
Ma and Koenker, ‘Demystification of the Magic Formula’

Yi1 = Yi2α1 + xTi α2 + νi1 + λνi2 (2.1)

Yi2 = ziβ1 + xTi β2 + νi2 (2.2)

For simplicity, Yi2 and zi are scalars; (ν′s independent of (z,x)).

Thus, νi2 = Yi2 − ziβ1 − xTi β2 and

Yi1 = Yi2α1 + xTi α2 + νi1 + λ(Yi2 − ziβ1 − xTi β2),

which gives rise, after collecting terms, to the ‘hybrid’ form:

Y1 = Y2(α1 + λ)− zβ1λ+X(α2 − λβ2) + ν1, or Y1 =Wδ, with

W = (Y2
...z...X), δ = (α1 + λ,−β1λ, α2 − λβ2)



Demystification (2)

Expressing the hybrid form as Y1 = Wδ, with W = (Y2
...z...X), δ = (α1 +

λ,−β1λ, α2 − λβ2)

So α1 = δ1 +
δ2
β1
= (α1 + λ) +

−β1λ
β1

= α1

It turns out that the 2SLS estimate of α1, say α̂1, is α̂1 = δ̂1 +
δ̂2
β̂1
, (where δ̂

is OLS on ‘hybrid’.)



Demystification (3)

You could do it with quantiles:

Q1(τ1|Y2, x, z) = Y2(α1 + λ)− zβ1λ+ xT (α2 − λβ2) + F−11 (τ1)

Q2(τ2|x, z) = zβ1 + xTβ2 + F−12 (τ2)

Provided ∇zQ2(τ2|x, z) = β1 �= 0, following Chesher (2003):

α1 = ∇Y2
Q1(τ1|Y2, x, z) +

∇zQ1(τ1|Y2, x, z)

∇zQ2(τ2|x, z)

α2 = ∇xQ1(τ1|Y2, x, z)−
∇zQ1(τ1|Y2, x, z)

∇zQ2(τ2|x, z)
∇xQ2(τ2|x, z)

Discussion: The ‘unusual’ thing here is that α1 and α2 are not dependent on
τ1, τ2 : because, that is assumed by the form of the model (2.1-2.2). ‘Location
shift’. Our ‘thought experiments’ should be about ‘altering Y2’s distribution
not its value.’



Going Beyond Location Shift

Yi1 = Yi2α1 + xTi α2 + δYi2(νi1 + λνi2) (2.6)

Yi2 = ziβ1 + xTi β2 + γziνi2 (2.7)

In the previous model (2.1—2.2) the "δYi2” of the 1st eqn was "1", as was the

γzi of the 2nd eqn. If δ �= 0, γ �= 0, you can write this as:

Yi1 = Yi2(α1 + δνi1 −
δβ1λ

γ
) + xTi α2 +

Y 2i2
zi
(
δλ

γ
)−

Yi2x
T
i

zi
(
δλβ2

γ
)

Yi2 = zi(β1 + γνi2) + xTi β2

and we have conditional quantile functions

Q1(τ1|Yi2, xi, zi) = Yi2θ1(τ1) + xTi θ2(τ1) +
Y 2i2
zi

θ3(τ1)−
Yi2x

T
i

zi
θ4(τ1)

Q2(τ2|x, z) = zβ1(τ2) + xTβ2(τ2) (2.8—2.9)



Follow the Coefficients

Yi1 = Yi2(α1 + δνi1 −
δβ1λ

γ
) + xTi α2 +

Y 2i2
zi
(
δλ

γ
)−

Yi2x
T
i

zi
(
δλβ2

γ
)

Yi2 = zi(β1 + γνi2) + xTi β2

Q1(τ1|Yi2, xi, zi) = Yi2θ1(τ1) + xTi θ2(τ1) +
Y 2i2
zi

θ3(τ1)−
Yi2x

T
i

zi
θ4(τ1)

Q2(τ2|x, z) = zβ1(τ2) + xTβ2(τ2) (2.8—2.9)

So:
θ1(τ1) = (α1 + δνi1 −

δβ1λ

γ
) = (α1 + δF−11 (τ1)−

δβ1λ

γ
)

θ2(τ1) = α2, θ3(τ1) = (
δλ

γ
), θ4(τ1) = −(

δλβ2

γ
)

β1(τ2) = (β1 + γνi2) = β1 + γF−12 (τ2), β2(τ2) = β2



Follow the Coefficients (2)

θ1(τ1) = (α1 + δνi1 −
δβ1λ

γ
) = (α1 + δF−11 (τ1)−

δβ1λ

γ
)

θ2(τ1) = α2, θ3(τ1) = (
δλ

γ
), θ4(τ1) = −(

δλβ2

γ
)

β1(τ2) = (β1 + γνi2) = β1 + γF−12 (τ2), β2(τ2) = β2

Some of these depend on τ1 and τ2, and some (most) do not. (Note that θ1
‘depends’ on τ2 through β1 = β1(τ2)−γF−12 (τ2).) You can write the model

as:

Q1(τ1|Q2(τ2|x, z), x, z) = Q2(τ2|x, z)(α1 + δ(F−11 (τ1) + λF−12 (τ2)))(***)

+xTi α2

Q2(τ2|x, z) = z(β1 + γF−12 (τ2)) + xTβ2



Discussion on ‘Following the Coefficients’

The structural effect we seek can be obtained by (1) applying the magic formula

to the system (2.8—2.9) or (2) by ‘direct inspection’ of (***) as

π(τ1, τ2) = (α1 + δ(F−11 (τ1) + λF−12 (τ2)))

From p.6: "It should be emphasized, however, that direct estimation of (2.8)

and (2.9) without imposing the nonlinear restrictions implied by the model

would fail to provide the exact cancellation of the exact calculation. Conse-

quently, evaluating the estimated structural effect would produce an expression

depending on the exogenous variables x and z, and we would need some scheme

to average over the covariate space to obtain the structural effect."



The ‘Panoramic View’



Estimation of structural quantile treatment effects

Exposition of Ma and Koenker pp. 7—10. Two methods: ‘weighted averaged
derivative’ and ’control variate’. We start with the parametric recursive struc-
tural system:

Yi1 = ϕ1(Yi2, xi, νi1, νi2;α) (2.10)

Yi2 = ϕ2(zi, xi, νi2;β) (2.11)

so the inverse function

νi2 = ϕ̃2(Yi2, zi, xi;β), exists and

Yi1 = ϕ1(Yi2, xi, νi1, ϕ̃2(Yi2, zi, xi;β);α)

Write the conditional quantile functions:

Q1(τ1|Yi2, xi, zi) = h1(Yi2, xi, zi; θ)

Q2(τ2|zi, xi) = h2(zi, xi;β)

(Rhetorical question: why θ not α ?)



Weighted Average Derivatives

Q1(τ1|Yi2, xi, zi) = h1(Yi2, xi, zi; θ)

Q2(τ2|zi, xi) = h2(zi, xi;β)

θ̂(τ1) = argmin
θ∈Θ

n∑

i=1

σi1ρτ1(Yi1 − h1(Yi2, xi, zi; θ)) (2.12)

β̂(τ2) = argmin
β∈B

n∑

i=1

σi2ρτ2(Yi2 − h2(zi, xi;β)) (2.13)

Goal is to estimate the weighted average quantile treatment effect:

π1(τ1, τ2) =
∫ {

∇yQ1(τ1|yi, xi, zi) +
∇zQ1(τ1|yi, xi, zi)

∇zQ2(τ2|xi, zi)

}

w(xi, zi)dxdz



There is also a weighted average exogenous variable effect:

π2(τ1, τ2) =
∫ {

∇xQ1(τ1|yi, xi, zi)−
∇zQ1(τ1|yi, xi, zi)

∇zQ2(τ2|xi, zi)
∇xQ2(τ2|xi, zi)

}

× w(xi, zi)dxdz

Looking at the two formulas (here’s the weighted average quantile treatment

effect again),

π1(τ1, τ2) =
∫ {

∇yQ1(τ1|yi, xi, zi) +
∇zQ1(τ1|yi, xi, zi)

∇zQ2(τ2|xi, zi)

}

w(xi, zi)dxdz

we can see how to estimate these by taking averages over the sample of the

corresponding estimated quantities.



A Control Variate Estimator

Back to the 2SLS example at the beginning. Recall, that the usual way to do

2SLS is to replace Y2 by Ŷ2 and ‘run the regression’. But we could instead

compute ν̂2 = Y2 − Ŷ2 and include it in the regression while leaving Y2 (not

Ŷ2) on the right hand side: the resulting estimates of α̂1 and α̂2 would be the

same as obtained by 2SLS. This result generalizes.

The control variate is going to be ν2(τ2) = ν2 − F−12 (τ2) or for observation

i: νi2(τ2) = νi2 − F−12 (τ2) (A little difficulty in this notation: νi2(τ2) is

different from νi2.) Write the system of equations conditioning on the control

variate:

Q1(τ1|Yi2, xi, zi, νi2(τ2)) = g1(Yi2, xi, νi2(τ2);α(τ1, τ2))

Q2(τ2|zi, xi) = g2(zi, xi;β(τ2))



A Control Variate Estimator (2)

Notice that in the above system Q2(τ2|zi, xi) = g2(zi, xi;β(τ2)), that

g2 = h2 in Q2(τ2|zi, xi) = h2(zi, xi;β). Solving

β̂(τ2) = argmin
β∈B

n∑

i=1

σi2ρτ2(Yi2 − g2(zi, xi;β)),

we can invert to obtain

ν2 = ϕ̃(Y2, z, x;β), so

F−12 (τ2) = ϕ̃(g2(z, x;β), z, x;β)

So the control variate can be obtained as

ν̂i2(τ2) = ϕ̃(Yi2, zi, xi; β̂)− ϕ̃(g2(zi, xi; β̂), zi, xi; β̂)

= ν̂2 − F̂−12 (τ2)



Control Variate Estimator: Commentary and Conclusion



Properties of the Estimators: Asymptopia

The weights σij, j = 1, 2 that appear above in the various estimating ex-

pressions are optimally chosen to be f(ξij), a density at the quantile of the

disturbance in question. (In particular ξi1 = Q1(τ1|Yi2, xi, zi, νi2(τ2)), ξi2 =

Q2(τ2|zi, xi).)

When this is done the CV estimator is more efficient than the WAD estimator.

Monte Carlos support this.



Marginal vs. Joint Independence Models

Following the discussion (p.10) in Chesher, "Identification of Non—Additive

Structural Functions", 2005 World Congress paper. If we assume

Y1 = h(Y2,X,U1) U1 ⊥ X

we have ‘marginal independence.’ The notation here includes in X covariates

which locally or globally have no effect on Y1. (In other contexts these are

notationally distinguished and call ‘instruments’.) Chesher’s paper outlines

properties that are generic to these models; on the whole, they are more difficult

to work with than models that additionally supply an equation for Y2 :

Y2 = g(X,U2) U2 ⊥ X,

and which replace U1 ⊥ X with U1 ⊥ X|U2 which in turn implies (U1, U2) ⊥

X, whence the name ‘joint independence.’



IV for Quantile Regression Models with ‘Marginal Independence’:

Chernozhukov and Hansen (2005, 2006)

The first of these papers (a (long) note in Econometrica) proposes a model

that exhibits marginal independence and compares it with Chesher (2003) and

Imbens and Newey (2003), characterized as ‘control function’ approaches. The

discussion in Section 3, p. 254 should be read in conjunction with Chesher’s

World Congress discussion.

The 2006 J.Econometrics paper explicitly discusses estimation. We focus exclu-

sively on the estimation algorithm given in Section 3.2, ‘An instrumental vari-

able quantile regression process and an analogy with two stage least squares’,

starting on p.9 of the proofs.



Chernozhukov and Hansen’s IVQR (CH—IVQR)

Basic model is written:
q(d, x, τ) = d′α(τ) + x′β(τ) (3.4)

where d is a dim(α) vector of treatment variables (possibly interacted with
covariates), x covariates. Define ‘the weighted quantile regression function’

Qn(τ, α, β, γ) ≡
1

n

n∑

i=1

ρτ(Yi −D
′
iα−X

′
iβ − Φ̂i(τ)

′γ) · V̂i(τ)

where Φ̂i(τ) ≡ Φ̂(τ,Xi, Zi) is a dim(α) vector of (transformations of) instru-
ments, and V̂i(τ) ≡ V̂ (τ,Xi, Zi) a positive weight function. Let ‖x‖A be the
norm of a vector x using metric A (e.g. x′Ax where A is positive definite).
Then:

α̂(τ) = arg inf
α∈A

‖γ̂(α, τ)‖A(τ), where (3.5)

(β̂(α, τ), γ̂(α, τ)) = arg inf
β,γ
Qn(τ, α, β, γ) (3.6)



‘Practical’ CH—IVQR

The foregoing amounts to:

1. For a given τ, define a grid of value {αj, j = 1, ..., J} and run the ordinary

quantile regression of Yi −D
′
iαj on Xi and Φ̂i(τ) to obtain coefficients

β̂(αj, τ), γ̂(αj, τ).

2. Choose α̂(τ) as that value among {αj, j = 1, ..., J} that makes ‖γ̂(αj, τ)‖A(τ)
as close to zero as possible. Choose β̂(τ) that corresponds to αj.

(Discussion—why this works.)


