from
Lemma A.11.

Proof of Theorem 3.1(ii)

The estimator 7 can be obtained by minimizing the Gaussian likelihood function i1 (0, 7, (2)

subject to the restriction v = 0. Thus, we can consider minimizing the objective function

T
15(01,7,9Q) = (T — p) log det Q + tr <Ql Z 6:7_(@1)6:7_(@1)/) :

t=p+1
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where ©; = [® : 0;] and

5 (01) = Az — dw” — 61dyy + 8 dyr, + 4, .

Denote 3" =z, + Z?;g Yioti—ir,- Then Ay = Az, +7,d,,, and we can express £;,(01) as

€i(01) = €14 (01) + €5,(P2),
where
Sg{tr(@l) = _q)lwﬁf)) — 01dyr + 6§O)dt7'o + (1(0) - lo>c—it7'o
and
e3(®2) = Ay — ywly).
Analogously to I7(0, 7,) we can decompose [5.(01,7,) as
where
T T
Lr(©1,7,Q) = tr (Ql Z 5Tt7(@1>5it7(@1)l> + 2tr (Ql Z €Tt7<@1>€;t<q}2>/>
t=p+1 t
and
T
i (92,Q) = (T — p)log det Q + tr <Q—1 > g;t(@z)g;t(%)') .
t=p+1
We shall now discuss modifications of Lemmas A.1 - A.10 based on the objective function
15(01,7,8). Some of them are minor and are therefore only briefly mentioned. For Lemmas
A5 and A.7 - A.10, new statements of the results will be provided which will be furnished
with a superscript ‘*’ to indicate the correspondence to the previous results. We will refer

“*’ to the number even

to all the modified versions of the lemmas by attaching a superscript
if no explicit statement of the result is presented.

In what follows frequent use will be made of the facts that €7, (©1,) = 0 and £5,(®2) =
€2t(P2) + 7, dy,, so that, in particular, €3,(®) = & + v d;,, = €;. These are immediate
consequences of the definitions. We begin by discussing the required modifications of Lemmas
A1-A4and AG.

The result of Lemma A.1 holds with I7(©,7,Q) replaced by I5(01,7,2) and the set B;

redefined by replacing the parameter © by ©;. In subsequent discussions this redefinition of
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B; will be denoted by Bf. To see that this modification of Lemma A.1 holds, notice that from
the proof of that lemma it can be seen that we first need to show that T!15(01,, 75, Q,) =
O,(1). However, because T 1%(01,, 7,, ) differs from the expression in the middle of (A4.6)
only in that ¢; is replaced by ¢} = ¢; + loc—itm this follows by straightforward application
of the weak law of large numbers. The proof can be completed by repeating the latter
part of the proof of Lemma A.1 because therein only time points are involved for which
e1-(©) = &5.(01) holds.

The result of Lemma A.2 holds with lor (P2, 2) replaced by I5,(P2,2). To see this, notice
that [5,(®2,€) can be interpreted as —2 times the logarithm of the Gaussian likelihood
function associated with the (misspecified) regression model Ayf*) = <I>2w§‘2) + ;. Because
g; = €+ 7 dy,,, it is straightforward to check that the LS estimator of @, is consistent of
order O,(T~%/?). Thus, the desired result can be seen by using standard arguments.

The result of Lemma A.3 holds with [/, ,1(©,7,Q) replaced by [7_,(©1,7,9) and the
set B replaced by Bj. This is obvious because I, »1(0,7,Q) =[], _1(©1,7,Q) when 7 < 7.

The result of Lemma A.4 holds with the inequality replaced by
L1 (01, 7,9) = 11 (01,7,Q) > 0| TV2W4 |2 — agy | TV?W |

and the set By replaced by Bf. (Here ¢y and agr have the same properties as in Lemma A 4.)
A proof of this result is obtained by following the proof of Lemma A.4 with the restriction
7 = 0 imposed. Because this means that only the upper left hand corner of the matrix on
the Lh.s. of (A.10) needs to be analyzed and the term L, can be ignored, the desired result
readily follows. (Note that e5,(®y) = e9;(Py) for the time points considered.)

The result of Lemma A.6 applies with {17(0, 7, Q) =1y ;. 4,-1(0, 7, Q) replaced with I;(01, 7, Q) —
[ ip-1(01,7,€) and the set By replaced by B}. This is obvious because the two differences
have identical values.

Because more substantial modifications are required for the remaining lemmas, we for-

mulate new versions of them. For an analog of Lemma A.5 we introduce the notation
* 0
i = (e = din)0 = (1 = 7,)d,

Clearly,

8>{t7(@1) = _\IJng[t)) _Ct(:)v t:7—07"'77_0 +p_1
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Lemma A.5*. There exists a constant c3 > 0 such that, with probability approaching one

and uniformly in [TA] <7 <7, and (01, 7,Q) € Bj,

To+p—1 To+p—1 1/2
i1 (O Q) =1 (01,7, Q) > Y ||¢£:>||2—a4T( > ||<£:>||2) — asr — iy,

t=To t=7o

where ayr and asp are as in Lemma A5 and aiy = c(|[pQ] + [|@2 — Pool|)]|00]|* with

0<c3 <oo.

Proof: In the same way as in the proof of Lemma A.5 we can write

ZTT +p— 1(6177—, Q) - liro—l(@h T, Q) = L; + Lé‘?

where L} and Lj are as Lz and Lg, respectively, except for being defined in terms of €7,.(©1)
and e5,(P2). The analysis given for L in the proof of Lemma A.5 applies also here with gt(f)
replaced by Ct(:). Thus, as an analog of (A.11) we have

To+p—1 To+p—1 1/2
Ly>es Y 16212 = aanr ( > ||Ct(;k)||2> :

t=17, t=7o
where ¢3 = @™ > 0 and aq17 = O,(1) in the required uniform sense.

As for L§, arguments similar to those used for Lg give

To+p—1 To+p—1
% — 0) x — *) % def 1« *
gl <207 v S @@ @) ||+ 2007 || 3 P (@)|| Y Ly, + L,
t=7o t=7o

Using the identity €5,(®2) = €2:(P2) + 7 d;,, and arguments already used, it is seen that
L3, = O,(1) in the required uniform sense. Thus, L§; can be used to define the quantity asr

and it remains to study Lg,. The latter norm in the definition of L, can be expressed as

To+p—1 To+p—1 To+p—1 To+p—1
§ CtT €2t (I)Q E : CtT €2t<q)2) + ’7 dtTo § CtT 5275 CI)2 E CtT —tTD 1o
t=To t=To t=7o t=T7o

The first term in the last expression can be bounded from above in the same way as its

counterpart in the proof of Lemma A.5. Thus, combining the preceding discussion we find

that
To+p—1 1/2 To+p—1
|Lg| < asr + asor ( Z ||€t(:)||2) Z C(;k)_;ro !
t=7o t=7o
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where asor = O,(1) in the required uniform sense. From this inequality and the lower bound
obtained for L} it can be seen that it suffices to show that the third term can be used to

define af;. To justify this conclude from the definitions that

Toer*l To+p 1
Z Ct(:)dgrollo = Z dtTo t’T‘o - H(l(()) - 10)_;
t=7o t=T7o

The definitions of 1(0) and 7, and simple calculations show that the last norm can be bounded

by a quantity of the form a};. This completes the proof. a

Lemma A.7*. There exists a constant c5 > 0 such that, with probability approaching one

and uniformly in [TA] <7 <7,—1and (0,,7,9Q) € Bf,

lirofl(glv T, Q) - lT-r 1(617 T, Q)

To_ To—T 1/2 To— *
> s S I — (anr + asr (27) 2 2] ) (70 161E)
—agr || T/ Ws|l,

where a;r > 0 and a;7 = O,(1) (i =7,8,9).

Proof: In the same way as in the proof of Lemma A.7 we can write,
Z’IK,TO—I(@la T, Q) - lir—l((alv T Q) = L; + L§7

where L% and L§ differ from L7 and Lg, respectively, only in that €}, (©;) is used in place

of €1;7(©). (Note that here £5,(®y) = £9,(P2).) By the definitions we can also write
é\}{t’r(@l) = _\I/2w1t CtT ’ 2(’-:7—7"'77—0_ ]-7

(cf. the corresponding representation of €1;-(0)). An inspection of the proof of Lemma A.7
reveals that the analysis given for L; applies to L3 if only the quantity Ct(TO) is replaced by
Ct(:) Thus, we can write L¥ = L% + L%, + L%, where |L%,| and L%, + L%, satisfy inequality
(A.13) and (A.14), respectively, if (t(f) on the r.h.s. is replaced by Ct(:).

Regarding L§ we can write L{ = Lg; + L§,, where Lg; satisfies (A.15). Thus, we can

conclude from the preceding discussion that it only remains to show that

To—1 1/2
| Lo | < arr (Z ||<t(:)||2> :
t=1
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where a7r is as stated in Lemma A.7*. To see this, notice that Ct(:) = (5%0), t=71,...,7,— 1,

and therefore (cf. the definition of Lgs)

To—1
Ll < 200747 ¢ e (@)
t=1
To—1
_ 0
< 207 ISV || (@)
t=T1

To—1

To—1 1/2
— 2107 (Z Hd?HQ) (ro = 1) 72| D enu(@2)
=1 t=71

This gives the desired result because the last norm is of order O,((7, — 7)%/?), as discussed

in the proof of Lemma A.7. O

Because the quantity 1 does not appear in the results of Lemmas A.4* and A.7* the

subsequent modifications of Lemmas A.8, A.9 and A.10 can be generalized accordingly.

Lemma A.8*. Let ¢ > 0 and Bj = {(0,,7,Q) : |TV*71®,||2 + | TY?7"0,||? < €2}, where
0<n< % Then,

inf l;(@l, T, Q) - l}(e)lm To, QO) > 0

(©1,7,Q2)eB3°

with probability approaching one and uniformly in [TA] < 7 < 7,.

Proof: We can follow the proof of Lemma A.8. First, from Lemma A.2* and an analog of

(A.18) we can conclude that it suffices to show that, for some €, > 0,

o ig)feB*cT_inIT(Gl,T, Q) > e, (A.27)
5T 2

with probability approaching one and uniformly in [TA] < 7 < 7,. From Lemma A.1* it
then follows that (A.27) can be established with B;¢ replaced by B N B3¢, This in turn can
be done separately for the sets Bj; and Bj, defined by modifying the definitions of By, and
Bss, respectively, in an obvious way.

Consider the Lh.s. of (A.27) with B3¢ replaced by Bj,. From Lemmas A.4*, A.5* and
(A.17) we then find that T-21;-(01,7,Q) has a lower bound exactly of the same form as
obtained for T72";7(0©,7,9Q) in (A.20). The only thing which may be worth noting here is

that from Lemma A.5" we obtain the term af, which is not present in Lemma A.5 and the

27



derivation of (A.21). However, the stated result is still obtained because T-?"at; = o(1)
uniformly in Bj;. Because we have an analog of (A.21) we can proceed in the same way as
in the proof of Lemma A.8 and show that (A.27) holds when B3 is replaced by B3, .

Now consider proving (A.27) with B;¢ replaced by Bj,. Here we can obtain an ana-
log of (A.22) by using Lemmas A.3*, A.5* A.6* and A.7*. This yields a lower bound for
T=217(01, 7,Q) which differs from that obtained for T-2";7(0, 7,Q) in (A.22) only in that
(i) O is replaced by ¢, (i) arr (%=2)" is replaced by a;7T~" and (iii) the additional

term —T?7a}; is included. However, observing that this additional term can be replaced

by 0,(1) and proceeding in the same way as after (A.22) we can obtain the following analog

of (A.23):

T2 (01,7,9Q) > | TV |2 = Ty [T, ||
+ear (T)| T2 |2 — afop(r) | T2 770, — afig + 0p(1),

where ¢47(7) is as in (A.23),

a — -n 1/2
T) = Z T n arra T, —
TOT( ) QaeT + agr /l n Tc 8T ( 15} T )

and

2
* Q7

apr = T2n4cs”
Thus, it follows that we have, with probability approaching one and uniformly in Bj,,
car(T) > ¢u/2, aiop(T) = 0,(1) and ajyp = 0p(1), and the situation becomes exactly the

same as in the case of the set Bj;. This completes the proof of Lemma A.8*. O

Lemma A.9*. Let ¢ > 0 and B} = {(©,7,Q) : [|TY277(®y — ®y,)|| < €}, where 7 is the

same as in Lemma A.8". Then,

inf l;(@l, T, Q) - l}<@107 To, QO) > 0

(©1,7,Q2)eB3°

with probability approaching one and uniformly in [TA] <7 < 7,.
Proof: The proof can be obtained in the same way as that of Lemma A.9. Instead of using

results obtained in the proof of Lemma A.8 we, of course, use corresponding results discussed

in the proof of Lemma A.8*. Details are omitted. a
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Lemma A.10*. Let B} = {(01,7,9Q) : (1, — 7)||6”|¥0=20 < M}, where 7 < 7, and 7 is

the same as in Lemma A.8*. Then, there exists a real number M, such that, for all M > M,,

inf  5(0,,7,Q) — I5(O1,, 70, Q) > 0
(@1,71,3)6&1‘6 T( LT, ) T( 1oy Te )>

with probability approaching one and uniformly in [TA] <7 <7, — 1.

Proof: In the same way as in the proof of Lemma A.10 it can first be seen that it suffices
to show that [{,(©1, 7,) satisfies an analog of (A.24). This in turn can be done by using
Lemmas A.3*, A.5*, A.6* and A.7* to obtain a lower bound for [,(01,7,2). This lower
bound divided by 7% was discussed in the proof of Lemma A.8*. From that discussion it

can be concluded that

To+p—1 To+p—1 1/2 ro—1
(O, 0) > e Y H@(:)”Q—“ﬂ( > |r<£:>|l2> ra 3 I

t=T7o t=T7o

To—1 1/2
— (arr + asr(7o — 7)"||Wa|)) (Z [fex \\2) — agp + Op(1).

=7
This holds uniformly in Bf N By N B N B¢ and [TA] < 7 < 7, — 1. By (A.17), the first
two terms on the r.h.s. can be bounded from below by —a%;/4c3 and in what follows they
will be absorbed in the term O,(1). The term (7, — 7)'/2||W;|| can be bounded from above
by €1(1, — 7)", where ¢; > 0 (cf. the proof of Lemma A.10). Further, from the definition
we have af;, = O(1) (see Lemma A.5%) and, hence, we can absorb af; in the term O,(1).
Taking all these facts into account and observing that Cf:) = 550) fort =71,...,7, — 1, we

can write the preceding inequality as

Lr(01,7,Q) > sl — )02 = ap(r, — 7)™ 267] 4+ 0,(1)

a7, — 7)1 1/2
— (=PI (1— Hre ) >+Op<1>.
csllor |l

Here a% = O,(1), which as well as the whole result, holds uniformly in By N B N B N B;¢
(cf. (A.25)). Thus, the rest of the proof is similar to that of Lemma A.10. O

The results of the adjusted Lemmas can be modified in a straightforward way to the case

T > T,. Using Lemma A.10* and its modification in conjunction with arguments similar to
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those in the proof of Lemma A.11 we can now prove Theorem 3.1(ii). In the same way as in

(A.26), we first find that

1/2) =11 5(0) 2 /(1o (1/2)=n 162 — 61|
(1o — T) V2711577 > (70 — 7) || 6107/ 727) 1— BT
lo

and furthermore that an analog of Lemma A.11 holds with the set Bs replaced by B =
{(©1,7,9) : |7 — 7|||01,]|>*=2" < M}, where 7 is the same as in Lemma A.8*. Theorem

3.1(ii) then follows from this in the same way as Theorem 3.1(i) followed from Lemma A.11.

Proof of Theorem 4.1

Because we do not need values from 7 other than 7 and the true value in the following, we

denote the latter again by 7 and hence we drop the subscript ‘o’ for convenience.

Properties of RR Estimators

We shall first show that the RR estimators of the parameters o, 5, I'; ( =1,...,p—1) and
) discussed in Section 2 satisfy appropriate consistency properties (cf. Lemma 2.1 of S&L).
These estimators are based on equation (2.5) with the unknown break date 7 replaced by

the estimator 7. This replacement changes the error term ¢; to
p—1
e = +16(dp1p — dyorr) — Z’V;(Adtﬁ',? — Adi_j;). (A.28)
j=0

Defining
Yir = Yy — fo — pat — 0dyz = x4 — 5(dt+ - dtT) (A-QSG)

we can consider the following counterpart of (2.5):

p—1 p—1
Aytf- = V+Oé(ﬁ/yt_1,+—¢(t—1)—th_L%)—f-Z FjAyt—jﬁ'_}_Z ’Y;Adt—j,f'—i_gﬁ'a t= p+17p+27 tety
7j=1 7=0

(A.28b)
where v = 0, ¢ = 0,0 =0 and 7 =0 (j = 0,...,p —1). It will be shown that using
the estimator 7 in (A.28b) instead of the true break date 7 has no effect on the asymptotic
properties of the RR estimators. When ¢; # 0, the proof makes use of the following general

results.
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Lemma A. Let Jir (t =1,...,T) be a (possibly) random vector such that max;<;<r || Jir|| =

O,(1) and J; a vector valued stochastic process satistying sup, E||.J;|| < oo. Then, if 7 =
T+ 0,(1),

(i) 7712500 Jir(dee = dir) = 0p(1)

(i) 771/ Z?:p+1 Ji(diz — dir) = 0p(1).

Proof: The first result is an immediate consequence of the assumptions which imply that
the Lh.s. of the equality is dominated by O,(T~2)|# — 7| = 0,(1). To prove the second

result, let I(-) stand for the indicator function and, for e > 0, write

T-1/2 Zf:p-i-l Ji(diz —dyy) = T2 ZtT:pﬂ Ji(dz — din)I(|7 = 7| > T4e)
+T71/2 Zzﬂ:p_H Jt(dﬁ- - dtT)I(|7A_ - 7—| < T1/4€)
de
2] Aip + Aor.

Now, since 7 — 7 = O,(1), we have for every € > 0,
Pr{||Aip| > €} < Pr{|7 — 7| > T"*} — 0.

Thus, A;7 = 0,(1). As for Ay, notice that for every e > 0,

T
1Al S T2 Y N hlllder — der 117 = 7| S TH4) < T2 % [l

t=p+1 [t—7|<[T1/4€]

Hence,
E||Ayr| < const. x THH=W/2e 0,

This implies that Ayr = 0,(1) and the stated result follows. a

Lemma A can be used to show that, when d; # 0, the replacement of the true break date
7 by the estimator 7 has no effect on the asymptotic properties of various second sample mo-
ments. The first result can be used with Jy given by (T — p) /2 8,y and (t — 1) / (T — p),
whereas in the second result typical choices of J; are Ad;_;+, 'y and dy_; + (see (A.28)).
When §; = 0, a different proof is needed to obtain the desired consistency results. In this

case use is made of the fact that the step dummy in equation (2.5) becomes redundant and
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the effect of the impulse dummies vanishes asymptotically. Now we can prove the necessary

consistency properties of the RR estimators discussed above.

Lemma B. Let §; = 5(¢/3)~" and G; = af'¢ where &' = (§'6)~' 3. Then, f = 3+0,(T1),
de=a+O0,(T7V2), T, =T;+0,(T"V?) (j=1,...,p—1) and Q@ = Q + O,(T~1/2).

Proof: First we introduce some notation. Define x; = [y; ;. : (t — 1) : di—1 ] and
P = [1:Ay; ;-1 Ayi 1y ;- Then equation (A.28b) can be expressed as

Ayt% :a¢/xt?+5pt%+€t?7 t:p+1)p+2a7 (A29>
where p; = [Pl 1 di:], ¥ = —¢:—fland 2= [Z; : 4" withZ; = [v: Ty 1 ... : Ty

Here dir = [Adr, ..., Ady_pi1-] and v* = [v5,...,75_1]. The RR estimators of «, ¢ and €

can be obtained as follows. Define

T T T -1 7
Soor =T Z Ay Ayp — T Z Ay Pz ( Z pt%p:ﬁ) Z P AYjs,

t=p+1 t=p+1 t=p+1 t=p+1

T T T -1 7
S = Sl TS gy -7 Y Ayﬁp;(z pﬁp;f) S pox,

t=p+1 t=p+1 t=p+1 t=p+1

and

T T T -1 7
Sps=T7" Z X7 Xp — T Z X7 Pjs ( Z pﬁPQ%) Z P X5

t=p+1 t=p+1 t=p+1 t=p+1

As is well-known, the RR estimator of 1) is based on the eigenvectors corresponding to the

r largest eigenvalues of the determinantal equation
det(ASll% — 5107250_0%_5017:) =0. (A30)

When the RR estimator of v is available, those of the other parameters can be obtained by
replacing ¢ by its estimator in (A.29) and applying LS to the obtained auxiliary regression
model.

First consider the case 9; # 0. The idea of the following proof is to show that the
consistency properties of the RR estimators of ¥, o and €2 discussed above are the same as
in the case where the true value of the break date is used instead of the estimator 7. Once

this has been shown, the desired results follow from S&L.

32



In the same way as in S&L, we follow the proof of Lemma 13.1 of Johansen (1995) and

transform equation (A.30) to
det()\A’TSH%AT — A/TSN{—S&)%_SQH—AT) = 0, (A?)].)

where

B TP B)T 0 0

Ar =10 0 T 0
0 0 0 (z=)"?
and, consequently, ) -
ﬂlyt—l,-?
Aox — TY2B8) 7 B Y14
TXtr =
Tt —-1)
e,
Note that .
t=1

uniformly in [TA] < 7 < [TA]. For the first component of w®, that is, for wﬁ)), this is

justified in the proof of Lemma A.4 (see the Equation (A.9a)). Regarding wé(t)), consider its

first component u,@l. Since u@l = (#'x,_4 is stationary we can use an argument similar to that

for (A.14) of Saikkonen & Liitkepohl (2002) and conclude that max;<;<r )

0
ugjl = Op (Tﬂ)7

which gives the desired result. A similar reasoning applies to the remaining components of
wg;), that is, to Az,_; (j =1,...,p — 1), and, hence, we have established (A.31a).
Now, using (A.31a), (A.28a) and Lemma A we can show that

SOO? = SOUT + Op(l), (A32>
SOlf-AT = SOlTAT + Op(l) (A33>

and
A/TSH%AT = A’/I‘SII’TAT + Op(l). (A34)

Details are straightforward but somewhat tedious and will be omitted.
From (A.32) — (A.34) and the proof of Lemma 2.1 of S&L we can conclude that the
estimators (¢, ¢ and @ are consistent of orders 0,(T~'/2), 0,(T') and o,(1), respectively.

Because ¢'xy;: = 'y4—1.+, arguments similar to those used to obtain (A.32)—(A.34) combined
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with these consistency results also readily show that the consistency proof for the estimators
g, fj (j=0,...,p—1) and Q can be reduced to that with 7 known and, hence, the stated
result follows from S&L (cf. the definition of these estimators after (A.30)).

To obtain the stated orders of consistency, we follow S&L and note that the first order

conditions for QL, the RR estimator of v, can be expressed as
0 = O~é/£ -1 (Sglf-BT - &SU%[TilB%SH;—BT] — (5&5 - a)lp/SH;—BT) R (A35>

where Sc17 = So12 — a0/ S114,
T B
Ur = T3/2q~5/
(T —7)1/2¢

and

BB BL) 0 0

Br = 0 T-1/2 0
0 0 g

Now, notice that By is formed by the last (n — r + 2) columns of 7"/2Az and recall that
Y'xz = ['yr—1+. Using these facts, (A.31a), (A.28a) and Lemma A, it is straightforward to
proceed in the same way as in the above consistency proof and show that replacing 7 by 7
on the r.h.s. of (A.35) causes an error of order 0,(1). Thus, from the proof of Lemma 2.1 of
S&L we can conclude that Up = O,(1) and furthermore that e = 3 + O,(T~).

To obtain the remaining orders of consistency, notice that Ur = O,(1) also implies that
the estimator ¢ satisfies A7 (1) — ) = O,(T~/?) (cf. S&L). Using this fact, the expression
for the error term &4 given in (A.28) and arguments used in connection with equations

(A.32) — (A.35) it can be seen that replacing the true break date in (A.11) of S&L by the
estimator 7 has no effect on the orders of consistency obtained for the estimators d, fj
(j=0,...,p—1), and Q). Thus, the desired result follows from Lemma 2.1 of S&L. This
completes the proof when d; # 0.

Now consider the case 6; = 0 for which we cannot use Lemma A because 7 = 7 + O,(1)
does not hold and even 7/N is not a consistent estimator of the sample fraction A. However,
we still have (A.32) and (A.33), as we shall now demonstrate. The former is simple because,

by (A.28a) and the definition of p,., the matrix Sy only depends on the impulse dummies
Ady_j7 and Ady_j . (j =0,...,p—1) but not on the corresponding step dummies. Thus,
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because (A.31a) still holds, we can proceed in the same way as in the proof of Lemma 2.1 of
S&L and show that replacing p,. in the definition of Spo; first by py,» and then further by
Py, causes an error of order o,(1). Because in Sy, the vector p,, can similarly be replaced
by py;, (see S&L), (A.32) follows.

Now consider (A.33). Using (A.31a) and (A.28a) we can again readily show that replacing
p;- and p,. in the definitions of Sy Ar and Sp1-Ar by py and py,,, respectively, causes an
error of order 0,(1) (cf. the justification of (A.38) below). Next, an application of (A.31a)
and (A.28a) gives

T T
T Z PPy =17 Z PPl 1 0p(1) (A.36)
t=p+1 t=p+1
and
T T
T Z Aysepl; =T Z AyerPly, + 0p(1). (A.37)
t=p+1 t=p+1

In addition to these results, we have

T T
T AyjaxipAr =T > Ay X Ar+o,(1) (j=0,...,p—1).  (A38)

t=p+1 t=p+1
To justify this relation, notice that now $'y;_1 + = #'x;—; which shows that (A.38) holds for
the first r columns of the involved matrices. For the next n —r columns the result is simple
because the sums are divided by 7%/2. The same can be said about the (n -+ 1)th column.

That the stated result holds for the last column can be seen from

T Ay jadiar = TV Aryj+ op(1)
= 0p(1) (j=0,....,p—1)

(A.39)

uniformly in [TA] < 7 < [TA]. Here the former equality is an immediate consequence of
(A.28a) and the latter follows because an invariance principle applies to partial sums of Ax;.

In addition to (A.36) - (A.38), we also need to consider the matrix 7~ ZthpH P X Ar.
Arguments used above show that replacing 7 here by 7 causes an error of order o0,(1) except

for the element in the first row and last column which is

T 1/2 T
(T_T) T ) diy = 0y(1).

t=p+1

However, the contribution of this element to the matrix on the Lh.s. of (A.33) is of order

0p(1). Because in the definitions of Sp1+ and Sy, we can replace p,; and p,, by py,; and
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Pi:., respectively, this follows from the following two facts. (i) The first matrix on the r.h.s.
of (A.36) is asymptotically block diagonal with blocks defined after the first row and first
column. (ii) The first column of the first matrix on the r.h.s. of (A.37) is of order o,(1).
Both of these results follow from (A.28a) and the fact that Az, obeys a weak law of large
numbers. Taking these results together, we can thus conclude that (A.33) also holds when
01 = 0.

Since (A.32) and (A.33) hold we can write

~ - Y0300 Sog O
ALS105 S50 Sors Ar = AlS10rSaoh Sorr Ar + 0,(1) = 80 NE 0p(1),  (A.40)

where the latter equality is justified by (A.5) of S&L and the notation is as explained therein.
The partition is after the first r rows and columns.

Now consider the matrix A}.S117Ar. In the present case we do not have (A.34) which,
given (A.40), would be sufficient for the consistency of the RR estimator of ¢). However,
(A.34) is not necessary. Write
Ay Sy = | 7 i

St St
where the partition is after the first r rows and columns. Because 8'y;—1+ = f'z;—1 by
(A.28a), we can show that S}i. = Y5 + 0,(1) with S5 as in S&L and S12 = 0,(1). The
required arguments are based on (A.31a) and (A.28a) in the same way as in the case of
(A.32), (A.33) and (A.39). Thus, because we also have SZL. = 0,(1), the above discussion
and (A.40) show that equation (A.31) is to order o,(1) identical to

det()\Zgg - 2502601205) det(AS‘fﬂ) =0. (A41)

This implies that the consistency proof given in Johansen (1995, pp. 180 - 181) applies if,
with probability approaching one, Ayin(5%2.) > € for some € > 0. This, however, is the case
because arguments similar to those used below (A.10) show that Sff[T/\] converges weakly in
D([\, A]) to a (a.s.) positive definite limit. In fact, arguments used to arrive at (A.41) show
that S’ff[T)\] is to order 0,(1) identical to a demeaned version of the matrix of second sample
moments formed from the last n — 7 4+ 2 components of A7xy7y).

Thus, in the same way as in the case 9; # 0 we can conclude that the estimators Bg,é

and @ are consistent of orders 0,(T~2),0,(T~!) and o,(1), respectively. After this, the

36



consistency of the estimators a, fj (j=1,...,p—1) and Q can be proved in the same
way as in S&L. Since the second term in the definition of 4+ in (A.28) now vanishes the
employed arguments consist of similar analyses of second sample moments already carried
out at previous steps of the proof. Details are therefore omitted.

To obtain the orders of consistency, consider the first order conditions (A.35) and notice
that now ¢'x;; = 'x,_;. Using this fact it can be seen that ¢'S11: By = O,(1) and S.1+Br =
O,(1). The employed arguments are similar to those used in the above consistency proof
and in the proof of Theorem 3.1. To give an example of the latter, note that in order to

prove ' S11Br = Op(1) we need to show that

T T
(T —7)7'? Z By adiy; = (T —71)"? Z Blai—1 = Op(1).

t=p+1 t=7+1

This, however, follows from the Héjek-Rényi inequality given in Proposition 1 of Bai (1994).
Omitting other details we need to note that Ay (T 1BrS11:Br) = Amin(S72.), which is
asymptotically bounded away from zero, as noticed after (A.41). From (A.35) and what
has been said above we now find that Ur = O,(1). In the same way as in the case d; # 0
this implies f; = 8+ O,(T~") and more generally A7 (¢ —1b) = O,(T~'/?). After this the
remaining orders of consistency can be obtained in the same way as in S&L. Details are
again based on arguments already employed in the foregoing. This completes the proof of

Lemma B. O

Properties of Estimators Considered by S&L

If the estimators of the parameters of the deterministic part proposed by S&L are used
with the known break date replaced by an estimator 7 = 7 + O,(1), it can be shown that
Assumption 1 is satisfied.

S&L propose to estimate the parameters p; (¢ = 0,1) and § by a feasible GLS approach.

Defining

1 for t>1 t for t>1
0 for t<0 0 for t<0

and multiplying (2.1) from the left by QA(L) gives

QA(L)y, = QHorpto + QHuppin + QK476 + Qey, t=1,2,...,
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where Hit = A(L)CLZt (Z = O, 1), KtT = A(L)dtq— and
Q= [Q_loz(o/Q_loz)_l/2 . aL(alQaL)_l/Q]

has the property QQ’ = Q~!. Therefore the error term Q¢; has an identity covariance matrix.
Thereby we have a transformation which results in a (multivariate) regression model with
standard properties of the error term, as required in GLS estimation.

Of course, the above transformation is not feasible because it involves unknown param-
eters. For a feasible transformation S&L propose estimators of the parameters o, 3, I';
(7=1,...,p—1) and Q obtained by a RR regression of (2.5) using the rank which is speci-
fied in the null hypothesis of the cointegrating rank test. We denote these estimators by &,
3, T; and Q. They can be used to compute estimators A; for the coefficient matrices A; via
the formulas given before Eq. (2.5). We define fl(L) =I,—AL— - — /Nlpr, H; = A(L)al-t
(1 =0,1) and K = A(L)dﬁ. A suitable estimator of () can be obtained by forming &
from & and replacing 2, @ and «, in the definition of ) by their estimators. Denoting by

@ the resulting estimator of @ leads to the multivariate auxiliary regression model
Q’A(L)yt = Q' Hoppto + Q' Hyptr + Q' K456 + 142, t=1,...,T. (A4la)

The LS estimators of the parameters p; (i = 0,1) and ¢ from this auxiliary model will be
denoted by fi; (i = 0,1) and 5, respectively, in the following. Some of their properties are

stated next.

Lemma C.
B (f1o — po) = Op(T™1/2), (A.42)
B (fio — po) = Op(1), (A.43)
B'(0—06) = 0,(T~1?), (A.44)
FL(6—10) = 0y(1), (A.45)
B'(fn — ) = Op(T7?), (A.46)
TY28) (i — ) == N(0, 3,CQC'BL). (A.47)

Here C' = 3, (o/, ¥3,) 'a/| as before and all quantities converge jointly in distribution upon

appropriate standardization.
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Proof: The idea is to show how the stated results can be obtained from the proof of Theorem
2.1 of S&L. In doing this we ignore the fact that S&L had additional impulse dummies in
their model because this feature has no essential effect on the arguments.

We shall first introduce a reparameterized form of the auxiliary regression model (A.41a)

which is a counterpart of equation (A.12) of S&L. To this end, define

ki 36
k 3§ k 3
k= 11 _ ?L and iy — 22 _ ?Mo
k1o 5’LM0 ko3 5’#1
| o i i BLM i

Next transform the regressors in (A.41a) accordingly as Fiy = Q’f(tfﬁl(ﬁlﬂl)_l, Fly =
QlﬁOtBJ_<BlBL)_1 and Fyy, = Qlkﬁ'5<ﬁ~/6)_la Fyy = Q'ﬁoﬁ(@/@)_l, Foze = Q/ﬁlté(glé)_l7
Foy = @/ﬁltﬁl(éiﬁl)fl- Then, setting F}; = [Fllt : Fth] and Fy = [FQIt : Fagy : Fygy - F24t]7

we can write (A.41la) as
Q/A(L)yt = Fltkl + thkg + Ntz t=1... ,T. (A48)

As in S&L, F, takes nonzero values only for a fixed number of time indices ¢.

Because (A.48) is obtained from (2.1) by first replacing d;, by d;; and then premultiplying
by Q'A(L), the error term n; differs from its counterpart 7, in S&L by the additive term
—Q'A(L)6(dyz — dy). Thus, using

AL)=1,—-AL—-- - — AL =1,A-TL-T,AL—---—T, ;AL""".
we have o )
M = M+ Q'af0(d-17 — dio1r) — Q'6(Adyr — Adyr)
+Q Z?;i T;6(Ad—jz — Ady_j ),
where 1, = Q'g, — Q’d(@ —B) g — Q’(d —a)fr —Q ?;i(fj —I';)Ax,_; is identical
to n; defined in (A.13) of S&L.!

(A.49)

Now assume that §; # 0. Then Lemmas A and B in conjunction with the arguments

used in S&L to justify (A.14) and (A.15) of that paper show that

T T
Z Fiyme = Z Finer + Op(1) = O,(1) (A.50)
t=1 t=1

'Note that there is a typo in (A.13) of S&L because in the third term on the r.h.s. there is B in place of
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and

T T
TZFI Z Fymns = Ti_“l Z Eymir + 0p(1) = Oy(1), (A.51)
t=1 t=1

where Y;! = diag[(T — 7)~Y21, : T-Y2I, : T=3/21, : T-'/2[,_,]. Standardizing the moment
matrix of the auxiliary regression model (A.48) to conform to the standardizations of the
sums in (A.50) and (A.51) and using Lemmas A and B shows that the resulting matrix is
asymptotically equivalent to its counterpart obtained when the break date is known. This
combined with (A.50) and (A.51) implies that we have reduced the problem to that treated
in Theorem 2.1 of S&L. Because we can write O,(T~/2) = O,((T — 7)~%/2) in (A.44), this
gives the stated results when 6; # 0.

To complete the proof, assume that §; = 0 and observe that in the second term on the
r.hs. of (A.49) we have af'6 = d¢(Bc — 3)'6 = O,(T~") by Lemma B. Using this fact, it is
easy to check that (A.50) also holds in the present case. Regarding subsequent derivations
it appears convenient to replace Yr in (A.51) by Y7 obtained by using 7 in place of 7.
This change does not affect rates of convergence because [TA] < 7 < [T'A] by assumption.
Arguments used to justify (A.50) and to prove Theorem 3.1 combined with Lemma B now
straightforwardly show that (A.51) holds with T, replaced by T;l.

Next consider the standardized moment matrix related to the LS estimation of the pa-
rameters k; and ko in (A.48). Here we use arguments similar to those used in the discussion
paper version of S&L to prove Theorem 2.1 therein. First note that arguments already used
above give T Zthl E3,Fyy = 0,(1) so that the standardized moment matrix is asymptoti-

cally block diagonal. From the definition of Fy it can further be shown that

/

—(T = 7)7126'Qdys —(T = 7)7?& Qdys
. r T _T—1/2O~/Q —T_I/QON/Q
T Y Y =) » e
=1 =1 —T732(t —1)&'Q ~T732(t —1)&'Q
—T~YV2(3 B1)" 16 V'Q —T~YV2(B B1) 716V Q

Er@ A, ér®A
| T TR L ). (A.52)
ép ® A Az
Here the notation is defined as follows: Ay = @'Qa, Ay, = A = &’Q_l\i/ﬂl(ﬂlﬂl)_l and
Agy = (Bi@i)_léi‘i’@_l‘iBL(BiBL)_l = 121211211’1112112 + B_1> where
B=f3.(a\V3,)'& Qa, (B Va,) BB = B.CAC"6,
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with C' = ﬁl(&l\ifﬁl)_ld’r The matrix Er is defined by

1 (L=5) 2 T — 2T (- 1)
Er= (L=2)"? 1 Ty (t=1)
TAT - 7)1 2T (t-1) T2 (1) T (- 1)?

while the vector ér is the second column of ET, that is,

T A\ 12 T
( TT) :1:T_QZ(75—1)
t=1

Because now 7/T does not converge, the same is true for E7 and ér and, consequently, for

er =

the first term in the last expression of (A.52). However, using the definitions and Lemma
B, it can be shown that the smallest eigenvalue of this matrix is asymptotically bounded
away from zero. Because it is easy to check that this is also the case for the smallest
eigenvalue of the matrix Zthl F! Fy,, we can conclude that the smallest eigenvalue of the
standardized moment matrix related to the LS estimation of k; and ks in (A.48) is similarly
asymptotically bounded away from zero. Thus, because we also have (A.50) and (A.51) with
Y1 replaced by Tr, the LS estimators obtained from (A.48) satisfy ki = ky + O,(1) and
TT([%Q — kg) = O,(1). Because here Y7 can be replaced by Y7 without changing rates of
convergence, we can conclude in the same way as in the proof of Theorem 2.1 of S&L that
the results of the lemma hold except for the weak limit in (A.47).

To see that (A.47) holds, notice that, according to our previous derivations, we can write

T -1 T

t=1 t=1
We have to consider the last n — r components of the vector on the r.h.s. and therefore
calculate the last n — r rows of the inverse on the r.h.s.. For this purpose we apply the

well-known formula for the partitioned inverse to the first term in the last expression of

(A.52). Because it is easy to check that ¢, E5' =[0:1: 0] and &, Ey'ér = 1, this yields

T -1
A * * *x %
Z o Fot T = S - +0p(1)
where the blocks denoted by ‘*’ are not needed and the partition on the r.h.s. conforms to
the four components of the estimator vector ks. Thus, we can write

T
TI/Q(kZ24 — k’24) = —BAglA 1,T’_l/2 Z F2/2t77t7' + BT_I/Q Z F2,4t77t7— + Op(]_).

t=1 t=1

41



This is asymptotically equivalent to what was obtained in S&L so that (A.45) follows from
that paper. a

Proof of Theorem 4.1

Now we can prove Theorem 4.1. First note that
B = 2 — (fio — p10) — (fir — pr1)t — (6 — 0)dyr — O(dyz — dir). (A.53)

This expression differs from its counterpart in the proof of Theorem 3.1 of S&L by the last
term if we again ignore the unessential impulse dummies in S&L. This implies that the error

term e in (4.2) can be written as

p—1
Ctr = Ctr — Hé(dtf - dtq—) - Zf}/j(Adt*j,‘? - Adt,jﬂ—), (A54>

j=0
where e;, equals the error term e; defined in the proof of Theorem 3.1 of S&L except that
it is based on different estimators and some unessential impulse dummies are ignored. The
difference in estimators has no consequences, however, because the asymptotic properties
required in Assumption 1 are the same as those given in Theorem 2.1 of S&L or Lemma
C. Thus, when d; # 0, we can use Lemma A and Assumption 1 in conjunction with (A.53)
and (A.54) to conclude that the standardized second sample moments of 5'%;_y, 3 Z:—1 and
Az, (j = 1,...,p — 1) are asymptotically equivalent to their counterparts in S&L. By
similar arguments it can be further shown that the standardized second sample moments

/

) . A . . 1 !
between e;; and [#} 3 @ Az, -0 0 ARy ]

as well as between e;; and 32, are
asymptotically equivalent to their counterparts in S&L. The discussion given at the end of
the proof of Theorem 3.1 of S&L then implies that the RR estimators of «;, # and € based
on (4.2) have the same consistency properties as the corresponding estimators in Lemma B.
This means that we can proceed in the same way as in the proof of Theorem 3.1 of S&L
with &, 3 and Q interpreted as the RR estimators based on (4.2).

It can be seen analogously that the same conclusion also holds when d; = 0, except
that instead of Lemma A we now use the fact that 56 = O,(T"/2) by (A.44). In this
case it should be noted that the standardized second sample moments between e, and

[Zi 4B Axy_y i oo Axy ] and between e;; and 3 #;_; are not asymptotically equivalent
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to their counterparts in S&L. However, they are of order O,(1) which is sufficient for the
RR estimators of a;, 3 and 2 based on (4.2) to have the same consistency properties as the
corresponding estimators in Lemma B. Thus we can proceed in the same way as in the proof
of Theorem 3.1 of S&L with &, 3 and  interpreted as the RR estimators based on (4.2).
The proof can be completed by showing that the problem can be reduced to that treated in
the proof of Theorem 3.1 of S&L. This means showing that the last term on the r.h.s. of (A4.53)
and the two last terms on the r.h.s. of (A.54) have no effect on the limiting distribution of the
test statistic or on the asymptotic behavior of the counterparts of the quantities defined in
(A.18) - (A.22) of S&L. This can be done by using arguments already used in previous proofs
in conjunction with Lemma A when §; # 0 and the fact Bég = B0+ 0,(T 1) = 0,(T~1/?)

when §; = 0. Details are straightforward but tedious and will be omitted.
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