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Devwudfw

Zh vkrz wkdw wkh vwdqgdug frqglwlrq iru PVIH hqfrpsdvvlqj lv qr orqjhu

ydolg zkhq wkh iruhfdvwv wr eh frpsduhg duh eldvhg1 Zh sursrvh d vlpsoh prg0

l�fdwlrq ri vxfk d frqglwlrq dqg ri whvwv iru lwv ydolglw|1 Wkh wkhruhwlfdo uhvxowv

duh looxvwudwhg e| dq hpslulfdo h{dpsoh rq lq�dwlrq dqg gh�flw iruhfdvwv/ nh|

yduldeohv iru wkh irupxodwlrq ri prqhwdu| dqg �vfdo srolf|1

M1H1O1 Fodvvl�fdwlrq= F85/ F86
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Vhyhudo gl�huhqw iruhfdvwv ri wkh vdph skhqrphqrq duh riwhq dydlodeoh1 Wkh xvxdo

dssurdfk lq wklv fdvh lv hlwkhu wr fkrrvh rqh ri wkhp rq wkh edvlv ri d fhuwdlq fulwh0

ulrq/ vxfk dv plqlpxp phdq vtxduhg iruhfdvw huuru +PVIH, ru phdq devroxwh huuru

+PDH,/ ru wr frpelqh wkhp lq d srrohg iruhfdvw/ djdlq zlwk wkh dlp ri plqlpl}lqj

d fhuwdlq orvv ixqfwlrq/ vhh h1j1 Fohphq +4<;<,1

Dq dowhuqdwlyh dssurdfk lv edvhg rq wkh vr0fdoohg hqfrpsdvvlqj sulqflsoh/ vhh h1j1

Pdufhoolqr dqg Pl}rq +5333,/ zklfk zdv ruljlqdoo| ghyhorshg iru lq0vdpsoh prgho

frpsdulvrq/ dqg odwhu rq h{whqghg wr iruhfdvw frpsdulvrq/ vwduwlqj zlwk wkh vhplqdo

sdshu e| Fkrqj dqg Khqgu| +4<;9,1 Iruhfdvw hqfrpsdvvlqj uhtxluhv rqh prgho wr eh

deoh wr fruuhfwo| suhglfw wkh iruhfdvwv ri wkh frpshwlqj prghov/ l1h1 wkh prghov wkdw

surgxfh wkh dowhuqdwlyh iruhfdvwv/ ru dw ohdvw wkhlu lpsolhg PVIHv1 Lq wklv fdvh wkh

frpshwlqj prghov ehfrph uhgxqgdqw/ dqg doo wkh uhohydqw lqirupdwlrq lv frqwdlqhg

lq wkh hqfrpsdvvlqj prgho1

Wkh hydoxdwlrq ri iruhfdvw hqfrpsdvvlqj uhtxluhv nqrzohgjh ri wkh iruhfdvwlqj

prghov/ ru dw ohdvw ri wkh uhodwlrqvkls dprqj wkh frpshwlqj iruhfdvwv/ zkloh iru PVIH

hqfrpsdvvlqj rqo| wkh iruhfdvwv dqg wkh uhdol}dwlrqv duh qhfhvvdu|1 Wkh odujhu lqiru0

pdwlrq vhw lv riwhq qrw dydlodeoh zkhq frpsdulqj/ iru h{dpsoh/ iruhfdvwv iurp lqwhu0

qdwlrqdo rujdql}dwlrqv vxfk dv wkh LPI ru wkh RHFG/ ru iruhfdvwv iurp hfrqrphwulf

prghov zlwk frqvhqvxv iruhfdvwv1 Wkhuhiruh/ zh zloo irfxv rq PVIH hqfrpsdvvlqj1

PVIH hqfrpsdvvlqj whvwv/ qdpho| whvwv iru fkhfnlqj zkhwkhu rqh prgho fdq fru0

uhfwo| suhglfw wkh PVIH dulvlqj iurp d frpshwlqj prgho/ zhuh ruljlqdoo| sursrvhg

e| Fkrqj dqg Khqgu| +4<;9,/ dv phqwlrqhg/ dqg zhuh ixuwkhu dqdo|vhg dqg h{whqghg

e| Ox dqg Pl}rq +4<<4,/ Hulfvvrq +4<<5,/ Hulfvvrq dqg Pdutxh} +4<<6,1

Lq wklv sdshu zh vkrz wkdw wkh vwdqgdug frqglwlrqv dqg whvwv iru PVIH hq0

frpsdvvlqj duh qr orqjhu ydolg zkhq wkh iruhfdvwv xqghu frpsdulvrq duh eldvhg/ dqg

prgli| wkhp surshuo|1 Zh wklqn wkdw wklv lv dq lpsruwdqw h{whqvlrq ehfdxvh iruhfdvw

xqeldvhgqhvv lv riwhq uhmhfwhg lq sudfwlfh/ zklfk fdq eh dovr mxvwl�hg wkhruhwlfdoo| li

wkh orvv ixqfwlrq ri wkh iruhfdvwhu lv dv|pphwulf +h1j1/ Judqjhu dqg Qhzerog +4<;9/

Fk1 7,,/ li rwkhu jrdov udwkhu wkdq dffxudf| duh lpsruwdqw/ h1j1 sxeolflw| +Odvwhu hw

do1 +4<<:,,/ ru li wkhuh duh xqdffrxqwhg vwuxfwxudo fkdqjhv ryhu wkh iruhfdvw shulrg

+h1j1 Fohphqwv dqg Khqgu|+4<<:,,1 Lq Vhfwlrq 5 zh gh�qh irupdoo| PVIH hqfrp0

sdvvlqj/ dqg suhvhqw whvwv iru lwv ydolglw|1 Lq Vhfwlrq 6 zh dsso| wkh whvwv wr frpsduh

wkh LPI lq�dwlrq dqg gh�flw iruhfdvwv iru wkh J: frxqwulhv zlwk udqgrp zdon edvhg

iruhfdvwv1 Vhfwlrq 7 vxppdul}hv dqg frqfoxghv1

2� �56, ,?UL4T@tt�?}

5141 Gh�qlwlrqv

Zh dvvxph wkdw rqo| wzr xqlyduldwh iruhfdvwlqj prghov duh dydlodeoh/ P� dqg P2/

wkhlu sdudphwhuv duh nqrzq dqg frqvwdqw ryhu wkh iruhfdvw shulrg/ wkh yduldeoh wr eh
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iruhfdvw/ |/ lv vwdwlrqdu|/ dqg wkh iruhfdvw krul}rq lv rqh shulrg1 Wkhvh k|srwkhvhv

duh xvhixo iru irfxvlqj rq wkh pdlq wrslfv/ wkh| fdq eh hdvlo| uhod{hg +vhh Pdufhoolqr

+4<<;,,1 Wkh iruhfdvwv iru shulrg w pdgh dw wlph w � 4 e| P� dqg P2 duh odehoohge|�| dqg e|2|/ zlwk w @ W . 4> W . 5> ===> W .Q 1

Iru wkh uhdvrqv h{srvlwhg lq wkh Lqwurgxfwlrq/ zh zloo qrw uhtxluh e|�| dqg e|2| wr
eh xqeldvhg/ qdpho|/

P� , || @ d. ee|�| . x�|> x�| � l=l=g=+3> ���,> fry+x�|> e|�|, @ 3 l � 3>

P2 , || @ f. ge|2| . x2|> x2| � l=l=g=+3> �2�,> fry+x2|> e|2|, @ 3 l � 3=
+514,

Xqeldvhgqhvv uhtxluhv d @ +4� e,H+e|�|, dqg2ru f @ +4� g,H+e|2|,/ dv srlqwhg rxw e|

Kroghq dqg Shho +4<<3,1 D vx�flhqw frqglwlrq iru xqeldvhgqhvv lv wkh zhoo0nqrzq

uhvwulfwlrq +d @ 3> e @ 4, dqg2ru +f @ 3> g @ 4,1 Xqghu vxfk d uhvwulfwlrq/ x�| frlqflghv

zlwk wkh iruhfdvw huuru h�| @ || � e|�|/ l @ 4> 5> rwkhuzlvh wkh| zloo eh gl�huhqw1

Iurp +514, lw iroorzv wkdw

PVIH2 @PVIH� .H+e|�| � e|2|,2 . 5H^+|| � e|�|,+e|�| � e|2|,`= +515,

Wkh suhglfwlrq ri P� iru PVIH2/ PVIH2�/ lv

PVIH2� @PVIH� .H+e|�| � e|2|,2 . 5H^+d. +e� 4,e|�|,+e|�| � e|2|,`= +516,

P� hqfrpsdvvhv P2 zlwk uhvshfw wr wkh PVIH li dqg rqo| li PVIH2� @PVIH21

Li +d @ 3> e @ 4,/ wkh odvw whup lq wkh uljkw kdqg vlgh ri +516, lv htxdo wr }hur/ dqg

PVIH hqfrpsdvvlqj uhtxluhv odfn ri fruuhodwlrq ehwzhhq wkh iruhfdvw huuru iurp rqh

prgho dqg wkh gl�huhqfh ri wkh wzr iruhfdvwv/ l1h1/

H^+|| � e|�|,+e|�| � e|2|,` @ 3= +517,

Li wkh vx�flhqw frqglwlrq iru xqeldvhgqhvv grhv qrw krog/ lw lv vwloo srvvleoh wr kdyh

PVIH hqfrpsdvvlqj exw wkh uhtxluhphqw ehfrphv

H^+|| � e|�|,+e|�| � e|2|,` @ H^+d. +e� 4,e|�|,+e|�| � e|2|,`=
Wklv fdq eh uhzulwwhq dv

H^x�|+e|�| � e|2|,` @ 3> +518,

qdpho|/ wkh huuru x�| +qr orqjhu wkh iruhfdvw huuru || � e|�|, pxvw eh xqfruuhodwhg

zlwk wkh gl�huhqfh ri wkh iruhfdvwv1 Qrwlfh wkdw wklv lv wkh dssursuldwh frqglwlrq wr

eh yhul�hg qrw rqo| zkhq wkh iruhfdvwv duh eldvhg/ exw dovr zkhq wkh| duh xqeldvhg

exw +d @ 3> e @ 4, lv qrw vdwlvlihg1

Lw lv qrz zruwk dqdo|vlqj wkh uhodwlrqvkls ehwzhhq PVIH grplqdqfh ri P�

+PVIH� ? PVIH2, dqg PVIH hqfrpsdvvlqj1 Zkhq +d @ 3> e @ 4,/ PVIH grpl0

qdqfh lv rqo| d qhfhvvdu| frqglwlrq iru PVIH hqfrpsdvvlqj/ dqg vhohfwlqj d prgho

dffruglqj wr wklv fulwhulrq grhv qrw hqvxuh wkdw wkh uhvxowlqj iruhfdvw huuruv fdqqrw
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eh h{sodlqhg e| wkh dowhuqdwlyh iruhfdvwv1 Lqvwhdg/ PVIH hqfrpsdvvlqj lv d vx�0

flhqw frqglwlrq iru PVIH grplqdqfh1 Erwk sursrvlwlrqv fdq eh hdvlo| ghulyhg iurp

d frpsdulvrq ri +515, dqg +516,1

Zkhq e|�| lv eldvhg/ ru li lw lv xqeldvhg exw +d @ 3> e @ 4, grhv qrw krog/ PVIH

grplqdqfh lv qr orqjhu qhfhvvdu| iru PVIH hqfrpsdvvlqj/ dqg wkh odwwhu lv qrw

vx�flhqw iru wkh iruphu1 Dfwxdoo|/ iurp +516,/ lw fdq eh PVIH2� @ PVIH2/ l1h1

P� PVIH hqfrpsdvvhv P2/ exw

H+e|�| � e|2|,2 . 5H^+d. +e� 4,e|�|,+e|�| � e|2|,` ? 3>

zklfk lpsolhv PVIH2 ?PVIH�1

Dv dq h{dpsoh/ ohw xv vxssohphqw +514, zlwk d ghvfulswlrq ri wkh uhodwlrqvkls

ehwzhhq wkh wzr iruhfdvwv/

e|2| @ �. �e|�| . �|> �| � l=l=g=+3> �#,> +519,

zlwk fry+x�|> �|, @ 31 Lw lv

H^+|| � e|�|,+e|�| � e|2|,` @ H^+d. +e� 4,e|�|,+e|�| � e|2|,`>
vr wkdw PVIH2� @ PVIH2/ dqg P� PVIH hqfrpsdvvhv P21� Qrwlfh wkdw xvlqj

wkh frqglwlrq +517, wr yhuli| hqfrpsdvvlqj/ zh zrxog uhmhfw lw ehfdxvh lw lv H^+|| �e|�|,+e|�| � e|2|,` 9@ 31 Wkhq zh kdyh/

PVIH2 �PVIH� @ H+e|�|,2+4� �,+5e� 4� �, . 5H+e|�|,^d+4� �,� �+e� �,` .

.�2 . �# � 5d�=

Wklv txdqwlw| fdq eh odujhu ru vpdoohu wkdq }hur/ h1j1/ lw lv PVIH2 ? PVIH� iru

5e� 4 ? � ? 4/ � @ d+4� �,@+e� �,/ �# ? �+5d� �,1

Wr frqfoxgh/ lw fdq eh zruwk vwuhvvlqj wkdw PVIH hqfrpsdvvlqj surylghv d phd0

vxuh ri wkh uhodwlyh shuirupdqfh ri d prgho/ qrw ri lwv ryhudoo jrrgqhvv lq iruhfdvwlqj/

vr wkdw wkh odwwhu vkrxog eh vhsdudwho| dvvhvvhg1

5151 Xqlyduldwh whvwv

Rqh ri wkh hduolhvw dwwhpswv wr surylgh d vwdwlvwlfdo wrro iru fkrrvlqj d iruhfdvwlqj

irupxod/ Krho +4<7:,/ lv edvhg rq wkh vljql�fdqfh ri wkh uhjuhvvru lq wkh prgho

|| � e|�| @ !+e|2| � e|�|, . x|> x| � l=l=g=+3> ��,= +51:,

Wkh xqghuo|lqj lghd lv wkdw zkhq ! @ 3 wkh iruhfdvw huuru iurp P� fdqqrw eh

h{sodlqhg e| P2/ zklfk lv wkhuhiruh uhgxqgdqw1 Iurp +517,/ d whvw iru ! @ 3 lv dovr d

PVIH hqfrpsdvvlqj whvw/ dv qrwlfhg e| Hulfvvrq +4<<5, dqg Fohphqwv dqg Khqgu|

�W?t|i@_c .dE+| 3 e+2|�Ee+2| 3 e+�|�o �' .dES n E_ 3 ��e+2|�Ee+2| 3 e+�|�oc tL |�@| �2 _Lit ?L| �56,

i?UL4T@tt ���
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+4<<6,1 \hw/ iurp +518,/ wklv vwdwhphqw lv fruuhfw rqo| li +d @ 3> e @ 4, lq +514,1

Zkhq wklv k|srwkhvlv grhv qrw krog/ lq rughu wr frqvwuxfw d PVIH hqfrpsdvvlqj

whvw edvhg rq wkh k|srwkhvlv ! @ 3/ wkh uhjuhvvlrq vkrxog eh prgl�hg lqwr

ex�| @ !+e|2| � e|�|, . x|> x| � l=l=g=+3> ��,> +51;,

zkhuh ex�| lv wkh hvwlpdwhg frxqwhusduw ri x�|1

Fkrqj dqg Khqgu| +4<;9, lqvwhdg frqvlghuhg dq htxdwlrq vlplodu wr +51:,/ qdpho|/

|| � e|�| @ �e|2| . x|> +51<,

dqg sursrvhg wr whvw iru � @ 3 iru PVIH hqfrpsdvvlqj1 Wkh| vkrzhg wkdw wkh

w0vwdwlvwlf iru � @ 3 kdv d Q+3> 4, glvwulexwlrq iru odujh W dqg Q1 Wklv lv dovr wkh

vxjjhvwlrq e| Hulfvvrq +4<<5, lq wkh fdvh ri vwdwlrqdu| yduldeohv1 \hw/ djdlq/ wklv lv

d PVIH hqfrpsdvvlqj whvw rqo| li +d @ 3> e @ 4,1 Rwkhuzlvh/ wkh ghshqghqw yduldeoh

vkrxog eh vxevwlwxwhg e| ex�|1
Frqwlqxlqj wkh h{dpsoh lq wkh suhylrxv vhfwlrq/ zkhq wkh iruhfdvwv duh eldvhg/

hyhq xqghu PVIH hqfrpsdvvlqj ri P� iru P2 erwk wkh ROV hvwlpdwru ri ! lq +51:,

dqg wkdw ri � lq +51<, frqyhujh wr qrq }hur ydoxhv/ ehfdxvh H^+||� e|�|,+e|�|� e|2|,` dqg
H^+|| � e|�|,e|2|` duh gl�huhqw iurp }hur1 Lqvwhdg/ xvlqj ex�| dv wkh ghshqghqw yduldeoh
lq hlwkhu +51:, ru +51<,/ wkh ROV hvwlpdwru ri wkh frh�flhqw ri wkh uhjuhvvru frqyhujhv

wr }hur/ fruuhfwo| lqglfdwlqj wkdw P� PVIH hqfrpsdvvhv P21

Vrph ri wkh diruhphqwlrqhg gudzedfnv ri vwdqgdug PVIH hqfrpsdvvlqj whvwv

fdq eh dovr dyrlghg e| dgrswlqj wkh prgho

|| @ h. i e|�| . je|2| . x|> +5143,

zklfk qhvwv erwk htxdwlrqv lq +514,1 Htxdwlrq +5143, kdv ehhq riwhq hpsor|hg lq

wkh olwhudwxuh rq iruhfdvw srrolqj/ vhh/ h1j1/ Fohphq +4<;<,/ ehfdxvh wkh hvwlpdwhv ri

wkh sdudphwhuv surylgh wkh rswlpdo zhljkwv lq wkh vhqvh ri plqlplvlqj wkh PVIH

iru wkh srrohg iruhfdvw1 Wkh k|srwkhvlv j @ 3 fruuhvsrqgv wr P� hqfrpsdvvhv P2

zlwk uhvshfw wr PVIH1 Zkhq h @ 3> i @ 4 wkh iruhfdvwv iurp P� duh dovr xqeldvhg1

Wklv uhvwulfwlrq ohdgv wr +51<,/ zkloh h @ 3> i . j @ 4 +zklfk krogv zkhq dw ohdvw

rqh iruhfdvw lv xqeldvhg, ohdgv wr +51:,1 Lw fdq eh hdvlo| yhul�hg wkdw lq wkh fdvh

ri wkh h{dpsoh lq wkh suhylrxv vhfwlrq wkh ROV hvwlpdwruv ri h/ i / dqg j frqyhujh/

uhvshfwlyho|/ wr d/ e/ dqg }hur1

5161 Pxowlyduldwh whvwv

Zh qrz dvvxph wkdw { lv d q� 4 yhfwru ri yduldeohv zkrvh iruhfdvwv e| P� dqg P2

duh wkh q� 4 yhfwruv e{�| dqg e{2|/ zlwk
P� , {| @ d.Ee{�| . x�|> x�| � l=l=g=+3>
��,> fry+x�|> e{�|3�, @ 3 l � 3>

P2 , {| @ f.Ge{2| . x2|> x2| � l=l=g=+3>
2�,> fry+x2|> e{2|3�, @ 3 l � 3>
+5144,
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zkhuh d/ f duh q� 4 yhfwruv zkloh E/ G duh q� q pdwulfhv1 Wr vwduw zlwk/ zh zlvk

wr glvfxvv dowhuqdwlyh whvwv iru wudfh PVIH hqfrpsdvvlqj/ zkhuh wkh PVIH pdwul{

lpsolhg e| wkh wzr prghov lv

�� @

3EEEEC
H+h��|,

2 H+h
�

��|h�2|, === H+h
�

��|h�?|,

H+h
�

��|h�2|, H+h�2|,
2 === H+h

�

�2|h�?|,

===

H+h
�

��|h�?|, H+h
�

�2|h�?|, === H+h�?|,2

4FFFFD >

h��| @ {�| � e{��|/ m @ 4> ===> q/ dqg l @ 4> 51

Wudfh PVIH hqfrpsdvvlqj ri P� iru P2 uhtxluhv wu+�2, @ wu+�2�,/ zkhuh �2�/

wkh suhglfwlrq ri P� iru �2/ lv

�2� @ �� .H+e{�| � e{2|,+e{�| � e{2|,� . 5H^+d. +E � L,e{�|,+e{�| � e{2|,� `> +5145,

zkloh �2 fdq eh zulwwhq dv

�2 @ �� .H+e{�| � e{2|,+e{�| � e{2|,� . 5H+{| � e{�|,+e{�| � e{2|,� = +5146,

Khqfh/ wr kdyh wudfh PVIH lw pxvw eh

wu+H+{| � e{�|,+e{�| � e{2|,�, @ wu+H^+d. +E � L,e{�|,+e{�| � e{2|,� `,= +5147,

Lw lpphgldwho| iroorzv wkdw zkhq +d @ 3> E @ L,/ wkh frqglwlrq vlpsol�hv wr

wu+H+{| � e{�|,+e{�| � e{2|,�, @ 3= +5148,

Wudfh PVIH grplqdqfh lv riwhq hpsor|hg dv d wrro iru vhohfwlqj d pxowlyduldwh

iruhfdvwlqj prgho1 Krzhyhu/ zkhq +d @ 3> E @ L,/ lw lv qhfhvvdu| exw qrw vx�flhqw

iru wudfh PVIH hqfrpsdvvlqj1 Wkh odwwhu lpsolhv wudfh PVIH grplqdqfh/ ehfdxvh

H+e{�|� e{2|,+e{�|� e{2|,� lv d v|pphwulf pdwul{ vr wkdw lwv wudfh lv qrq qhjdwlyh1 Dv lq
wkh xqlyduldwh fdvh/ wkhvh uhodwlrqvklsv qr orqjhu qhfhvvdulo| krog zkhq wkh iruhfdvwv

duh eldvhg ru wkh frqglwlrq +d @ 3> E @ L, lv qrw vdwlv�hg1

Qrwlfh dovr wkdw zkloh yduldeoh e| yduldeoh PVIH grplqdqfh dqg hqfrpsdvvlqj

lpso| wudfh PVIH grplqdqfh dqg hqfrpsdvvlqj/ wkh frqyhuvh lv qrw qhfhvvdulo| wuxh1

Dv dq h{dpsoh ri wklv/ ohw xv dvvxph wkdw {| @ +||> }|,
�

/ dqg wkdw wkh frpshwlqj

prghov dqg uhodwlrqvklsv dprqj wkh iruhfdvwv duh vxfk wkdw

|| @ e|�| . x+|> e|�| @ e|2| . h+|>

}| @ e}2| . x5|> e}2| @ e}�| . h5|>#
x+|
h+|

$
� l=l=g=

##
3

3

$
>

#
�+� �+�e
�+�e �+e

$$
>#

x5|
h5|

$
� l=l=g=

##
3

3

$
>

#
�5� �5�e
�5�e �5e

$$
>

fry+x+|> x5|, @ fry+x+|> h5|, @ fry+h+|> x5|, @ fry+h+|> h5|, @ 3=

+5149,
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Zh kdyh

�� @

#
�+� 3

3 �5� . �5e . 5�5�e

$
> �2 @

#
�+� . �+e . 5�+�e 3

3 �5�

$
>

H+{| � e{�|,+e{�| � e{2|,� @

#
�+�e 3

3 ��5�e � �5e

$
>

�2� @

#
�+� . �+e 3

3 �5� � 5�5�e � 5�5e
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Khqfh/ iru �+�e @ �5�e . �5e/ zh kdyh wudfh PVIH hqfrpsdvvlqj exw qrw htxdwlrq

e| htxdwlrq PVIH hqfrpsdvvlqj1 Xqghu wklv frqglwlrq/ lw lv dovr wu+��,� wu+�2, @

��+e � �5e ? 3/ vr wkdw wudfh PVIH grplqdqfh krogv/ exw qrw qhfhvvdulo| PVIH

grplqdqfh htxdwlrq e| htxdwlrq1

Lq rughu wr whvw iru wudfh PVIH hqfrpsdvvlqj/ d �uvw srvvlelolw| lv wr uxq q

w|sh0+5143, uhjuhvvlrqv

{�| @ h. i e{��| . je{2�| . x�|> m @ 4> ===> q> +514:,

dqg whvw wkh k|srwkhvlv j @ 3 lq hdfk ri wkhp1 Lq rughu wr kdyh dq ryhudoo vl}h ri �/

wkh vl}h ri hdfk whvw vkrxog eh htxdo wr �@q1 +514:, lv d v|vwhp ri vhhplqjo| xquhodwhg

uhjuhvvlrq htxdwlrqv/ dqg Qhovrq +4<:5, sursrvhg wr hvwlpdwh lw e| phdqv ri JOV

lq rughu wr rewdlq pruh h�flhqw hvwlpdwruv wkdq ROV1 Wudfh PVIH hqfrpsdvvlqj lv

dffhswhg zkhq wkh k|srwkhvlv j @ 3 lv dffhswhg lq hdfk htxdwlrq1 \hw/ dv phqwlrqhg/

wklv lv d vx�flhqw exw qrw qhfhvvdu| frqglwlrq iru wudfh PVIH hqfrpsdvvlqj/ vr wkdw

lq sduwlfxodu fdvhv wkh odwwhu frxog eh zurqjo| uhmhfwhg1

Lq rughu wr dyrlg wklv sureohp/ wkh q yduldeohv dqg iruhfdvwv fdq eh vwdfnhg lqwr

wkh qQ � 4 yhfwruv [/ e[�/ e[21 Wkhvh duh wkhq xvhg lq wkh uhjuhvvlrq

[, @ h. i e[�, . j e[2, . X,> o @ 4> ===> qQ> +514;,

dqg d w0whvw iru j @ 3 lv shuiruphg1 Lq jhqhudo/ wkh huuru whup lq +514;, lv khw0

hurvnhgdvwlf1 Wkh ydu|lqj yduldqfh fdq eh hvwlpdwhg iurp wkh v|vwhp lq +514:,/ vr

wkdw JOV hvwlpdwlrq lv ihdvleoh1 Xqghu wkh qxoo k|srwkhvlv/ xvlqj +514;, lqvwhdg ri

+514:, fdq eh dovr dgydqwdjhrxv ehfdxvh ri wkh odujhu qxpehu ri dydlodeoh revhuyd0

wlrqv1 \hw/ zh duh lpsrvlqj wkdw wkh ydoxhv ri wkh frqvwdqw dqg ri wkh frh�flhqw

ri wkh �uvw iruhfdvw duh htxdo iru doo yduldeohv/ dq k|srwkhvlv wkdw fdq eh uhod{hg

e| lqvhuwlqj dssursuldwh gxpplhv lq wkh uhjuhvvlrq/ dw wkh frvw ri orvlqj ghjuhhv ri

iuhhgrp1 Lqglylgxdo surshuwlhv vxfk dv iruhfdvw xqeldvhgqhvv dqg h�flhqf| frxog

wkhq dovr eh whvwhg lq wklv iudphzrun1

Dv idu dv h�flhqf| lv frqfhuqhg/ lq +514;, dqg lq +514:, zh duh dvvxplqj wkdw

wkh iruhfdvwv ri rwkhu yduldeohv iurp wkh wzr prghov duh qrw uhohydqw h{sodqdwru|

yduldeohv1 Wklv k|srwkhvlv fdq eh dovr uhod{hg/ frqvlghulqj wkh v|vwhp ri htxdwlrqv

{| @ f.�e{�| .Ke{2| . y|> +514<,
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zkhuh � dqg K duh q�q pdwulfhv ri sdudphwhuv dqg f lv dq q�4 yhfwru ri frqvwdqwv1

+514<, erlov grzq wr +514:, zkhq � dqg K duh gldjrqdo1 Wkh mrlqw k|srwkhvlv ri h�0

flhqf| dqg hqfrpsdvvlqj uhtxluhv wkhuhiruh � @ gldj/ K @ 3 zkloh li f @ 3/ � @ L wkh

iruhfdvwv iurp P� duh dovr xqeldvhg1
2 Qrwlfh wkdw lq wklv fdvh hqfrpsdvvlqj lv zlwk

uhvshfw wr �2/ wkh PVIH pdwul{ iru P2/ zklfk lpsolhv wudfh PVIH hqfrpsdvvlqj1

Zkhq � .K @ L/ zklfk krogv iru h{dpsoh zkhq e{�| lv xqeldvhg/ +514<, fdq eh

uh0zulwwhq dv

{| � e{�| @ f.K+e{2| � e{�|, . y|= +5153,

D whvw iru K @ 3 lq +5153, lv lqyduldqw wr lvrprusklf g|qdplf wudqvirupdwlrqv ri

wkh xqghuo|lqj v|vwhp iru wkh { yduldeohv dqg fruuhvsrqglqj iruhfdvwv/ zkloh wklv

lv qrw wuxh lq +514<,1 Wklv surshuw| iroorzv iurp lqyduldqfh ri wkh 40vwhs dkhdg

iruhfdvw huuruv wr wkhvh wudqvirupdwlrqv/ dqg lw dovr krogv iru wkh xqlyduldwh fdvh/ vhh

Fohphqwv dqg Khqgu| +4<<6,1 Xqghu wkh qxoo k|srwkhvlv/ wkh whvw lv dovr lqyduldqw wr

frqwhpsrudqhrxv olqhdu wudqvirupdwlrqv +Fohphqwv dqg Khqgu| +4<<;d/ Fk1 4316,,1

�� �? i4T�h�U@* i @4T*i

Wr looxvwudwh vrph ri wkh suhylrxv wkhruhwlfdo uhvxowv1 Zh dqdo|vh wkh +|hduo|, gh�flw

wr jgs udwlr dqg wkh lq�dwlrq iruhfdvwv iurp wkh LPI iru wkh J: frxqwulhv/ ryhu wkh

shulrg 4<:804<<71 Wkhvh duh wzr lpsruwdqw yduldeohv iru �vfdo dqg prqhwdu| srolf|/

dqg lw vhhpv wkhuhiruh lpsruwdqw wr hydoxdwh krz dffxudwh wkhlu iruhfdvwv duh1 Zh

frqvlghu fxuuhqw |hdu iruhfdvwv/ qdpho| wkrvh iru shulrg w sxeolvkhg lq wkh Pd| lvvxh

ri |hdu w ri wkh Zruog Hfrqrplf Rxworrn1 Wkh dfwxdo gdwd duh wkh �uvw uhohdvhg

ydoxhv/ zklfk dsshdu lq wkh Pd| lvvxh ri |hdu w . 4 ri wkh Rxworrn1� D frpsdulvrq

zlwk wkh RHFG dqg HF gh�flw iruhfdvwv lv suhvhqwhg lq Duwlv dqg Pdufhoolqr +4<<;/

4<<<,1 Khuh zh xvh dv dowhuqdwlyh iruhfdvwv wkrvh edvhg rq d udqgrp zdon prgho iru

wkh yduldeohv/ zklfk wkhuhiruh frlqflgh zlwk wkh dfwxdo ydoxhv iru |hdu w � 4 +zklfk

ehfrph dydlodeoh dw wkh vdph wlph dv wkh LPI iruhfdvwv,1 Khqfh/ e|�| @ e|U�8
| /e|2| @ ||3�1 Qrwzlwkvwdqglqj wkh olnho| plvvshfl�fdwlrq ri wkh udqgrp zdon prgho

+wkh shuvlvwhqfh ri prvw yduldeohv lv udwkhu orz,/ dqg wkh odujhu lqirupdwlrq vhw

hperglhg lq wkh LPI iruhfdvwv/ wkh dowhuqdwlyh qdlyh iruhfdvwv vhhp wr shuirup udwkhu

zhoo lq vrph fdvhv1 Zh dujxh wkdw wklv lv gxh wr wkh urexvwli|lqj uroh ri gl�huhqflqj

lq wkh suhvhqfh ri vwuxfwxudo fkdqjhv +vhh h1j1 Fohphqwv dqg Khqgu| +4<<;e,,1

Zh gluhfwo| mrlqwo| dqdo|}h wkh gh�flw wr jgs udwlr dqg lq�dwlrq iruhfdvwv1e Wkh

vhfrqg dqg wklug froxpqv ri Wdeoh 614 uhsruw wkh udwlr ri wkh wudfh dqg ghwhuplqdqw

ri wkh PVIH pdwul{/ �/ iru wkh LPI wr wkrvh iru wkh UZ1 Wkh LPI grhv ehwwhu lq
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Wdeoh 614= Gh�flw dqg Lq�dwlrq iruhfdvwv/ mrlqw dqdo|vlv1

wu+�, m�m H�1 H�.Hqf1 H�1.Hqf1.Xqe1

LPI2UZ LPI2UZ LPI UZ

XV 3=57 3=3; :=79 43=4 4<: 6<=9

FDQ 3=7: 3=94 :=<8 44=3 87=; 55=<

MDS 3=7< 3=<< 4=;8 54=; 47=5 �

JHU 3=73 3=5; :=95 46=< 436 �

IU 3=87 3=69 7=97 <=37 7<=: 46=7

LW 3=:5 3=:9 ;=37 <=4< 4:9 7<=;

XN 3=4: 3=3< 7=<< 8=44 <8=3 45=6

H�1= Zdog whvw +"2+7,, iru � dqg K gldjrqdo lq +514<,1

H�1.Hqf1 LPI= Zdog whvw +"2+9,, iru H�1 dqg K @ 3 lq +514<,1

H�1.Hqf1 UZ= Zdog whvw +"2+9,, iru H�1 dqg � @ 3 lq +514<,1

H�1.Hqf1.Xqe1= Zdog whvw +"2+43,, iru f @ 3/ � @ L / K @ 3 lq +514<,1

Vljql�fdqw ydoxhv duh uhsruwhg lq erogidfh1

doo fdvhv> wkh zruvh shuirupdqfh lq vrph gh�flw iruhfdvwv +iru Mdsdq/ Jhupdq| dqg

Lwdo|, lv pruh wkdq frpshqvdwhg e| wkh jrrg rqh lq iruhfdvwlqj lq�dwlrq1 Wkh irxuwk

froxpq uhsruwv wkh whvw iru h�flhqf|/ l1h1/ iru wkh luuhohydqfh ri wkh gh�flw iruhfdvwv lq

h{sodlqlqj lq�dwlrq/ dqg ylfhyhuvd1 Irupdoo|/ lw lv d Zdog whvw iru � dqg K gldjrqdo

lq +514<,/ dq k|srwkhvlv wkdw lv dffhswhg iru doo frxqwulhv

Wkh �iwk dqg vl{wk froxpqv suhvhqw wkh mrlqw whvw iru h�flhqf| dqg � hqfrp0

sdvvlqj1 Wkh LPI � hqfrpsdvvhv wkh UZ lq doo fdvhv +K @ 3 lq +514<,,/ dsduw iurp

Mdsdq dqg Jhupdq|/ dqg wkhuhiruh lw dovr hqfrpsdvvhv UZ zlwk uhvshfw wr wkh wudfh

dqg ghwhuplqdqw ri �1 Wkh UZ qhyhu hqfrpsdvvhv wkh LPI1 Wkh odvw froxpq ri

Wdeoh 614 frqwdlqv wkh whvw iru wkh mrlqw k|srwkhvlv ri h�flhqf|/ hqfrpsdvvlqj/ dqg

xqeldvhgqhvv ri erwk LPI iruhfdvwv1 Lw lv dffhswhg iru Iudqfh dqg XN1D

e� �L?U*�t�L?t

PVIH hqfrpsdvvlqj lv dq lpsruwdqw dqg hdvlo| whvwdeoh surshuw|1 Khqfh/ whvwlqj

iru lwv ydolglw| vkrxog ehfrph d �uvw vwhs lq iruhfdvw frpsdulvrq h{huflvhv1 Zh kdyh
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h{whqghg wkh vwdqgdug gh�qlwlrqv dqg whvwlqj surfhgxuhv wr ohw wkh iruhfdvwv xqghu

frpsdulvrq eh eldvhg/ wkdw lv txlwh frpprq lq sudfwlfh1 Wkh hpslulfdo dqdo|vlv

vxssruwv wkh sudfwlfdo xvhixoqhvv ri wkhvh jhqhudol}dwlrqv1

+iuihi?Uit

^4` Duwlv/ P1 dqg Pdufhoolqr/ P1/ +4<<;,/ _Ilvfdo Vroyhqf| dqg Ilvfdo Iruhfdvwlqj

lq Hxursh%/ FHSU Z1S1 4;691

^5` Duwlv/ P1 dqg Pdufhoolqr/ P1/ +4<<<,/ _Ilvfdo Iruhfdvwlqj= Wkh Wudfn Uhfrug ri

LPI/ RHFG dqg HF%/ FHSU Z1S1 55391

^6` Fkrqj/ \1\1 dqg Khqgu|/ G1I1 +4<;9,/ _Hfrqrphwulf hydoxdwlrq ri olqhdu pdfur0

hfrqrplf prghov%/ Uhylhz ri Hfrqrplf Vwxglhv/ 86/ 9:409<31

^7` Fohphq/ U1W1 +4<;<,/ _Frpelqlqj Iruhfdvwv= D Uhylhz dqg Dqqrwdwhg Eleolrj0

udsk|%/ Mrxuqdo ri Iruhfdvwlqj/ 8/ 88<08;61

^8` Fohphqwv/ P1S1 dqg Khqgu|/ G1I1 +4<<6,/ _Rq wkh Olplwdwlrqv ri Frpsdulqj

Phdq Vtxduh Iruhfdvw Huuruv%/ Mrxuqdo ri Iruhfdvwlqj/ 45/ 94:096:1

^9` Fohphqwv/ P1S1 dqg Khqgu|/ G1I1 +4<<:,/ _Lqwhufhsw fruuhfwlrqv dqg vwuxfwxudo

fkdqjh%/ Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 44/ 7:807<71

^:` Fohphqwv/ P1S1 dqg Khqgu|/ G1I1 +4<<;d,/ Wkh Pduvkdoo Ohfwxuhv rq Hfrqrplf

Iruhfdvwlqj/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^;` Fohphqwv/ P1S1 dqg Khqgu|/ G1I1 +4<<;e,/ Wkh ]hxwkhq Ohfwxuhv rq Iruhfdvwlqj/

PLW Suhvv1

^<` Grruqln/ M1D1 dqg Khqgu|/ G1I1 +4<<:,/ Prghoolqj G|qdplf V|vwhpv xvlqj Sf0

Ilpo < iru Zlqgrzv/ Orqgrq= Lqwhuqdwlrqdo Wkrpvrq Exvlqhvv Suhvv1

^43` Hulfvvrq/ Q1U1 +4<<5,/ _Sdudphwhu frqvwdqf|/ phdq vtxduh iruhfdvw huuruv/ dqg

phdvxulqj iruhfdvw shuirupdqfh= Dq h{srvlwlrq/ h{whqvlrqv/ dqg looxvwudwlrq%/

Mrxuqdo ri Srolf| Prgholqj/ 47/ 79807<81

^44` Hulfvvrq/ Q1U1 dqg Pdutxh}/ M1 +4<<6,/ _Hqfrpsdvvlqj wkh Iruhfdvwv ri XV

Wudgh0Edodqfh Prghov%/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ :8/ 4<0641

^45` Jdoor/ J1P1/ dqg Pdufhoolqr/ P1 +4<<<,/ _H{0Srvw dqg H{0dqwh Dqdo|vlv ri Sur0

ylvlrqdo Gdwd%/ Mrxuqdo ri Iruhfdvwlqj +iruwkfrplqj,1

^46` Jrgiuh|/ O1J1 +4<;;,/Plvvshfl�fdwlrq Whvwv lq Hfrqrphwulfv/ Fdpeulgjh= Fdp0

eulgjh Xqlyhuvlw| Suhvv1

^47` Judqjhu/ F1Z1M1 dqg Qhzerog/ S1 +4<;9,/ Iruhfdvwlqj hfrqrplf wlph vhulhv/ 5qg

hgq1/ Qhz \run= Dfdghplf Suhvv1

<



^48` Khqgu|/ G1I1 dqg Grruqln/ M1D1 +4<<:,/ Hpslulfdo Hfrqrphwulf Prghoolqj xvlqj

SfJlyh < iru Zlqgrzv/ Orqgrq= Lqwhuqdwlrqdo Wkrpvrq Exvlqhvv Suhvv1

^49` Krho/ S1J1 +4<7:,/ _Rq wkh Fkrlfh ri Iruhfdvwlqj Irupxodv%/ Mrxuqdo ri wkh

Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ 75/ 93809441

^4:` Kroghq/ N1 dqg Shho/ G1D1 +4<<3,/ _Rq Whvwlqj iru Xqeldvhgqhvv dqg H�flhqf|

ri Iruhfdvwv%/ Wkh Pdqfkhvwhu Vfkrro/ 8;+5,/ 453045:1

^4;` Odvwhu/ G1/ Ehqqhww/ S1/ dqg Jhrxp/ L1V1 +4<<:,/ _Udwlrqdo Eldv lq Pdfurhfr0

qrplf Iruhfdvwv%/ Ihghudo Uhvhuyh edqn ri Qhz \run/ Vwd� Uhsruwv q1 541

^4<` Ox/ P1 dqg Pl}rq/ J1H1 +4<<4,/ _Iruhfdvw hqfrpsdvvlqj dqg prgho hydoxdwlrq%/

lq Kdfno/ S1 dqg Zhvwoxqg/ D1K1 +hgv1,/ Hfrqrplf vwuxfwxudo fkdqjh/ Dqdo|vlv

dqg Iruhfdvwlqj/ 456046;/ Ehuolq= Vsulqjhu0Yhuodj1

^53` Pdufhoolqr/ P1 +4<<;,/ _Ixuwkhu uhvxowv rq PVIH hqfrpsdvvlqj%/ LJLHU Z1S1

4761

^54` Pdufhoolqr/ P1/ dqg Pl}rq/ J1H1 +5333,/ Surjuhvvlyh Prghoolqj= Wkh Hqfrp0

sdvvlqj Sulqflsoh dqg Qrq0qhvwhg Whvwlqj/ R{irug= R{irug Xqlyhuvlw| Suhvv

+iruwkfrplqj,1

^55` Qhovrq/ F1U1 +4<:5,/ _Wkh Suhglfwlrq Shuirupdqfh ri wkh I1U1E10PLW0SHQQ

Prgho ri wkh XV Hfrqrp|%/ Dphulfdq Hfrqrplf Uhylhz/ 95/ <350<4:1
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