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Part I

Basic Linear Algebra






Chapter 1

Systems of linear equations

1.1 Linear equations and solutions
Definition 1 A' linear equation in the unknowns 1, g, ..., T, s an equation of the form
a1x1 + asws + ...a,T, = b, (1.1)

where b € R and Vj € {1,...,n}, a; € R . The real number a; is called the coefficient of x; and b is called
the constant of the equation. a; for j € {1,...,n} and b are also called parameters of system (1.1).

Definition 2 A solution to the linear equation (1.1) is an ordered n-tuple (T, ..., Ty) := (@)?Zl such? that
the following statement (obtained by substituting T; in the place of x; for any j ) is true:

a1T1 + asTo + ...a, T, = b,

The set of all such solutions is called the solution set or the general solution or, simply, the solution of
equation (1.1).

The following fact is well known.

Proposition 3 Let the linear equation
ar =b (1.2)

in the unknown (variable) x € R and parameters a,b € R be given. Then,

1. ifa #0, then v = % is the unique solution to (1.2);

2. ifa=0 and b# 0, then (1.2) has no solutions;

3. if a=0 and b= 0, then any real number is a solution to (1.2).
Definition 4 A linear equation (1.1) is said to be degenerate if Vj € {1,...,n}, aj =0, i.e., it has the form

0z1 + Oxo + ...0z, =D, (1.3)

Clearly,

1. if b # 0, then equation (1.3) has no solution,

2. if b =0, any n-tuple (fj)?:l is a solution to (1.3).

Definition 5 Let a non-degenerate equation of the form (1.1) be given. The leading unknown of the linear
equation (1.1) is the first unknown with a nonzero coefficient, i.e., x, is the leading unknown if

Vie{l,..,p—1},a; =0 and a,#0.

For any j € {1,...,n}\{p}, x; is called a free variable - consistently with the following obvious result.

'Tn this part, T often follow Lipschutz (1991).

2w, __»

;=" means “equal by definition”.
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Proposition 6 Consider a non-degenerate linear equation a1x1 + asts + ...anT, = b with leading unknown
xp. Then the set of solutions to that equation is

b—> . a;T;
{m):_l:we{l,...,n}\{p}, 2, €R and 5, = -l }

ap

1.2 Systems of linear equations, equivalent systems and elemen-
tary operations
Definition 7 A system of m linear equations in the n unknowns x1,xs, ..., T, is a system of the form

1121 + .. + A1T5 + ... + 1Ty = by
a;1T1 ++amzj++amazn :bz (14)

A1 i + oo + A Tj + oo+ QT = by

where Vi € {1,...,m} and Vj € {1,...,n}, a;; € R and Vi € {1,...,m}, b; € R. We call L; the i —th linear
equation of system (1.4).

A solution to the above system is an ordered n-tuple (Tj)?zl which is a solution of each equation of the
system. The set of all such solutions is called the solution set of the system.

Definition 8 Systems of linear equations are equivalent if their solutions set is the same.
The following fact is obvious.
Proposition 9 Assume that a system of linear equations contains the degenerate equation
L: 0x1 + O0x9 + ...0z, = b.
1. If b= 0, then L may be deleted from the system without changing the solution set;
2. if b #£ 0, then the system has no solutions.

A way to solve a system of linear equations is to transform it in an equivalent system whose solution set
is “easy” to be found. In what follows we make precise the above sentence.

Definition 10 An elementary operation on a system of linear equations (1.4) is one of the following oper-
ations:

[EA] Interchange L; with Lj, an operation denoted by L; < L; (which we can read “put L; in the place of
L; and Lj in the place of L;”);

[Es] Multiply L; by k € R\ {0}, denoted by kL; — L;, k # 0 (which we can read “put kL; in the place of
Li, with k #07);

[E3] Replace L; by ( k times L; plus L; ), denoted by (L; + kL;) — L; (which we can read “put L; + kL; in
the place of L;”).

Sometimes we apply [E2] and [E3] in one step, i.e., we perform the following operation
[E] Replace L; by ( k' times L; and k € R\ {0} times L; ), denoted by (k'L; + kL;) — L;, k # 0.
Elementary operations are important because of the following obvious result.

Proposition 11 If Sy is a system of linear equations obtained from a system So of linear equations using
a finite number of elementary operations, then system S1 and S are equivalent.

In what follows, first we define two types of “simple” systems (triangular and echelon form systems), and
we see why those systems are in fact “easy” to solve. Then, we show how to transform any system in one of
those “simple” systems.
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1.3 Systems in triangular and echelon form

Definition 12 A linear system (1.4) is in triangular form if the number n of equations is equal to the number
n of unknowns and Vi € {1,...,n}, z; is the leading unknown of equation i, i.e., the system has the following
form:

ap1r1  +aiere ... +a1n—1Tn—1 +a1Tyh = b
22T +.. +a2n—1Tpn—1  +G2nTy = b
(1.5)
Gn—1,n—1Tn—1 FT0p—1nTn = bp_1
ApnTn = by

where Vi € {1,...,n}, a;; #0.
Proposition 13 System (1.5) has a unique solution.

Proof. We can compute the solution of system (1.5) using the following procedure, known as back-
substitution.
First, since by assumption a,, # 0, we solve the last equation with respect to the last unknown, i.e., we
get
bn,
Ty = —.
ann
Second, we substitute that value of z,, in the next-to-the-last equation and solve it for the next-to-the-last
unknown, i.e.,

n

bp—1 — Ap—1,n *

Gnn

Tp—1 =
Gn—1n—-1

and so on. The process ends when we have determined the first unknown, x;.

Observe that the above procedure shows that the solution to a system in triangular form is unique since,
at each step of the algorithm, the value of each x; is uniquely determined, as a consequence of Proposition
3, conclusion 1. m

Definition 14 A linear system (1.4) is said to be in echelon form if

1. no equation is degenerate, and
2. the leading unknown in each equation is to the right of the leading unknown of the preceding equation.

In other words, the system is of the form

au®1  +o. Farp i fe taiszs  =by
a2j3Tjp e HA25Tj5 e tazszs  =bs

a3 3Ty e taszem. =bs (1.6)
Or jpTj.  +arj.r1+... +arsrs =bp

with j1 := 1 < jo < ... < Jr and a11,a2j,, ..., arj, 7 0. Observe that the above system has r equations and
s variables and that s > r. The leading unknown in equation i € {1,...,r} is xj,.

Remark 15 Systems with no degenerate equations are the “interesting” ones. If an equation is degenerate
and the right hand side term is zero, then you can erase it; if the right hand side term is not zero, then the

system has no solutions.

Definition 16 An unknown xy in system (1.6) is called a free variable if xy is not the leading unknown in
any equation, i.e., Vi € {1,...,r}, zr # xj,.

In system (1.6), there are r leading unknowns, r equations and s — r > 0 free variables.

Proposition 17 Let a system in echelon form with r equations and s variables be given. Then, the following
results hold true.
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1. If s = r, i.e., the number of unknowns is equal to the number of equations, then the system has a
unique solution;

2. if s > r, i.e., the number of unknowns is greater than the number of equations, then we can arbitrarily
assign values to the n —r > 0 free variables and obtain solutions of the system.

Proof. We prove the theorem by induction on the number r of equations of the system.

Step 1. 7 =1.

In this case, we have a single, non-degenerate linear equation, to which Proposition 6 applies if s > r =1,
and Proposition 3 applies if s =r = 1.

Step 2.

Assume that » > 1 and the desired conclusion is true for a system with » — 1 equations. Consider the
given system in the form (1.6) and erase the first equation, so obtaining the following system:

(12]‘21‘]'2 + +a27j31‘j3 + = b2
a3, Ti +...
3,J3Ljs (1.7)
ar,j, Tj, +arj,+1 tarszs = by

in the unknowns xj,, ..., xs. First of all observe that the above system is in echelon form and has r — 1
equation; therefore we can apply the induction argument distinguishing the two case s > r and s = r.

If s > r, then we can assign arbitrary values to the free variables, whose number is (the “old” number
minus the erased ones)

s—r—(a—j1—1)=s—r—ja+2

and obtain a solution of system (1.7). Consider the first equation of the original system

a1y +aijprs ... +a1,j2_1xj2_1 +a1j21:j2 +... = b1 . (18)

We immediately see that the above found values together with arbitrary values for the additional
J2 —2

free variable of equation (1.8) yield a solution of that equation, as desired. Observe also that the values
given to the variables z1,...,x;, ,from the first equation do satisfy the other equations simply because their
coefficients are zero there.

If s = r, the system in echelon form, in fact, becomes a system in triangular form and then the solution
exists and it is unique. ®

Remark 18 From the proof of the previous Proposition, if the echelon system (1.6) contains more unknowns

than equations, i.e., s > r, then the system has an infinite number of solutions since each of the s —r > 1
free variables may be assigned an arbitrary real number.

1.4 Reduction algorithm
The following algorithm (sometimes called row reduction) reduces system (1.4) of m equation and n unknowns
to either echelon form, or triangular form, or shows that the system has no solution. The algorithm then
gives a proof of the following result.
Proposition 19 Any system of linear equations has either

1. infinite solutions, or

2. a unique solution, or

3. no solutions.
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Reduction algorithm.
Consider a system of the form (1.4) such that

Vied{l,..,n}, 3Fie{l,..,m} such that a;; #0, (1.9)

i.e., a system in which each variable has a nonzero coeflicient in at least one equation. If that is not the
case, the remaining variables can renamed in order to have (1.9) satisfied.

Step 1. Interchange equations so that the first unknown, x1, appears with a nonzero coefficient in the first
equation; i.e., rearrange the equations in the system in order to have a1 # 0.

Step 2. Use ay; as a “pivot” to eliminate x; from all equations but the first equation. That is, for each
1 > 1, apply the elementary operation

[Eg] L= <ai1) L1 +Lz —>LZ
a11

or
[E] :—apli +anL; — L.

Step 3. Examine each new equation L :

1. If L has the form
0xq1 + 029 + .... + 0z, =0,

or if L is a multiple of another equation, then delete L from the system.?

2. If L has the form
0zy + O0xg + .... + Ox,, = b,

with b # 0, then exit the algorithm. The system has no solutions.

Step 4. Repeat Steps 1, 2 and 3 with the subsystem formed by all the equations, excluding the first equation.

Step 5. Continue the above process until the system is in echelon form or a degenerate equation is obtained
in Step 3.2.

Summarizing, our method for solving system (1.4) consists of two steps:

Step A. Use the above reduction algorithm to reduce system (1.4) to an equivalent simpler system (in
triangular form, system (1.5) or echelon form (1.6)).

Step B. If the system is in triangular form, use back-substitution to find the solution; if the system is
in echelon form, bring the free variables on the right hand side of each equation, give them arbitrary values
(say, the name of the free variable with an upper bar), and then use back-substitution.

Example 20
ry  + 219 + (—3)333 = -1
3r1 + (—1) To + 213 = 7
5%1 + 3x2 + (—4) r3 = 2
Step A.
Step 1. Nothing to do.
Step 2. Apply the operations
—3L1+ Ly — Lo
and
—5L1 + L3 — L3,
to get
r1 + 2o + (—3)333 = -1
(—7) To + 11z3 = 10
(77) o + 11:63 = 7

3The justification of Step 3 is Propositon 9 and the fact that if L = kL’ for some other equation L’ in the system, then the
operation —kL’ + L — L replace L by 0x1 + 0x2 + .... + Oz, = 0, which again may be deleted by Propositon 9.
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Step 3. Examine each new equations Lo and Lgs:

1. Ly and L3 do not have the form
0x1 + 0x9 + .... + 0z, = 0;
L is not a multiple Ls;
2. Lo and L3 do not have the form
0xzy + Oxo + .... + Oz, = b,

Step 4.
Step 1.1 Nothing to do.
Step 2.1 Apply the operation

—Ly+ Lz — L3
to get
xr1  + 2x9 + (—3)$3 = -1
(*7) xr9 + 112173 = 10
0(131 + 01’2 + 0x3 = -3

Step 3.1 L3 has the form
0z, + Oxo + .... + 0z, = b,

1. with b = —3 # 0, then exit the algorithm. The system has no solutions.

1.5 DMatrices

Definition 21 Given m,n € N, a matriz (of real numbers) of order m x n is a table of real numbers with

m rows and n columns as displayed below.

a1l a12 a1; A1n
a21 a22 a2; a2n
[¢251 a2 Q5 Qijn,
ml Am2 -~ Amj ... Amn

For any i € {1,...,m} and any j € {1,...,n} the real numbers a;; are called entries of the matriz; the
first subscript i denotes the row the entries belongs to, the second subscript j denotes the column the entries
belongs to. We will usually denote matrices with capital letters and we will write A,,x, to denote a matrix
of order m x n. Sometimes it is useful to denote a matriz by its “typical” element and we write[a;;] ielyml

or simply [a;;] if no ambiguity arises about the number of rows and columns. Fori € {1,...,m},
[ a;1 Qa2 cee Qg oo Qi ]

is called the i — th row of A and it denoted by R' (A). For j € {1,...,n},

amj

is called the j — th column of A and it denoted by C7 (A).
We denote the set of m x n matrices by My, n, and we write, in an equivalent manner, Ay xn or

Ae My p.
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Definition 22 The matrix
a
Am><1 -
am

is called column vector and the matriz
Alxn = [ ai, ... Qn ]
is called row vector. We usually denote row or column vectors by small Latin letters.

Definition 23 The first nonzero entry in a row R of a matriv Ay, xn is called the leading nonzero entry of
R. If R has no leading nonzero entries, i.e., if every entry in R is zero, then R is called a zero row. If all the
rows of A are zero, i.e., each entry of A is zero, then A is called a zero matriz, denoted by Op,xp or simply
0, if no confusion arises.

In the previous sections, we defined triangular and echelon systems of linear equations. Below, we define
triangular, echelon matrices and a special kind of echelon matrices. In Section (1.6), we will see that there
is a simple relationship between systems and matrices.

Definition 24 A matriz A, xn @5 square if m =n. A square matriz A belonging to My, n, is called square
matriz of order m.

Definition 25 Given A = [a;;] € My, m, the main diagonal of A is made up by the entries a; with
ie{l,..,m}.

Definition 26 A square matriz A = [a;;] € Mpm,m is an upper triangular matriz or simply a triangular
matriz if all entries below the main diagonal are equal to zero, i.e., Vi,j € {1,..,m}, if i > j, then a;; = 0.

Definition 27 A € M,,,, is called diagonal matrixz of order m if any element outside the principal diagonal
is equal to zero, i.e., Vi,j € {1,...,m} such that i # j, a;; = 0.

Definition 28 A matriz A € M,, ,, is called an echelon (form) matriz, or it is said to be in echelon form,
if the following two conditions hold:

1. All zero rows, if any, are on the bottom of the matrix.
2. The leading nonzero entry of each row is to the right of the leading nonzero entry in the preceding row.

Definition 29 If a matriz A is in echelon form, then its leading nonzero entries are called pivot entries, or
sitmply, pivots

Remark 30 If o matric A € M., is in echelon form and r is the number of its pivot entries, then
r < min{m,n}. In fact, r < m, because the matriz may have zero rows and r < n, because the leading
nonzero entries of the first row maybe not in the first column, and the other leading nonzero entries may be
“strictly to the right” of previous leading nonzero entry.

Definition 31 A matriz A € My, ,, is called in row canonical form if

1. it is in echelon form,

2. each pivot is 1, and

3. each pivot is the only nonzero entry in its column.
Example 32 1. All the matrices below are echelon matrices; only the fourth one is in row canonical form.
70

1 1

o

0 0 2 2 3 20 2

0001 =3 3 0011 -3 30 123 0 1300 4
, , 0 0 11|, 00010 -3

0000 0 7 0000 0 71 00 0 00001 2

000 0 0 O 0000 0 0O

2. Any zero matriz is in row canonical form.
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Remark 33 Let a matriz Amxn in row canonical form be given. As a consequence of the definition, we
have what follows.

1. If some rows from A are erased, the resulting matrix is still in row canonical form.

2. If some columns of zeros are added, the resulting matriz is still in row canonical form.

Definition 34 Denote by R’ the i — th row of a matriz A. An elementary row operation is one of the
following operations on the rows of A:

[E1] (Row interchange) Interchange R' with R7, an operation denoted by R’ <+ R? (which we can read “put
R in the place of R7 and R’ in the place of R'”);;

[Es] (Row scaling) Multiply R by k € R\ {0}, denoted by kR* — R, k # 0 (which we can read “put kR’ in
the place of R, with k #07);

[E3] (Row addition) Replace R' by ( k times R7 plus R' ), denoted by (Ri + k:Rj) — R' (which we can read
“put R* + kR in the place of R'”).

Sometimes we apply [F2] and [FE3] in one step, i.e., we perform the following operation
[E] Replace R by ( k' times R/ and k € R\ {0} times R’ ), denoted by (k'R/ + kR") — R',k # 0.

Definition 35 A matriz A € M, ,, is said to be row equivalent to a matriz B € My, ,, if B can be obtained
from A by a finite number of elementary row operations.

It is hard not to recognize the similarity of the above operations and those used in solving systems of
linear equations.

We use the expression “row reduce” as having the meaning of “transform a given matrix into another
matrix using row operations”. The following algorithm “row reduces” a matrix A into a matrix in echelon
form.

Row reduction algorithm to echelon form.

Consider a matrix A = [a;;] € Moy p.

Step 1. Find the first column with a nonzero entry. Suppose it is column j;.

Step 2. Interchange the rows so that a nonzero entry appears in the first row of column ji, i.e., so that
ayj, # 0.

Step 3. Use ay;, as a “pivot” to obtain zeros below ay;,, i.e., for each ¢ > 1, apply the row operation

[E5] : — <a”1> R'+ R - R

a1,

or
[E] : —ailel + allRl — R".

Step 4. Repeat Steps 1, 2 and 3 with the submatrix formed by all the rows, excluding the first row.
Step 5. Continue the above process until the matrix is in echelon form.

Example 36 Let’s apply the above algorithm to the following matrix

1 2 -3 -1

Step 1. Find the first column with a nonzero entry: that is C*, and therefore j; = 1.

Step 2. Interchange the rows so that a nonzero entry appears in the first row of column ji, i.e., so that
a1j, 7& 0: a1j, = @11 = 1 35 0.
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Step 3. Use a1; as a “pivot” to obtain zeros below a1;. Apply the row operations
-3R'+ R* > R?
and
—5R'+ R* — R,

to get
1 2 -3 -1
0 -7 11 10
0o -7 11 7

Step 4. Apply the operation
~R*+R*— R®

to get
1 2 -3 -1
0 -7 11 10
0 0 0 -3

which is is in echelon form.

Row reduction algorithm from echelon form to row canonical form.
Consider a matrix A = [a;;] € M, , in echelon form, say with pivots

a1j1 s (123'2, ) arjr.
Step 1. Multiply the last nonzero row R" by a%,so that the leading nonzero entry of that row becomes 1.
TIr

Step 2. Use a,;, as a “pivot” to obtain zeros above the pivot, i.e., for each i € {r —1,r —2,...,1}, apply

the row operation ' ‘

[Eg] : —ai’jTRT + R'— R".
Step 3. Repeat Steps 1 and 2 for rows R"~', "2, ..., R%.
Step 4. Multiply R* by ——.
151

Example 37 Consider the matrix
1 2 -3 -1
0 -7 11 10
0o 0o o -3
in echelon form, with leading nonzero entries
ain =1,a2 = —7,a34 = —3.

Step 1. Multiply the last nonzero row R?® by }S,SO that the leading nonzero entry becomes 1:

1 2 -3 -1
0 -7 11 10
0 0 0 1

Step 2. Use a,j, = ags as a “pivot” to obtain zeros above the pivot, i.e., for each i € {r —1,r —2,...,1} =

{2,1}, apply the row operation _ _

[E3] : —aimRr +R"— R,
which in our case are

—ag 4R+ R?> > R®* ie, —10R®+ R?>— R%
—a; 4R*+ R' - R' ie, R*+R'— R.
Then, we get
1 2 =30

0 =7 11 0
0 0 0 1
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Step 3. Multiply R? by }7, and get

w

1 2 -
0 1 -1
00 0

~lz

0
0
1

Use ao3 as a “pivot” to obtain zeros above the pivot, applying the operation:

—2R*+ R' — R,
to get
1o % o0
01 -2 0
00 0 1

which is in row reduced form.
Proposition 38 Any matrix A € My, is row equivalent to a matrixz in row canonical form.

Proof. The two above algorithms show that any matrix is row equivalent to at least one matrix in row
canonical form. m

Remark 39 In fact, in Proposition 157, we will show that: Any matriz A € M., , is row equivalent to a
unique matriz in row canonical form.

1.6 Systems of linear equations and matrices

Definition 40 Given system (1.4), i.e., a system of m linear equation in the n unknowns 1, s, ..., Tn

aj1xry + ... + a1 + ..+ apr, = bl
ai1T1 + oo F QT+ o F Qi Ty = b;

Q1 Ti + oo + AT+ oo F QT = by,

the matriz
a1 - A1y e Q1p bl
;1 cee Qg e Qgn bl
Aml o Gmj - Gmp by

is called the augmented matric M of system (1.4).

Each row of M corresponds to an equation of the system, and each column of M corresponds to the
coeflicients of an unknown, except the last column which corresponds to the constant of the system.

In an obvious way, given an arbitrary matrix M, we can find a unique system whose associated matrix
is M; moreover, given a system of linear equations, there is only one matrix M associated with it. We can
therefore identify system of linear equations with (augmented) matrices.

The coefficient matrix of the system is

a1 cee Ay e Q1p
A= ;1 ce Qg e Qyp
Am1 -~ Amj -~ Omn

One way to solve a system of linear equations is as follows:
1. Reduce its augmented matrix M to echelon form, which tells if the system has solution; if M has a

row of the form (0,0,...,0,b) with b # 0, then the system has no solution and you can stop. If the system
admits solutions go to the step below.
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2. Reduce the matrix in echelon form obtained in the above step to its row canonical form. Write
the corresponding system. In each equation, bring the free variables on the right hand side, obtaining a
triangular system. Solve by back-substitution.

The simple justification of this process comes from the following facts:

1. Any elementary row operation of the augmented matrix M of the system is equivalent to applying the
corresponding operation on the system itself.

2. The system has a solution if and only if the echelon form of the augmented matrix M does not have
a row of the form (0,0,...,0,b) with b # 0 - simply because that row corresponds to a degenerate
equation.

3. In the row canonical form of the augmented matrix M (excluding zero rows) the coefficient of each
non-free variable is a leading nonzero entry which is equal to one and is the only nonzero entry in its
respective column; hence the free variable form of the solution is obtained by simply transferring the
free variable terms to the other side of each equation.

Example 41 Consider the system presented in Example 20:

r1 + 219 + (—3).%‘3 = -1
3.’,E1 + (71) o + 2LE3 = 7
5z, + 3o + (—4)zs = 2

The associated augmented matrix is:

1 2 -3 -1
3 -1 2 7
5 3 -4 2

In example 36, we have see that the echelon form of the above matrix is

1 2 -3 —1]
0 -7 11 10
0 0 0 -3

which has its last row of the form (0,0,...,0,b) with b= —3 # 0, and therefore the system has no solution.

1.7 Exercises

Chapter 1 in Lipschutz:
1,2,3,4,6,7,8,10, 11,12,14,15,16.
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Chapter 2

The Euclidean Space R"

2.1 Sum and scalar multiplication

It is well known that the real line is a representation of the set R of real numbers. Similarly, a ordered pair
(z,y) of real numbers can be used to represent a point in the plane and a triple (z,y, 2z) or (z1,z2,z3) a
point in the space. In general, if n € N := {1,2,..., }, we can define (21,2, ..., ) or (z;);_; as a point in
the n — space.

Definition 42 R" :=Rx... xR .
In other words, R™ is the Cartesian product of R multiplied n times by itself.

Definition 43 The elements of R™ are ordered n-tuple of real numbers, are usually called vectors and are
denoted by

z = (1,22, ..., Tpn) O T = (T;)jq.
x; 1s called i — th component of x € R™.
Definition 44 z = (z;)"; € R"™ and y = (y;)?, are equal if
Vi € {1,...,n}, = =y;.
In that case we write © = y.

Let us introduce two operations on R™ and analyze some properties they satisfy.

Definition 45 Given x € R™, y € R™, we call addition or sum of x and y the element denoted by x +y € R™
obtained as follows
4y = (2 +yi)iz1

Definition 46 An eclement X\ € R is called scalar.

Definition 47 Given x € R™ and A € R, we call scalar multiplication of x by A the element \x € R™
obtained as follows
Az = (Axg) .

Geometrical interpretation of the two operations in the case n = 2.

21
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From the well known properties of the sum and product of real numbers it is possible to verify that the
following properties of the above operations do hold true.

Properties of addition.

Al. (Associative) Vz,y € R", (z+y)+z=z+ (y+ 2);

A2. (existence of null element) there exists an element e in R™ such that for any z € R"*,  + e = z; in
fact such element is unique and it is denoted by 0;

A3. (existence of inverse element) Vo € R" Jy € R™ such that = +y = 0; in fact, that element is unique
and denoted by —uz;

A4. (Commutative) Va,y € R™ x +y =y + x.

Properties of multiplication.

M1. (distributive) Voo € R, 2 € R", y € R" «(z +y) = ax + ay;

M2. (distributive) Va € R, 8 € R, 2 € R", (a+ )z = ax + fx

M3. VaeR, SR, z eR”, (af)z=a(fx);

M4. Vx € R™, 1z = .

2.2 Scalar product

Definition 48 Given x = (z;)1 1,y = (y:)"-, € R™, we call dot, scalar or inner product of x and y, denoted

by xy or x -y, the scalar
n
Zﬂ?i -y; € R,
i=1

Remark 49 The scalar product of elements of R™ satisfies the following properties.
1. Vz,yeR" z-y=y-x;
2. Vo, B € RV, y,z € R (ax+Py) - z=azx-2)+ By 2);
3. VxeR" «x-x2>0;
4. VxeR", z-2=0 << z=0.

Definition 50 The set R™ with above described three operations (addition, scalar multiplication and dot
product) is usually called Euclidean space of dimension n.

Definition 51 Given z = (z;)"_; € R™, we denote the (Euclidean) norm or length of x by

[l = (

Geometrical Interpretation of scalar products in R?.
Given z = (z1,72) € R?\ {0}, from elementary trigonometry we know that

x = (||z]| cos o, ||z|| sin @) (2.1)

where « is the measure of the angle between the positive part of the horizontal axes and x itself.
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Using the above observation we can verify that given @ = (z1,22) and y = (y1,y2) in R?\ {0},

zy = ||| - Iyl - cos (7)

where v is an' angle between 2 and y.
scan and insert picture (Marcellini-Sbordone page 179)
From the picture and (2.1), we have

x = (||z| cos (aq), ||z| sin (aq))

and
y = (lyllcos (az), [yl sin (a2)) -
Then?
zy = [lz]| [ly]l (cos (1) - cos (a2) + sin (a1) - sin (@2)) = [[z]| ||y[| cos (a2 — a1) .
Taken z and y not belonging to the same line, define 8" := (angle between z and y with minimum

measure). From the above equality, it follows that

0°=% & z-y=0
<3 & z-y>0
°>% & z-y<O0.

Definition 52 z,y € R™\ {0} are orthogonal if xy = 0.

2.3 Norms and Distances

Proposition 53 (Properties of the norm). Let & € R and z,y € R™.
1. ||z|]| > 0, and ||z|]| =0 < 2 =0,
2. ezl = |af - |||,
3. |lz+yll < llzll + llyll (Triangle inequality),
4. |zyl < ||| - llyl| (Cauchy-Schwarz inequality ).

Proof. 1. By definition ||z| = /37, (2:)* > 0. Moreover, ||z =0 < [z =0 & 37, (z,)* =0 &
x=0.

2. [zl = /320 a? (20)* = |l /X0, (20)° = lal - |2

4. (3 is proved using 4)
We want to show that |zy| < ||z| - |y]| or |lzy|* < ||lz||* - ly|?, i.e.,

(&) =(54) (£9)

Defined X := " 22, Y =" y? and Z := > ", x;y;, we have to prove that

K2

Z? < XY. (2.2)

!Recall that Vz € R, cosz = cos (—z) = cos (27 — x).

2Recall that for any z1,x2 € R

cos (z1 + x2) = cos (z1) - cos (z2) Fsin (x1) - sin (z2),

and
cos (z1) = cos (—x1)
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Observe that

Va € R,

Vie{l,...,n},ax;+y; =0
Moreover,

n

(az; +yi)° :aQZx?—I—ZaZ:Eiyi—i—Zy? =a’X +2aZ+Y >0
i=1 i=1 i=1

(2.3)
i=1
If X > 0, we can take a = fg, and from (2.3), we get
Z? Z?
< Z _x _9Z_
0< X2X 2X +Y
or
7 < XY,
as desired.

If X =0, then x =0 and Z =0, and (2.2) is true simply because 0 < 0.
3. Tt suffices to show that ||z +y|* < (|jz]| + [ly)>.

n n

e+ yl* = 37 (@t 90)° = 3 (@) + 20+ 0)°) =

i=1
= ||z

(4 above)
2 2 2 2
" 2zy + lyll” < llel”+ 2|zyl + lylI” < |
]

2 2 2
|2l + 2| - lyll + N[yl = (=l + lylD)”-

Proposition 54 For any z,y € R™ and any A\, p € R, we have
LoAllzll = llylll < llz = yll, and

2. Az + pyl* = Nl|® + 20z -y + p?|lyl|*
Proof. 1. Recall that Va,b € R
—-b<a<bs&la <b.
From Proposition 53.3,identifying x with x — y and y with y, we get ||z —y +y|| < |lz — yl| + ||lyl|, i-e.,
Izl = Iyl < [lz —yll

From Proposition 53.3, identifying z with y — z and y with z, we get ||y — =z + z|| < |ly — z| + ||z, i-e.,

Iyl = llzll < lly — || = ||z — yll
and
—lz =yl < llzll = lyll,
as desired.
2.

e+l = Sy O+ ) = S0y (X @07 + 20 (@) () + 12 (0)°)

=N (@) 20 X0 (@) () + 12 00 (w)? = NPl + 20z -y + p?]ly]%
| |

Definition 55 For any n € N\ {0} and for any i € {1,...,n}, €, =

i (e;n)?zl € R™ with
| 0 if i4j

6Jn,j -

1 if i=j

In other words, €!, is an element of R™ whose components are all zero, but the i —th component which is
equal to 1. The vector e, is called the i — th canonical vector in R™.
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Remark 56 Vx € R”,
[
i=1

as verified below.

]| =

S| €3 el 2 Sl e = el
=1 =1 =1 =1

where (1) follows from the triangle inequality, i.e., Proposition 53.3, and (2) from Proposition 53.2.

Definition 57 Given x,y € R™ we denote the (Euclidean) distance between x and y by
d(z,y) := llz -yl

Proposition 58 (Properties of the distance). Let x,y,z € R™.
1. d(z,y) >0, and d(z,y) =0z =y,
2. d(w,y) = d(y,2),
3. d(z,z) <d(x,y)+d(y,z) (Triangle inequality).

Proof. 1. It follows from property 1 of the norm.

2. It follows from the definition of the distance as a norm.

3. Identifying « with z — y and y with y — z in property 3 of the norm, we get
[(z—y)+ (y—2) < llz -yl + [ly — 2|, ie., the desired result. m

2.4 Exercises

From Lipschutz (1991), starting from page 53: 2.1 — 2.4, 2.12 — 2.19, 2.26, 2.27.

25
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Chapter 3

Matrices

We presented the concept of matrix in Definition 21. In this chapter, we study further properties of matrices.

Definition 59 Given two matrices A = [aij]ieq1,....m},A = [aijlie(1,....m} € M, we say that A = B if
je{1,...,n} je{1,...,n}

Vi € {1,...,m},j S {1,...,n}, Qij :bij.

Definition 60 The transpose of a matric A € My, n,, denoted by AT belongs to M, m and it is the matriz
obtained by writing the rows of A, in order, as columns:

T
a1 e Q1 e Q1p a1 e Qg1 e Q1
T _ —
AT = a1 cee Qg cee Qym = Qa1j cee GGy cee Qg
Am1 cee Ay oo Qmn A1y . Qip oo Qmn

In other words, row 1 of the matrix A becomes column 1 of AT, row 2 of A becomes column 2 of AT,
and so on, up to row m which becomes column m of AT. Same results is obtained proceeding as follows:
column lof A becomes row 1 of AT, column 2 of A becomes row 2 of AT, and so on, up to column n which

becomes row n of AT. More formally, given A = [aijlieq1,....m} EMmpn , then
J€{l,...,n}

AT = [aji]je{l,...,n} S Mn,m'
i€{l,...,m}

Definition 61 A matriz A €M, ,, is said to be symmetric if A= AT | i.e., Vi,j € {l,...,n}, a;j = aj;.

Remark 62 We can write a matriz Apx, = [a;;] as
R' (A)
A= | R'(A) = [Cl (A),..,C7 (A),...,.C" (A)]

R™(4)
where
R (A) = [aj1, ..., ajj, ...a;n) == [R" (A),...,R¥ (A),..R"™(A)] e R* forie{l,..,m} and

a; CIt(4)
CI(A) = | ay = | CI(A) eR” for j € {1,..,n}.
Amj C]m (A)

In other words, R’ (A) denotes row i of the matrix A and C7 (A) denotes column j of matrix

A.

27
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3.1 Matrix operations

Definition 63 Given the matrices Apmxn = [ai;] and By, xn = [bij], the sum of A and B, denoted by A+ B
is the matriz Cp,xpn = [ci5] such that

Vi € {1,...,m},j € {1,...,71}, Cij = Q5 +blj

Definition 64 Given the matrices Apxn = [aij] and the scalar o, the product of the matriz A by the scalar
a, denoted by o - A or aA, is the matriz obtained by multiplying each entry A by « :

ad = [aai,]

Remark 65 It is easy to verify that the set of matrices M., ,, with the above defined sum and scalar mul-
tiplication satisfies all the properties listed for elements of R™ in Section 2.1.

Definition 66 Given A = [a;j] € My, n, B = [bji] € My, the product A- B is a matriz C = [ci] € My, p
such that

Vie {l,.m},Vke{l,...p}, cini= aiby =R (A)-C*(B)
j=1

ie., since oo
A=| Ri(4) | .B=[C"(B),...C"(B),...C" (B)] (3.1)
R™ (A)
RU(A)-C'(B) .. R'(A)-C*(B) .. R'(A)-C"(B)
AB=| RI(A)-C'(B) .. RI(A)-CE(B) .. Ri(A)-C?(B) (3.2)
R™(A)-CY(B) .. R™(A)-C*(B) .. R™(A)-C"(B)

Remark 67 If A € My,, B € M, 1, the above definition coincides with the definition of scalar product
between elements of R™. In what follows, we often identify an element of R™ with a row or a column vectors
( - see Definition 22) consistently with we what write. In other words A,xnx =y means that x and y are
column vector with n entries, and wA;,x» = z means that w and z are row vectors with m entries.

Definition 68 If two matrices are such that a given operation between them is well defined, we say that they
are conformable with respect to that operation.

Remark 69 If A,B €M,,,, they are conformable with respect to matriz addition. If A €M,,, and
B eM,, p, they are conformable with respect to multiplying A on the left of B. We often say the two matrices
are conformable and let the context define precisely the sense in which conformability is to be understood.

Remark 70 (For future use) Vk € {1,...,p},

R (4) R (A)-C* (B)
A-c*(B)=| R(4) |.c*B)=| RI(4)-Ck(B) (3.3)
R™ (A) R™ (A)-C* (B)

Then, just comparing (3.2) and (3.3), we get
AB=[A-C*(B) .. A-C*(B) .. A-C"(B) |, (3.4)

i.e.,

C*(AB)=A-C*(B).
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Similarly, Vi € {1,...,m},

R'(A)-B=Ri(A)-[ C'(B) .. C*(B) .. C"(B)|= 35
—[ R'(A)-CY(B) .. R'(A)-C¥(B) .. Ri(A)-CP(B)]. '

Then, just comparing (3.2) and (3.5), we get
R'(A)B
AB=| R(A)B |, (3.6)
R™ (A)B

i.e.,

R'(AB) = R'(A) - B.

Definition 71 A submatriz of a matric A €My, ,, is a matriz obtained from A erasing some rows and
columns.

Definition 72 A matriz A € My, ,, is partitioned in blocks if it is writlen as submatrices using a system of
horizontal and vertical lines.

Example 73 The matriz

D= O
NI CIEN N
0 W 0o W
© B O
o vgto

can be partitioned in block submatrices in several ways. For example as follows

1 2 | 3 4 5
6 7 ] 8 9 0
- -l - - ;
1 2 | 3 4 5
6 7 ] 8 9 0

whose blocks are
1 2 3 4 5 1 2 3 4 5
6 71’8 9 01’6 7’18 9 0|

The reason of the partition into blocks is that the result of operations on block matrices can obtained
by carrying out the computation with blocks, just as if they were actual scalar entries of the matrices, as
described below.

Remark 74 We verify below that for matrix multiplication, we do not commit an error if, upon conformably
partitioning two matrices, we proceed to regard the partitioned blocks as real numbers and apply the usual
rules.

1. Take a = (a;);2, € R™,b:= (b;)72, € R™,c:= (¢;);2) € R™,d = (d;);2, € R™,

C ni n2
[a | b]lx(n1+n2) - :Zaici—&—ijdj:a-c—i—b-d. (3.7)
(n1+n2)><1 i=1 i=1
2.
Take A €My, B €My iy, C EMyy p, D €My, 5, with
R' (A) R'(B)
A= B =

)

R™ (A) R™ (B)
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c=[c*(C),...cr(C)],
D= [C*(D),....C"(D)]

Then,
R'(A) R'(B)

C _ CH(C) e _
[ A B }mx(n1+7l2) |: D (m1+nz)xp Rm (A) Rm (B) |: Cct (D), , ;D(D)
RL(A)-C1(C)+ R (B)-CY(D) ... R'(A)-+R!(B)-C?(D)
| BRmA)-C )+ R (B)-CY(D) R™(A)-CP(C)+ R (B)-CP (D) |
RL(A)-CH(C) .. R'(A)-CP(C) RU(B)-C'(D) .. R'(B)-C?(D)
R™(A)-CL(C)  R™(A)-C?(C) R"(B)-C'(D)  R™(B)-C?(D)
_ AC + BD.

Definition 75 Let the matrices A; € M (n;,n;) fori € {1,..., K}, then the matric

Ay
Ay

K K
N a3y )
g i=1 i=1

Ax

18 called block diagonal matrix.
Very often having information on the matrices A; gives information on A.
Remark 76 It is easy, but cumbersome, to verify the following properties.

1. (associative property) VA € M,, ,,, VB € M,,,, YC' € M,,, A(BC) = (AB)C;
2. (distributive property) VA € M,, ,, VB € My, ,, YC € M,,,, (A+ B)C = AC + BC.
3. (linearity) Vx,y € R™ and Vo, 8 € R,

A(azx + By) = A(az) + B (By) = aAz + Ay

It is false that:
1. (commutative property) VA € My, ., VB € M,,,, AB = BA,

2. (cancellation law) VA € M,, ,,, VB,C € M,,,, (A# 0,AB = AC) = (B = C));
3. VAe M, n, VB € My, (A#0,AB =0) = (B =0).
Let’s show why the above statements are false.

1.

1 0

1 2 1 5 3
AB[ ] 2 1 [ }
-1 1 3 |:01} 1 4
1 0 1 21
pac |2 [[L 2] s
0 1 -1 1 3

1 2 1 0
=[5 eels ]
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eo-[ Lot e =i 2]

1 0 1 2 1 2
o=y o)L 1= 8
Observe that since the commutative property does not hold true, we have to distinguish between “left

factor out” and “right factor out” and also between “left multiplication or pre-multiplication” and “right
multiplication or post-multiplication”:

N O
DN~

AB+ AC = A(B+C)
EF+GF = (E+G)F
AB+CA+A(B+C)
AB+CA#(B+C)A

2.
Given
=loa]ee[Be] o esfid)
we have 10
AB:[% 2“5 H:[ﬁl 198]
Acz{g ;][}1 22),]:[174 198}
3.

Observe that 3. = 2. and therefore —2. = —3. Otherwise, you can simply observe that 3. follows from 2.,
choosing A in 3. equal to A in 2., and B in 3. equal to B — C' in 2.:

3 1 4 1 1 2 3 1 3 -1 0 0
so-o= 3o ([5el-[03])-[8 2 ][5 3 ]-[0 0]
Since the associative property of the product between matrices does hold true we can give the following
definition.

Definition 77 Given A € My,
AF = A AL )
1 2 k times
Observe that if A € M, ., and k, ! € N\ {0}, then
Ak AL = AR

Remark 78 Properties of transpose matrices. For any m,n,p € N,

1. VAE My, (AT)T = A

2. VA,Be M, (A+B)T = AT + BT
3. VaeR,VAe M, (aA)T = aAT

4. VA€ My n,VBEM,, (AB)T =BTAT

Matrices and linear systems.
In Section 1.6, we have seen that a system of m linear equation in the n unknowns z1,xs,...,x, and
parameters a;;, for i € {1,...,m}, j € {1,...,n}, (b;)i~; € R" is displayed below:
1121 + ... + a7 + ..+ 1Ty = by

1T + oo + Q3 T5 F o+ Qi Ty = b; (38)

A1 Ti + oo + AT + o+ Qn T = by
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Moreover, the matrix

a1 ce Q1 e Q1p b1
;1 —e Ay e Qin bi
Gl o Qmj - Gmp by ]

is called the augmented matrix M of system (1.4). The coefficient matrix A of the system is

a1 cee A1y e Q1p
A= ;1 ce Qg e Qip
Am1 cee Qg i Qmn, i

Using the notations we described in the present section, we can rewrite linear equations and systems of
linear equations in a convenient and short manner, as described below.
The linear equation in the unknowns z1, ..., x,, and parameters ay, ..., a;, ..., an, b € R

a1y + ... +a;x; +...+apr, =0
can be rewritten as

n
E a;T; = b
i=1

or

T
where a = [ay, ..., a,] and x =
Tn
The linear system (3.8) can be rewritten as

n
> azy = b
i=1

n
> AmiTj = by
j=1

or

R1 (A).T = bl
R™ (A)z = by,
or
Ar=b

where A = [a;;].

Definition 79 The trace of A € M, written tr A, is the sum of the diagonal entries, i.e.,

m
tr A= Z Q.
i=1

Definition 80 The identity matrix I, is a diagonal matriz of order m with each element on the principal
diagonal equal to 1. If no confusion arises, we simply write I in the place of I,,.

Remark 81 1. Vn € N\ {0}, (I,,)" = Iin;
2. YA € My, ImA = Al = A.

Proposition 82 Let A,B € M (m,m) and k € R. Then
1. tr (A+B)=tr A+tr B;
2. tr kA=k- tr A;
3. tr AB = tr BA.

Proof. Exercise. m
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3.2 Inverse matrices

Definition 83 Given a matrix Apxn, , 6 matriz B,xn is called an inverse of A if
AB =BA=1,.
We then say that A is invertible, or that A admits an inverse.
Proposition 84 If A admits an inverse, then the inverse is unique.
Proof. Let the inverse matrices B and C of A be given. Then
AB=BA=1, (3.9)
and
AC=CA=1, (3.10)
Left multiplying the first two terms in the equality (3.9) by C, we get
(CA)B =C(BA)

and from (3.10) and (3.9) we get B = C, as desired. m
Thanks to the above Proposition, we can present the following definition.

Definition 85 If the inverse of A does exist, then it is denoted by A~'.
Example 86 1. Assume that fori € {1,....,n}, A\; # 0.The diagonal matriz
A1

1s invertible and its inverse is

2. It is easy to check that the following matrix is not invertible.

e

Remark 87 If a row or a column of A is zero, then A is not invertible, as verified below.
Without loss of generality, assume the first row of A is equal to zero. Assume that B is the inverse of A.
But then, since I = AB, we wold have 1 = R' (A) - C (B) = 0, a contradiction.

Proposition 88 If A € M,, ,, and B € M, ,,, are invertible matrices, then AB is invertible and
(AB) ' =B'A !,
Proof.
(AB)B'A™'=A(BB ')A ' = AIAT' = AAT =1
B 'A™'(AB)=B'(A'A)B=B'IB=B'B=1
|

Remark 89 The existence of the inverse matriz gives an obvious way of solving systems of linear equations
with the same number of equations and unknowns.
Given the system
Apxnx = b7

if A7 exists, then
z=A"1b.
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Proposition 90 (Some other properties of the inverse matriz)
Let the invertible matrix A be given.

1. A7Y in invertible and (A_l)_1 = A;
2. AT is invertible and (AT)fl = (A*I)T;

Proof. 1. We want to verify that the inverse of A= is A4, i.e.,

A'A=Tand AA™ ' =1,

which is obvious.
2. Observe that - -
AT (A7) =@At4) =1"=1,

and - .
(AT AT = (4.4 =T

3.3 Elementary matrices

Below, we recall the definition of elementary row operations on a matrix A €M,, «, presented in Definition
34.

Definition 91 An elementary row operation on a matric A € My, «n1s one of the following operations on the
rows of A:

[€1] (Row interchange) Interchange R' with R?, denoted by R' < RY;

[E2] (Row scaling) Multiply R* by k € R\ {0}, denoted by kR' — R, k # 0;

(€3] (Row addition) Replace R' by ( k times R7 plus R* ), denoted by (R' + kR7) — R'.
Sometimes we apply [£2] and [£3] in one step, i.e., we perform the following operation

[€'] Replace R’ by ( k times R/ and k € R\ {0} times R’ ), denoted by (k'R/ + kR') — R,k # 0.

Definition 92 Let € be the set of functions € : My, — My, which associate with any matric A € My, p,
a matriz € (A) obtained from A via an elementary row operation presented in Definition 91. Fori € {1,2,3},
let &; C € be the set of elementary row operation functions of type i presented in Definition 91.

Definition 93 For any £ € €, define
Ees =€ (Im) S Mm,m-
E¢ is called the elementary matriz corresponding to the elementary row operation function &.

With some abuse of terminology, we call any £ € & an elementary row operation (omitting the word
“function”), and we sometimes omit the subscript &.

Proposition 94 Fach elementary row operations £1,E and &3 has an inverse, and that inverse is of the
same type, i.c., fori € {1,2,3}, £ € €& < £ e ¢,

Proof. 1. The inverse of R’ < R’ is R/ < R'.

2. The inverse of kR — R', k #0is k"1 R* — R'.

3. The inverse of (Ri + kRj) — R'is (fkRj + Ri) —R. m
Remark 95 Given the row, canonical' vectors el , fori € {1,...,m},

-1

1See Definition 55.
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The following Proposition shows that the result of applying an elementary row operation £ to a matrix
A can be obtained by premultiplying A by the corresponding elementary matrix Fe.

Proposition 96 For any A €M, , and for any £ € €,

E(A)=E(T,) - A:= E:A. (3.11)
Proof. Recall that
FRU(A) T
R (4)
A=
R (4)
| R™(4)
We have to prove that (3.11) does hold true VE € {&€1,E2,E3}.
1. £ € ¢,
First of all observe that
b ] CR(A) ]
el R (A)
El,) =1 .. and E(A) =
€ R'(4)
L em | | B™(A) |
From (3.6),
[ el A [ R'(A) ]
e, A R’ (4)
E(y,) A= = ,
et - A R (A)
L em A | R™(A) |
as desired.
2. £ € C,y.
Observe that
e ] [ ORU(A) ]
k-el, k- R (A)
E(In) = and E(A) =
el R' (4)
L em | | R™(A) |
[ el - A ] [ RY'(A)
k-et, - A k- R (A)
E(In) A= = ,
el - A R (A)
| em-A ] | R™(A) |

as desired.
3. £ € €.
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Observe that

[ er, 1 [ R (A)
et +k-el, R (A)+ k- R/ (A)
EIn) = and E(A) =
el R (A)
L em I R™(A) ]
[ el ] [ er, - A 1 [ R (A) 1
el +k-el, (e, +k-el)-A R (A)+ k- RV (A)
E(ILy) A= y A= = ,
e‘zn e'ffb A RJ (A)
i em ] i em - A | i R™(A) ]

as desired. m

Corollary 97 If A is row equivalent to B, then there exist k € N and elementary matrices E1, ..., E such
that

B=F, -BEy-.. E,-A

Proof. It follows from the definition of row equivalence and Proposition 96. m

Proposition 98 Fvery elementary matriz Ee is invertible and (Eg)il 18 an elementary matriz. In fact,
(Be) ' = Be-n.

Proof. Given an elementary matrix F, from Definition 93, 3€ € & such that

E=£&(I) (3.12)
Define
E =& HI).
Then
I def. im; func. 571 (5 (I)) (322) 571 (E) Prop.:(Q()). g—l (I) . E def.:E E/E
and
I def.:m\n P (5,1 (I)) defiE £ (E,) Prop.:(96)4 < (I) B (3;2) EE'.

|
Corollary 99 If Eq, ..., Ey are elementary matrices, then
P:=Fy-FEs-..-Fy
s an tnvertible matrix.

Proof. It follows from Proposition 88 and Proposition 98. In fact, (E',:1 : E;l : Efl) is the inverse of
P m

Proposition 100 Let A €M,,«, be given. Then, there exist a matriz B € M,,x, in row canonical form,
k € N and elementary matrices E1, ..., Ey, such that

B=F -Ey- .. - E-A
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Proof. From Proposition 38, there exist k € N elementary operations £', ..., " such that
('0&%0..08%) (4) = B.
From Proposition 96, Vj € {1,...,k},
EN(M)=E(I)-M :=E;- M.
Then,
(E'o&%0..0EF)(A)=(Ero€%0..0&F ) (EF(A)) = (€10 %0 .. 0 EF 1) (B - A) =
=(E'0&%0.. 08 M) o (EL-A) = (E'0€%0...0EF2) (Byy - By - A) =
=(E'0&%0. .83 0 2(By_y - Er-A) = (' 020 .5 3) (Ey—z - Ej—1 - B - A) =
wo=FE1 - Ey- ... E- A,
as desired. m
Remark 101 In fact, in Proposition 157, we will show that the matriz B of the above Corollary is unique.
Proposition 102 To be row equivalent is an equivalence relation.
Proof. Obvious. m

Proposition 103 Vn € N\ {0} , A« is in row canonical form and it is invertible < A = I.

Proof. [«<]Obvious.

(=]
We proceed by induction on n.
Case 1. n=1.

The case n = 1 is obvious. To try to better understand the logic of the proof, take n = 2, i.e., suppose

that
A= [ ail a2 }

is in row canonical form and invertible. Observe that A # 0.

1. a;; = 1. Suppose ay; = 0. Then, from 1. in the definition of matrix in echelon form - see Definition
28 - a9 # 0 (otherwise, you would have a zero row not on the bottom of the matrix). Then, from 2. in
that definition, we must have as; = 0. But then the first column is zero, contradicting the fact that A is
invertible - see Remark 87. Since a1 # 0, then from 2. in the Definition of row canonical form matrix - see
Definition 31 - we get a11 = 1.

2. az1 = 0. It follows from the fact that a;; = 1 and 3. in Definition 31.

3. age = 1. Suppose azz = 0, but then the last row would be zero, contradicting the fact that A is
invertible and ag9 is the leading nonzero entry of the second row, i.e., ags # 0. Then from 2. in the
Definition of row canonical form matrix, we get ase = 1.

4. a2 = 0. It follows from the fact that ass = 1 and 3. in Definition 31.

Case 2. Assume that statement is true for n — 1.

Suppose that

a1 a2 cee Al e Q1p

a21 as2 ce Q24 e Q2p
A =

;1 a;o ce Qg e Qgp

an1 Ap2 ... Qpj ... GOpp

is in row canonical form and invertible.

1. a;1 = 1. Suppose ay; = 0. Then, from 1. in the definition of matrix in echelon form - see Definition
28 -

(alg, ceey aln) # O
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Then, from 2. in that definition, we must have

anl

But then the first column is zero, contradicting the fact that A is invertible - see Remark 87. Since aj; # 0,
then from 2. in the Definition of row canonical form matrix - see Definition 31 - we get a1; = 1.
2. Therefore, we can rewrite the matrix as follows

1 ai2 ce Q15 e Q1p
0 a2 ce Q25 .o Q2p
1 a

A: = 3.].3
0 a;2 cee Ay oo Qi |: 0 A22 :| ( )
0 an2 ... Gnj ... aup

with obvious definitions of @ and Ass. Since, by assumption, A is invertible, there exists B which we can
partition in the same we partitioned A, i.e.,

[ by b
st ]

and such that B is invertible. Then,

I —BA— b1 b 1 a | bin bir + 0B |10 .
no o C BQQ 0 A22 - C ca + BQQAQQ - 0 In,1 ’

then ¢ = 0 and A22B22 = In—1~
Moreover,

. . 1 a bi1 b . b11 +ac b+ aBy . 1 0
In_AB_{O Azz}{c Bzz}_{c Ao B }_{0 In—l]' (3.14)

Therefore, A is invertible. From 3.13, Asscan be obtained from A erasing the first row and then erasing
a column of zero, from Remark 33, Ags is a row reduced form matrix. Then, we can apply the assumption
of the induction argument to conclude that Ass = I,,_1. Then, from 3.13,

1 a
A= [ 0 I } ’
Since, by assumption, A, «, is in row canonical form, from 3. in Definition 31, a = 0, and, as desired
A=1 n

Proposition 104 Let A belong to My, m. Then the following statements are equivalent.
1. A is invertible;
2. A is row equivalent to I,,;
3. A is the product of elementary matrices.

Proof. 1. = 2.
From Proposition 100, there exist a matrix B €M,,x,, in row canonical form, k£ € N and elementary
matrices F, ..., F) such that
B=FE;-FEy-..-E- A

Since A is invertible and, from Corollary 99, F; - E5 - ... - F} is invertible as well, from Proposition 88, B
is invertible as well. Then, from Proposition 103, B = I.
2. = 3.
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By assumption and from Corollary 97, there exist k£ € N and elementary matrices E1, ..., Fj such that
A=F1 - FEy-...- By -1,

Since Vi € {1, ...,k}, F; is an elementary matrix, the desired result follows.
3.= 1.
By assumption, there exist k£ € N and elementary matrices Fn, ..., E} such that

A=E, Fy-.. Ej.

Since, from Proposition 98, Vi € {1,...,k}, E; is invertible, A is invertible as well, from Proposition 88.
]

Proposition 105 Let A,,«» be given.
1. Bpxn 18 Tow equivalent to Ap,xn, < there exists an invertible Py« such that B = PA.
2. Phxm 18 an invertible matriz = PA is row equivalent to A.

Proof. 1.

[=] From Corollaries 99 and 97, B = Fy - ...~ By - A with (Ej - ... - E}) invertible matrix. Then, it suffices
to take P = Fy - ... - E}.

[«<] From Proposition 104, P is row equivalent to I, i.e., there exist E1, ..., Fy such that P = Ey-...- Ej - I.
Then by assumption B=FE; -...- B, - I - A, i.e., B is row equivalent to A.

2.

From Proposition 104, P is the product of elementary matrices. Then, the desired result follows from
Proposition 96. m

Proposition 106 If A is row equivalent to a matriz with a zero row, then A is not invertible.

Proof. Suppose otherwise, i.e., A is row equivalent to a matrix C' with a zero row and A is invertible.
From Proposition 105, there exists an invertible P such that A = PC and then P'A = C. Since A
and P~ lare invertible, then, from Proposition 88, P~'A is invertible, while C, from Remark 87, C' is not
invertible, a contradiction. m

Remark 107 From Proposition 104, we know that if Apxm s invertible, then there exist Eq,..., B, such
that
I=FE-..-E,-A (3.15)

or
AV =FE ... E,-1I. (3.16)

Then, from (3.15)and (3.16), if A is invertible then A=1 is equal to the finite product of those elementary
matrices which “transform” A in I, or, equivalently, can be obtained applying a finite number of corresponding
elementary operations to the identity matriz I. That observation leads to the following (Gaussian elimination)
algorithm, which either show that an arbitrary matrix Ap,xm 1S not invertible or finds the inverse of A.

An algorithm to find the inverse of a matrix A,,x, or to show the matrix is not invertible.
Step 1. Construct the following matrix M,y (2m):

(A L]

Step 2. Row reduce M to echelon form. If the process generates a zero row in the part of M corresponding
to A, then stop: A is not invertible : A is row equivalent to a matrix with a zero row and therefore,
from Proposition 106 is not invertible. Otherwise, the part of M corresponding to A is a triangular
matrix.

Step 3. Row reduce M to the row canonical form
(5. B

Then, from Remark 107, A~! = B.
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Example 108 We find the inverse of

1 0 2
A=1|2 -1 3|,
4 1 8
applying the above algorithm.
Step 1.
1 0 2 100
M=]12 -1 3 0 10
4 1 8 0 0 1
Step 2.
1 0 2 | 1 00 1 0 2 | 1 00
0o -1 -1 1] -2101},{0 -1 -1 1] =210
01 0 | —4 01 00 -1 ] -6 11
The matriz is invertible.
Step 3.
10 2 | 1 00 10 2 | 1 0 O
o -1 -11] -210}|,[{0 -1 -1 ] -2 1 0 |,
o 0 -1 ] 611} [0 0 1 | 6 -1 -1
1 0 0 | —11 2 2] 100 | —-11 2 2
0o -1 0 | 4 0 -11],/]0 1 0] -4 0 1
o 0 1] 6 -1 -1] o001 ] 6 -1 -1
Then
-1 2 2
Alt=| -4 0 1
6 -1 -1
Example 109
13 | 10
4 2 | 01
13 | 1 0
0 —-10 | -4 1
{1 3] 1 0 }
01| b -4
Bk 33
011 % -1

3.4 Elementary column operations

This section repeats some of the discussion of the previous section using column instead of rows of a matrix.
Definition 110 An elementary column operation is one of the following operations on the columns of Apxn:
[Fi] (Column interchange) Interchange C; with C;, denoted by C; < Cj;

[Fa] (Column scaling) Multiply C; by k € R\ {0}, denoted by kC; — C;, k # 0;

[F3] (Column addition) Replace C; by ( k times C; plus C; ), denoted by (C; + kC;) — C;..

Each of the above column operation has an inverse operation of the same type just like the corresponding
row operations.

Definition 111 Let F be an elementary column operation on a matrix A,,x.. We denote the resulting
matriz by F (A). We define also
F]: - f(ln) S Mn,n-

Fr is then called an elementary matriz corresponding to the elementary column operation F. We sometimes
omit the subscript F.
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Definition 112 Given an elementary row operation £, define Fe, if it exists®, as the column operation
obtained by £ substituting the word row with the word column. Similarly, given an elementary column

operation F define Ex, if it exists, as the row operation obtained by F substituting the word column with the
word row.

In what follows, F and £ are such that F = F¢ and £ = £.

Proposition 113 Let a matriz A,,«xn be given. Then
T T
F(A)=[€AM)] .

Proof. The above fact is equivalent to & (AT) = (F (A))" and it is a consequence of the fact that the
columns of A are the rows of AT and vice versa. As an exercise, carefully do the proof in the case of each of
the three elementary operation types. m

Remark 114 The above Proposition says that applying the column operation F to a matriz A gives the
same result as applying the corresponding row operation Ex to AT and then taking the transpose.

Proposition 115 Let a matriz A,,«xn be given. Then
1.

F(A)=A-(EI)" =A-F(I),

or, since E =& (I) and F := F (I),
F(A) =A-ET=A.F (3.17)

2. F = ET and F is invertible.
Proof. 1.
Lemma 113 T Lemma 96 T Lemma 113
F(A)"E =g (AT)] 20— (e(1)-AT) = A ()T T T AL F(T).

2. From (3.17), we then get
F:=F()=1-E"=FE".

From Proposition 90 and Proposition 98, it follows that F' is invertible. =

Remark 116 The above Proposition says that says that the result of applying an elementary column oper-
ation F on a matrix A can be obtained by postmultiplying A by the corresponding elementary matriz F.

Definition 117 A matriz B,,xn 1S said column equivalent to a matric A,,xn if B can be obtained from A
using a finite number of elementary column operations.

Remark 118 By definition of row equivalent, column equivalent and transpose of a matriz, we have that
A and B are row equivalent < AT and BT are column equivalent,

and
A and B are column equivalent < AT and BT are row equivalent.

Proposition 119 1. B,,x, is column equivalent to A,,xn < there exists an invertible Q,xn such that
Bmxn = Amannxn-

2. Qunxn in invertible matriz = AQ is column equivalent to A.
Proof. It is very similar to the proof of Proposition 105. m

Definition 120 A matriz B, xn 1s said equivalent to a matriz A, xn if B can be obtained from A using a
finite number of elementary row and column operations.

20f course, if you exchange the first and the third row, and the matrix has only two columns, you cannot exchange the first
and the third column.



42 CHAPTER 3. MATRICES

Proposition 121 A matric By,xx @S equivalent to a matric Ay, xn < there exist invertible matrices Pp,xm
and ann such that Bmxn = PmeAanQan-

Proof. [=]
By assumption B=Fy - ... - Ex - A-Fy - ... - Fy.
[«<]

Similar to the proof of Proposition 105. =

Proposition 122 For any matriz Ap,xn, there exists a number r € {0,1,...,min{m,n}} such that A is
equivalent to the block matrix of the form

I, 0
0] a9
Proof. The proof is constructive in the form of an algorithm.

Step 1. Row reduce A to row canonical form, with leading nonzero entries a1, agj, ..., a;;,, -

Step 2. Interchange C? and Cj,, C® and C}, and so on up to C, and C;,.You then get a matrix of the form
I, B
0 0 |-

Step 3. Use column operations to replace entries in B with zeros.

Remark 123 From Proposition 157 the matriz in Step 2 is unique and therefore the resulting matriz in
Step 3, i.e., matriz (3.18) is unique.

Proposition 124 For any A €M,, ,, there exists invertible matrices P € My, v, and Q@ €M, ,, and r €
{0,1,...,min{m,n}} such that

pia-[4 1]

Proof. It follows immediately from Propositions 122 and 121. m

Remark 125 From Proposition 157 the number r in the statement of the previous Proposition is unique.

Example 126 Take

1 2 3
A=|4 5 6
5 7 9
Then _
12 3] o gy [ 1023
4 5 6 — 5 6 | —
57 9| 00 0
(102 31 ..., .[1 23
RAARSR o 3 6 | 355" 1o 1 2| —
0 0 0 00 0
10 3 100 100
GO g g | OB g g [ P2 g
0 0 0 00 0 00 0

o
[y
jen)
S N
~N Ot N
O O W
I
(=
o O N
O O W
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1 00 1 2 3 1 2 3
-4 10 45 6|=10 -3 —6
0 1000 0 0 0 |
1 0 o071 2 3 1 2 3]
0 —3 0 0 3 6 |=|01 2
0 0 1]]0 0 o0 00 0]
Then
1 0 0 1 00 1 0 0 1 0 0
P=]10 -1 0 -4 10 0 1 0f|=|3 -3 0];
0 0 0 0 1 -1 -1 1 -1 -1 1
mdeed
1 0 o0 1 2 3 1 2 3
3 -3 0 45 6|=[01 2
-1 -1 1 5 79 0 0 0
12 371 -2 0] 1 0 3]
01 2 01 ofl=]01 2
oo o0]l0 0 1] [0 0 O]
10 371 0 =37 [1 0 0]
01 2 01 0 |=]01 2
looo0]l0oO 1] [0O0 O]
d
Then
1 -2 0 1 0 -3 1 0 0 1 -2 1
Q=10 1 0 01 0 01 —2(=l0 1 -2];
0 0 1 00 1 00 1 0 0 1
indeed,
1 2 3 1 -2 1 100
0 1 2 0 1 —2]=]010
0 0 0 0 1 0 0 0
Summarizing
1 0 o0 1 2 3 1 -2 1 1 00
PAQ=| 3 -3+ 0 45 6 01 —2|=[010
-1 -1 1 5 7 9 0 0 1 0 0 0

Proposition 127 If A, xmBmxm = I, then BA = I and therefore A is invertible and A~! = B.

Proof. Suppose A is not invertible, the from Proposition 104 is not row equivalent to I, and from
Proposition 122, A is equivalent to a block matrix of the form displayed in (3.18) with » < m. Then, from
Proposition 121, there exist invertible matrices Py, xm and Q,xm such that

- [ 1]
and from AB = I, we get
P=PAQQ'B
and
G ooer=r

Therefore, P has some zero rows and columns, contradicting that P is invertible. m

Remark 128 The previous Proposition says that to verify that A in invertible it is enough to check that
AB=1.

Remark 129 We will come back to the analysis of further properties of the inverse and on another way of
computing it in Section 5.3.
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3.5 Exercises

From Lipschutz (1991),
starting from page 81: 3.1 - 3.11, 3.14 - 3.16;
starting from page 111: 4.1, 4.4, 4.5, 4.7, 4.8.



Chapter 4

Vector spaces

4.1 Definition

Definition 130 Let a nonempty set F' with the operations of
addition which assigns to any x,y € F' an element denoted by x y € F, and
multiplication which assigns to any x,y € F' an element denoted by x ©y € F
be given. (F,®,®) is called a field, if the following properties hold true.

. (Commutative) Yo,y e F, 2 @y=y®x and 20 y =y O x;
. (Associative) Vx,y,z € F(x ®y) D 2z=2® (yP2) and (zOy)02=20 (y© 2);

1

2

3. (Distributive) Vz,y,z € F, 2 © (y®z) = (O y) ® (2 © 2);

4. (Existence of null elements) 3fo, f1 € F such thatVx € F, fo®xz =2 and fL ®x = x;
5]

. (Ezistence of a negative element) Vo € F Iy € F such that x y = fo;

From the above properties, it follows that fo and fiare unique.! We denote fo and fi by 0 and 1,
respectively.

6. (Existence of an inverse element) Vo € F\ {0}, Jy € F such that x ©y = 1.

Elements of a field are called scalars.

Example 131 The set R of real numbers with the standard addition and multiplication is a field. From the
above properties all the rules of “elementary” algebra can be deduced.> The set C of complex numbers is a
feld .

The sets N := {1,2,,3,...,n,...} and Z of positive integers and integers, respectively, with the standard
addition and multiplication are not fields.

Definition 132 Let (F,®,®) be a field and V' be a nonempty set with the operations of

addition which assigns to any u,v € V an element denoted by u+v € V, and

scalar multiplication which assigns to any uw € V. and any o € F' an element a-u € V.

Then (V,+,) is called a vector space on the field (F,®,®) and its elements are called vectors if the
following properties are satisfied.

Al. (Associative) Yu,v,w €V, (u+v)+w=u+ (v+w);

A2. (existence of zero element) there exists an element 0 in 'V such thatVu € V, u+0 = u;

AS8. (existence of inverse element) Yu € V. Jv € V' such that u+v = 0;

AY4. (Commutative) Yu,v €V, u+v=v+u;

M1. (distributive) Voo € F and Vu,v €V, a- (u+v) =a-u+a-v;

M2. (distributive) Vo, 8 € F andVu €V, (a® ) - u=a-u+ - u;

M3. Yo, € F andVu eV, (a®f)-u=a- (8 u);

M4y YueV, 1 u=u.

Elements of a vector space are called vectors.

IThe proof of that result is very similar to the proof of Proposition 134.1 and 2.
2See, for example, Apostol (1967), Section 13.2, page 17.

45
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Remark 133 In the remainder of these notes, if no confusion arises, for ease of notation, we will denote a
field simply by F' and a vector space by V. Moreover, we will write + in the place of ®, and we will omit ®
and -, i.e., we will write xy instead of x ® y and av instead of o - v.

Proposition 134 IfV is a vector space, then (as a consequence of the first four properties)
1. The zero vector is unique and it is denoted by 0.
2. Yu €V, the inverse element of u is unique and it is denoted by —u.
3. (cancellation law) Yu,v,w €'V,

U+w=v+w=u=n.

Proof. 1. Assume that there exist 01,02 € V which are zero vectors. Then by definition of zero vector -
see (A2) - we have that
01 +02=0; and 05+ 0; = 0s.

From (A.4),
01 + 02 = 02 + 04,

and therefore 0; = 0.
2. Given u € V, assume there exist v',v? € V such that

u+v'=0 and wu+0%=0.
Then
v2:v2+0:v2+(u+v1): (v2+u)+vlz(u+v2)+01:0+01:v1.

u+w:v+w(:1>)u+w+(—w):v+w+(—w)(:2>)u+0=v+0(:3>)u:v,

where (1) follows from the definition of operation, (2) from the definition of —w and (3) from the definition
of 0. m

Remark 135 From A2. in Definition 132, we have that for any vector space V, 0 € V.
Proposition 136 If V is a vector space over a field F', then

1. For0 e F andVu €V, Ou = 0.

2. For0eV andVa e F , a0 = 0.

3 IfaeF,uecV and au =0, then either « =0 or uw = 0 or both.
4. YaeF andVu eV, (—a)u = a(—u) = — (au) := —au.

Proof. 1. From (M1),
Ou + O0u = (0 + 0) u = Ou.

Then, adding — (0u) to both sides,
Ou + Ou + (— (0u)) = Ou + (— (Ou))

and, using (A3),
Ou+0=0

and, using (A2), we get the desired result.
2. From (A2),
0+0=0;

then multiplying both sides by « and using (M1),
a0 =a(0+0)=al+ ao;

and, using (A3),
i a0 + (= (a0)) = a0 + a0 + (— (a0))
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and, using (A2), we get the desired result.
3. Assume that au = 0 and a # 0. Then

a)u=a(au)=a"-0=0.

u=1lu= (a
Taking the contropositive of the above result, we get (u # 0) = (au # 0V a = 0). Therefore (u # 0 A au = 0) =
“ :.O?rom u+ (—u) =0, we get a(u+ (—u)) = a0, and then au + o (—u) = 0, and therefore — (au) =
’ (_F?())m a+(—a) =0, we get (o + (—a)) u = Ou, and then au+ (—a)u = 0, and therefore — (au) = (—a) u.
[

Remark 137 From Proposition 136.4, and (M4)in Definition 132, we have
(-Du=1(-u) =—(1lu) = —u.
We also define subtraction as follows:

v—u:=v+ (—u)

4.2 Examples

Euclidean spaces.?

The Euclidean space R™ with sum and scalar product defined in Chapter 2 is a vector space over the
field R with the standard addition and multiplication

Matrices on R.

For any m,n € N, the set M,, ,, of matrices with elements belonging to the field R with the operation of
addition and scalar multiplication, as defined in Section 2.3 is a vector space on the field R and it is denoted
by

M (m,n).

Matrices on a field F.

For any m,n € N, we can also consider the set of matrices whose entries are elements belonging to an
arbitrary field F'. It is easy to check that set is a vector space on the field F, with the operation of addition
and scalar multiplication inherited by F is a vector space and it is denoted by

Mpg (m,n).

We do set
Mg (m,n) =M (m,n).

Polynomials
The set of all polynomials
ap + art + ast® + ... + ant”

with n € NU {0} and ag,a1,as,...,a, € R is a vector space on R with respect to the standard sum
between polynomials and scalar multiplication.

Function space F (X).

Given a nonempty set X, the set of all functions f : X — R with obvious sum and scalar multiplication
is a a vector space on R. More generally we can consider the vector space of functions f : X — F, where X
is a nonempty set and F' is an arbitrary field, on the same field F'.

Sets which are not vector spaces.

(0, 4+00) and [0, +00) are not a vector spaces in R.

For any n € N, the set of all polynomials of degree n is not a vector space on R.

On the role of the field: put Exercise 5.29 from Lipschutz 2nd edition.

3 A detailed proof of some of the statements below is contained, for example, in Hoffman and Kunze (1971), starting from
page 28.
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4.3 Vector subspaces

In what follows, if no ambiguity may arise, we will say “vector space” instead of “vector space on a field”.

Definition 138 Let W be a subset of a vector space V.. W is called a vector subspace of V' if W is a vector
space with respect to the operation of vector addition and scalar multiplication defined on V restricted to W.
In other words, given a vector space (V,+,-) on a field (F,®,®) and a subset W of V', we say that W is a
vector subspace of V' if, defined

Hwxw WX W =W, (wy,ws) — w1 + w

and
Exw  EX W =W, (a,w2) = o ws,

then (VV7 Hwxw, ~|wa) is a vector space on the field (F,®,®).
Proposition 139 Let W be a subset of a vector space V. The following three statements are equivalent.

1. W is a vector subspace of V.
2. a. W # @;
b. Vvuive W, u+veW;
c. Vvue Wi,aeF,aueW.

3. a W # o;
b. Vu,v e W, Va,8 € F, au+ fv e W.

Proof. 2. = 3.
From 2c., au € W and pv € W. Then, from 2b., au + fv € W, as desired.
2. < 3.

From 3b., identifying o, u, 5,v with 1,u, 1,v, we get u +v € W, i.e., 2b.

From 3b., identifying o, u, 5, v with %a, U, %a,u, we get %au + %Ozu € W. Moreover, since W C V, then
u € V and from the distributive property (M1) for V, we get %au + %au = (%a + %a) U = Q.

1. =2

All properties follow immediately from the definition of vector space. Let’s check the commutative

property. We want to show that given w', w? € W, then w' + w? = w? + w'. Indeed,
whw?eWw N whw? eV,

and then

1 9 def. restriction 1 o prop. in' V. o 1 2 1
W Fwxw W = w +w = weH+w =w +|waw.

1. < 2.

2a., 2b. and 2c. insure that the “preliminary properties” of a vector space are satisfied: W # @ and the
operations are well defined.

Properties Al, A4, M1, M2, M3 and M4 are satisfied because W C V. Let’s check the remaining two
properties.

(A2): We want to show that there exists Oy € W such that Vw € W, we have w + Oy = w.

Since W # @, we can take w € W. Since W C V, then w € V and from Proposition 136.1,

Opw = Ov. (4.1)
Moreover, from 2c., identifying o, u with 0p, w, we get Oy, € W. Then Vw €¢ W C V|, w + 0y = w, i.e.,
OW = OV = 0. (4.2)

(A3): We want to show that Vw € W Jw’ € W such that w +w’ = 0.
From 2.c, we have (—1)w € W and 1w € W. Then

(M4 (M1

(—Dw+w ™ (w10 ™ (“14 1)w = 0pw "LV

0.

Taking w’ = (—1) w, we have shown the desired result. m
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Remark 140 (“A Recipe to try to show that a set is a vector space”) An often successful way to
show that a set S is a vector space is the following one:

1. find a vector space V' such that S C V; in Section 4.2 above, we provide a list of “commonly used”
vector spaces;

2. use Proposition 139.

Example 141 1. Given an arbitrary vector space V., {0} and V' are vector subspaces of V.

2. Given R?,

W = {(xl,mg,xg) eR?:zy = O}

is a vector subspace of R3. Observe that w € W if and if only if there exist wi,wy € R such that
w = (w1, ws,0).

3. Given the space V of polynomials, the set W of all polynomials of degree < mn is a vector subspace of V.

4. The set of all bounded or continuous or differentiable or integrable functions f : X — R is a vector
subspace of F (X).

5. If V and W are vector spaces, then V. NW is a vector subspace of V. and W.

6. [0,400) is not a vector subspace of R.
7. Let V. ={0} x R CR? and W =R x {0} C R®. Then V UW is not a vector subspace of R.

4.4 Linear combinations

Notation convention. Unless otherwise stated, a greek (or Latin) letter with a subscript denotes a scalar;
a Latin letter with a superscript denotes a vector.

Definition 142 Let a vector space V on a field F, m € N and vectors v',v?,...,v™ € V be given. The linear

combination of the vectors v',v2,...,v™ via scalars oy, o, ..., € F is the vector
m
E a;v’.
i=1

The set of all such combinations

{v eV: I(a;);~, € F™ such that v = Zaiv’}

i=1

2

is called span of v',v%,...,v™ and it is denoted by

span (1)171)2, ...,v’”) .

add examples

Definition 143 Let V be a vector space and S a subset of V. span (S) is the set of all linear combinations
of vectors in S, i.e.,

span (S) = {v eV:dmeN, o 0me S, I(w)it, € F™ such that v = Zaivi} .
i=1
span (@) := {0}.

Proposition 144 Let V be a vector space and S # @,S C V. Then, “span(S) is the smallest vector space
containing S, i.e.,

1. a. S Cspan(S) and b. span (S) is a vector subspace of V.

2. If W is a subspace of V and S C W, then span (S) C W.
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Proof. la. Given v € S, lv = v € span(S). 1b. Since S # &, then span(S) # @. Given o, € F
and v,w €span S. Then Jaq,....a, € F, v', ..,0v" € S and Bq,...,8,, € F, w',...,w™ € S, such that
v=73 1 o and w= 3", B;w’. Then

n

ov + fw = Z (o) v® + i”: (ﬂﬂ]) w’ € spans.
j=1

i=1

2. Take v € span S. Then Jay,...,a, € F, v!,...,o" € S C W such that v = > a;v' € W, as desired.
]

Definition 145 Let V be a vector space and v',v?,...,v™ € V. If V = span (vl,v2, ...,vm), we say that V.

is the vector space generated or spanned by the vectors v',v2, ..., v™.

Example 146 1. R3 = span ({(1,0,0),(0,1,0),(0,0,1)});

2. span ({(1,1)}) =span ({(1,1),(2,2)}) = {(z,y) €R*: z=y};
3. span ({(1,1), (0,1)}) = R?.
2. span ({t"}neN) is equal to the vector space of all polynomials.

Exercise 147 1. If A C B, then span (A) C span (B);
2. if W is a vector subspace of V', then span (W) = W.

4.5 Row and column space of a matrix

Definition 148 Given A € M (m,n),
row spanA := span (R1 (A),..,R"(A),..,R™ (A))

18 called the row space of A or row span of A.
The column space of A or colspanA is

colspanA := span (C’1 (A),..,CI(A),..,C" (A)) .

Remark 149 Given A € M (m,n)
col spanA = row spanA’.

Remark 150 Linear combinations of columns and rows of a matriz.
Let A € M(m,n),z € R" and y € R™ . Then, ¥j € {1,..,n}, CV(A) € R™ and Vi € {1,...,m},
R (A) € R™. Then,

Remark 151 .
A:B:Z:z:j~0j (A),
j=1

as verified below.

a1 a2 ... Q@i ... Qip T1 2%21 15T
as1 @22 .. Q2 ... Gaq T2 Zj:l Q25T
o — . _ e :
Qi1 Q2 . Qij e Gin Z; Zj:l Qij Ty
n
Am1  Am2 amj ceo Qmp Tn Zj:l amj$j
n
aj D j=1%j01;
n . .
az;j Z_j:l Tjazj
n n
E xj'CJ<A):§ i as = S wia
j=1 j=1 “ g=1mIm

n
@ 22 j=1 Tjtm;
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Therefore,
Ax is a linear combination of the columns of A via the components of the vector x.

Moreover,
yA=> yi- R'(A),
i=1

as verified below.

a1 a2 .. Q1 .. Qip
a1 Q2 ... G25 ... Q2p
Ami  Am2 oo Gy eon G
= [ ZZ’LI Yi + Q41 2211 Yi - Q2 ... Z?; Yi -+ Q5 - 221 Yi * Qin ] ;
Sy R (A) = Sy [ i1 Q2 e G . Qin ] =
= [ ZZ’;I Yi + Q41 Z:’;l Yi+ Qi e ZZ’;I Yi- Qi - Z:’il Yi * Qin ] .

Therefore,
yA is a linear combination of the rows of A via the components of the vector y.
As a consequence of the above observation, we have what follow.

1.
rowspan A = {w € R" : 3 y € R™ such that w = yA}.

colspan A = {z € R™ :3 = € R" such that z = Az} ;

Proposition 152 Given A, B € M (m,n),
1. if A is row equivalent to B, then row spanA = row spanB;
2. if A is column equivalent to B, then colspanA = colspanB.

Proof. 1. B is obtained by A via elementary row operations. Therefore, Vi € {1,...,m}, either

i. R"(B) = R'(A), or

ii. R*(B) is a linear combination of rows of A.

Therefore, row spanB C row spanA. Since A is obtained by B via elementary row operations, row spanB D
row spanA.

2. if A is column equivalent to B, then A7 is row equivalent to BT and therefore, from i. above,
row spanA” = rowspanB7T. Then the result follows from Remark 149. m

Remark 153 Let A € M (m,n) be given and assume that
m _
b= (bj);)/:l = Z C; - R (A) s
i=1
i.e., b is a linear combination of the rows of A. Then,
Vi€ {l,..,n}, bj=) ¢RI (A),
i=1

where Vi € {1,..m} and Vj € {1,..n}, RY (A) is the j — th component of the i — th row R* (A) of A.
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Lemma 154 Assume that A, B € M (m,n) are in echelon form with pivots

Aljgys ey Qigiy ooy Qrgps

and
Dikys -ovs Dy oovs Dski s

respectively, and* r,s < min{m,n}. Then
(rowspanA = rowspanB) = (s =r and fori € {1,...,s}, ji=k;).

Proof. Preliminary remark 1. If A =0, then A= B and s =r = 0.

Preliminary remark 2. Assume that A, B # 0 and then s, > 1. We want to verify that j; = k1. Suppose
j1 < k1. Then, by definition of echelon matrix, C;, (B) = 0, otherwise you would contradict Property 2 of
the Definition 28 of echelon matrix. Then, from the assumption that row spanA = row spanB,we have that
R! (A) is a linear combination of the rows of B, via some coefficients ci, ..., ¢;,, and from Remark 153 and
the fact that CJt (B) =0, we have that a1;, = ¢1-0+...cp, - 0 = 0, contradicting the fact that aq;, is a pivot
for A. Therefore, j; > k1. A perfectly symmetric argument shows that j; < ky.

We can now prove the result by induction on the number m of rows.

Step 1. m = 1.
It is basically the proof of Preliminary Remark 2.
Step 2.

Given A, B € M (m,n), define A’, B’ € M (m — 1,n) as the matrices obtained erasing the first row in
matrix A and B respectively. From Remark 33, A’ and B’ are still in echelon form. If we show that
row spanA’ = row spanB’, from the induction assumption, and using Preliminary Remark 2, we get the
desired result.

Let R = (a1, ..., a,) be any row of A’. Since R € rowspanB, 3(d;);~, such that

R= zm: d;R"(B).
=1

Since A is in echelon form and we erased its first row, we have that if ¢ < j; = k1, then a; = 0, otherwise
you would contradict the definition of j;. Since B is in echelon form, each entry in its k; — th column are
zero, but by, which is different from zero. Then,

g, =0=" d;i b, =di b,
=1

and therefore d; = 0, i.e., R = > /", d;R' (B), or R € rowspanB’, as desired. Symmetric argument
shows the other inclusion. m

Proposition 156 Assume that A, B € M (m,n) are in row canonical form. Then,

Remark 155 Given

1 1
A:[2 1]andB:[

w N

2
6
clearly A # B and row spanA = row spanB.

(row spanA = row spanB) < (A = B).

Proof. [<] Obvious.

[=] From Lemma 154, the number of pivots in A and B is the same. Therefore, A and B have the same
number s of nonzero rows, which in fact are the first s rows. Take i € {1, ..., s}. Since row spanA = row spanB,
there exists (cp);_, such that

R'(A) = Z cn - R"(B). (4.3)
h=1

4See Remark 30.
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We want then to show that ¢; =1 and VI € {1,...,s}\ {i}, ¢ = 0.
Let a;;,be the pivot of R (A) , i.e., a;j, is the nonzero j; — th component of R’ (A). Then, from Remark
153,

aij, = »_cn- R (B) = cn by, (4.4)
h=1 h=1

From Lemma 154, for ¢ € {1,...,s}, 7j; = k;, and therefore b;;, is a pivot entry for B, and since B is in
row reduced form, b;;, is the only nonzero element in the j; column of B. Therefore, from (4.4),

al-ji = Zch . thi (B) =C; blk
h=1

Since A and B are in row canonical form a;;, = b;;, = 1 and therefore
C; = 1.

Now take [ € {1,...,s}\ {i} and consider the pivot element b;;, in R'(B). From (4.3) and Remark 153,

S

aijy = Z ch - brg, = a, (4.5)

h=1

where the last equalities follow from the fact that B is in row reduced form and therefore b, is the only
nonzero element in the j; — th column of B, in fact, b;;, = 1. From Lemma 154, since b;;, is a pivot element
for B, ay;, is a pivot element for A. Since A is in row reduced form, a;; is the only nonzero element in
column j; of A. Therefore, since [ # ¢, a;;, = 0, and from (4.5), the desired result,

Vie{l,.. st\{i}, =0,

does follow. m

Proposition 157 For every A € M (m,n), there exists a uniqgue B € M (m,n) which is in row canonical
form and row equivalent to A.

Proof. The existence of at least one matrix with the desired properties is the content of Proposition 38.
Suppose that there exists B; and By with those properties. Then from Proposition 152, we get

row spanA = row spanB; = row spanBs.

From Proposition 156,
By = Bs.

Corollary 158 1. For any matriv A € M (m,n) there exists a unique number r € {0,1,...,min{m,n}}
such that A is equivalent to the block matrix of the form

I, 0
0 0|
2. For any A € M (m,n), there exist invertible matrices P € M (m,m) and Q € M (n,n) and a unique
number r € {0,1,...,min{m,n}} such that

I, 0O
PAQ = [ 0 O ]
Proof. 1.

From Step 1 in the proof of Proposition 122 and from Proposition 157, there exists a unique matrix A*
which is row equivalent to A and it is in row canonical form.
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From Step 2 and 3 in the proof of Proposition 122 and from Proposition 157, there exist a unique matrix
. 01"
0 0

which is row equivalent to A*7" and it is in row canonical form. Therefore the desired result follows.
2.

From Proposition 105.2, PA is row equivalent to A; from Proposition 119.2, PAQ is column equivalent
to PA. Therefore, PAQ is equivalent to A.From Proposition 124 ,

I, 0
0 0
is equivalent to A. From part 1 of the present Proposition, the desired result then follows. m

Example 159 Let A = { 2 2 } be given. Then,

11

Indeed,
and }

11
o=[o 4]
4.6 Linear dependence and independence

Definition 160 Let a vector space V on a field F and a number m € N be given. The vectors v',v?,...,v™ €
V' are linearly dependent if

either m = 1 and v' =0,

orm >1and 3 k € {1,..m} and there exist (m—1) > 1 coefficients a; € F with j € {1,..m}\ {k} such

that ,
P = Z a,;v’
FE{L,..mP\{k}

k7§ YY)
v = ;v
J#k

i.e., there exists a vector equal to a linear combination of the other vectors.

or, shortly,

Geometrical interpretation of linear (in)dependence in RZ2.

Proposition 161 Let a vector space V on a field F and vectors v*,v?,...,v™ € V be given. The vectors

vl 02, .. v™ €V are linearly dependent vectors if and only if

3 (B, s Biyeens Brn) € F™\ {0} such that Zﬁz vt =0, (4.6)

i=1

i.e., there exists a linear combination of the vectors equal to the mull vector and with some nonzero
coefficient.
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Proof. [=]
If m =1, any § € R\ {0} is such that 8-0 = 0. Assume then that m > 1. Take

oy it
ﬁi_{ —1ifi=j

(<]
If m = 1,38 € R\ {0} is such that 3 -v! = 0,then from Proposition 58.3 v! = 0. Assume then that
m > 1. Without loss of generality take 5; # 0. Then,

ﬂﬂ}l + Zﬁlvl =0
i£1

=3l

z;él

and

Proposition 162 Let m > 2 and v, ..., v™ be nonzero linearly dependent vectors. Then, one of the vectors
is a linear combination of the preceding vectors, i.e., 3 k > 1 and (ai)i.:ll such that vF = Zf 11 ;v

Proof. Since v',...,v™ are linearly dependent, 3 (3,);~, € R™\ {0} such that Y ;" 3;v° = 0. Let k be
the largest ¢ such that 5, # 0, i.e.,

Jk € {1,...,m} such that 8, #0and Vi€ {k+1,...,m}, B, =0. (4.7

Consider the case k = 1. Then we would have 3, # 0 and Vi > 1, 3, = 0 and therefore 0 = >_1" | B,0° =
(11, contradicting the assumption that v!,...,v™ are nonzero vectors. Then, we must have k& > 1, and from
(4.7) , we have

m ) k )
0= Zﬂin = Zﬁivl
i=1 i=1
and
k—1 A
Bkvk = Z /61"027
i=1

or, as desired,

4
=
I
ol
D

=
< By

It is then enough to choose «; = % for any i € {17 wok—=1}. =
Example 163 Take the vectors 2t = (1,2), x? = (—=1,-2) and 23 = (0,4). z*, 22, 23 are lmearly dependent

vectors: x' = —1-22 +0-23. Observe that there are no ar,a> € R such that :1:‘3 =o' a2 22

Definition 164 Let a vector space V be given. The vectors v',v?,...,o™ € V are linearly independent
vectors if they are not linearly dependent.

Remark 165 The vectors v',v%,...,v™ are linearly independent if { —(4.6)) holds true, i.e., if
V (By, s By ooy Brn) € F™\ {0} it is the case that > i~ B; - v' #0,

or

(Biseees Bisooes Br) € F™ {0} = Y 80" #0
i=1
or

25101:0 = (617"'761'7"'76771):0

or the only linear combination of the vectors which is equal to the null vector has each coefficient equal to
zero.



56 CHAPTER 4. VECTOR SPACES

Example 166 The vectors (1,2), (1,5) are linearly independent.
Remark 167 From Remark 150, we have what follows:
(Az = 0 = x = 0) < (the column vectors of A are linearly independent) (4.8)
(yA =0 =y = 0) < (the row vectors of A are linearly independent) (4.9)

Example 168 Let V be the vector space of all functions f : R — R. f,g,h defined below are linearly
independent:

fl@)=e", gx)=2>  h(z)=uz
Assume that (a1, a2, a3) € R® are such that
ay-f+az-g+az-h=0y,
which means that
Ve eR, ai-f(x)+as-g(x)+asz-h(z)=0.
We want to show that (a1, as,a3) = (0,0,0). The trick is to find appropriate values of x to get the desired
value of (an, s, a3). Choose x to take values 0,1, —1. We obtain the following system of equations

(05} = 0
e-a; + gy + as = 0
ela; + az + (-Dag = 0

It then follows that (a1, s, a3) = (0,0,0), as desired.
Example 169 1. The vectors v',...,v™ are linearly dependent if 3k € {1,...,m} such that v* = 0:

ok 4+ Z 0-v'=0
i#k
2. The vectors v!,...,o™ are linearly dependent if Ik, k' € {1,...,m} and o € R\ {1} such that o = ok
o — a4+ Z 0-v'=0
ik, k!

Proposition 170 The nonzero rows of a matriz A in echelon form are linearly independent.

Proof. We will show that each row of A starting from the first one is not a linear combination of the
subsequent rows. Then, as a consequence of Proposition 162, the desired result will follow.

Since A is in echelon form, the first row has a pivot below which all the elements are zero. Then that
row cannot be a linear combination of the following rows. Similar argument applies to the other rows. m

Remark 171 (Herstein (1975), page 178) “We point out that linear dependence is a function not only of
the vectors but also of the field. For instance, the field of complex numbers is a vector space over the field of
real numbers and it is also a vector space over the field of complex numbers. The elements vy = 1,v5 =i in
it are linearly independent over the reals, but linearly dependent over the complexes, since iv1+(—1)ve = 0.7

Proposition 172 Let V be a vector space and v*,v?,...,v™ € V. Ifv', ...,o™ are linearly dependent vectors
and vt v™tE €V oare arbitrary vectors, then

1 m . m+1 m-+k
(PR L sy U

are linearly dependent vectors.

Proof. From the assumptions 3¢* € {1,...,m} and (a;);z+ such that
v = Z v’
JF#*
But then
vl = Z Oéj’Uj +0-0mt 40 Um—i—k,
A
as desired m

Proposition 173 If v!,...,v™ € V are linearly independent vectors, S := {vl,...,vm} and S’ C S, then
vectors in S" are linearly independent.

Proof. Suppose otherwise, but then you contradict the previous proposition. m
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4.7 Basis and dimension

Definition 174 Given a nonempty set X, a sequence on X is a function x : N — X, where N C N. A
subsequence of x is the restriction of x to a subset of N, i.e., xy. If the cardinality of N is finite, then the
sequence is called a finite sequence. If the cardinality of N is infinite, the the sequence is called an infinite
sequence.

Remark 175 Very commonly, for any i € N, the value x (i) is denoted by x;; the sequence is denoted by
(w4);en ; the subsequence of x equal to x|y with N C {1,...,n} is denoted by (x;);cp -

Remark 176 Observe that given x,y € X, the two finite sequences (x,y) and (y,x) are different: in other
words, for (finite) sequences, “order matters”.

Remark 177 Observe that Proposition 178 can be rephrased as follows: A finite sequence of vectors is
linearly independent if and only if any subsequence is linearly independent. That observation motivates and
makes the following definition consistent with the definition of linear independent finite sequences.

Definition 178 Let N C N be given. A sequence (vy),n of vectors in a vector space V' is linearly inde-
pendent if any finite subsequence of (vn),cy is linearly independent. A sequence (vy),cy of vectors in a
vector space V is linearly dependent if it not linearly independent, i.e., if there exists a finite subsequence of
(Vn)ypen which is linearly dependent.

Remark 179 We consider the following sentences as having the same meaning:
“the vectors v*, with i € N, in the vectors space V are linearly dependent (independent) vectors”;
“the sequence (vy), o in the vectors space V' is linearly dependent (independent)”;
“(Un)pen n the vectors space V is linearly dependent (independent)”.

Definition 180 Let N C N be given. A sequence (vy,)
called a basis of V' if

nen Of vectors in a vector space V' on a field F is

1. (vn),en is linearly independent;
2. span ((vn),en) = V.
Lemma 181 Suppose that given a vector space V', span (vl, . vm) =V.
1. Ifw eV, then w,v',...,v™ are linearly dependent and span (w,vl, ...,vm) =V,
2. If v* is a linear combination of v',...,v* "1, then span (vl, U Lt I L S vm) =V.
Proof. Obvious. m
Lemma 182 (Replacement Lemma) Let a vector space V and vectors
vl eV

and
wl, ., wmeV
be given. If
1. span (Ul,...,v”) =V,

m

2. wh, ..., w™ are linearly independent,

then
1. n>m,

2. a. If n =m, then span (w',...,w™) =V.
b. if n > m, there exists {v",...,v'n=m} C {v!, . 0"} such that

span (wl7 ...7w"”,v“,...71)’””") =V.
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Proof. Observe preliminary that since w!, ..., w™ are linearly independent, for any j € {1,...,m}, w’/ # 0.

We now_distinguish 2 cases: Case 1. For any i € {1,...,n}, v* # 0, and Case 2. There exists i € {1,...,n}
such that v* = 0.
Case 1.

Now consider the case n = 1. w!,...,w™ € V implies that there exists (Ozj);n:l € R™ such that Vj, o; # 0

1

and w/ = a’v!, then it has to be m = 1 (and conclusion 1 holds) and since w' = a;v;, span (wl) =V (and

conclusion 2 holds).
Consider now the case n > 2.
First of all, observe that from Lemma 181.1, w!,v!,...,v™ are linearly dependent and

span (wl, vt ...,v”) =V.

By Lemma 162, there exists k; € {1,...,n} such that v* is a linear combination of the preceding vectors.
Then from Lemma 181.2, we have

span (wl, (vi)#h) =V

Then again from Lemma 181.1, w?, w?, (vi)#kl are linearly dependent and

span (wl,wz, (vi)#h) =V.

By Lemma 162, there exists kz € {2,...,n}\ {k1} such that v*2 or w? is a linear combination of the preceding
vectors. That vector cannot be w? because of assumption 2. Therefore,

span (wl,wQ, (vi)i;ékhkz) =V.

We can now distinguish three cases: m <n, m =n and m > n.
Now if m < n, after m steps of the above procedure we get

1 m i _
span (w s ooy W ,(v )#khk%“,km) =V,

which shows 2.a. If m = n,we have

span (w', ..., w™) =V,

which shows 2.b.
Let’s now show that it cannot be m > n. Suppose that is the case. Then, after n of the above steps, we get
span (wl, e w") =V and therefore w"™*! is a linear combination of (wl, e w"), contradicting assumption

Case 2.
In the present case, we assume that there exists a set I such that Iy # @ and Iy C {1, ...,n}. Define also
I ={1,..,n}\Iy and ny = #I;. Clearly,
span (vi NS Il) = span (vl, ...,v”) =V
and ny < n. Then, repeating the “replacement” argument described in Case 1 applied to

v* such that i € I,

and

we get
(i) n > ny > m, i.e., Conclusion 1 holds and Conclusion 2a does not hold true, and
(ii) there exists 4 4 ,
{v“, ...,vl#’rm} - {vl (i€ Il} C {vl, ...,v”}
such that 4 4
span (wl, v W™ ...,vl#flf"") =V,

and therefore Conclusion 2b does hold true. m
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Proposition 183 Assume that (ul,u27 7u") and (vl,'v2, ...,vm) are bases of V.. Then n =m.
Proof. By definition of basis we have that
span (ul,uz, ...,u”) =V and v',v? ...,v™ are linearly independent.
Then from Lemma 182, m < n. Similarly,

span (vl,v2, ...,v"”) =V and wu!,u?, ...,u" are linearly independent,

and from Lemma 182, n <m. =
The above Proposition allows to give the following Definition.

Definition 184 A wvector space V' has dimension n € N if there exists a basis of V' with cardinality n. In
that case, we say that V' has finite dimension (equal to n) and we write dimV = n. If a vector space does
not have finite dimension, it is said to be of infinite dimension.

Definition 185 The vector space {0} has dimension 0. A (indeed, the) basis of {0} is the empty set.

Example 186 1. A basis of R™ is (el7 UL e”), where €' is defined in Definition 55. That basis is called
canonical basts. Then dimR"™ = n.

2. Consider the vector space P, (t) of polynomials of degree < m. 0t} ..t" is a basis of P, (t) and
therefore dim P, (t) = n + 1.

Example 187 Put the example of infinite dimensional space from Hoffman and Kunze, page 43.
Proposition 188 Let V' be a vector space of dimension n.

1. m > n vectors in 'V are linearly dependent;

2. Iful,...,u™ €V are linearly independent, then (ul, ,u”) 18 a basis of V;

3. If span (ul, ,u") =V, then (ul, ...,u") s a basis of V.

Proof. Let (w,...,w™) be a basis of V.

1. We want to show that v!,...,o™ arbitrary vectors in V are linearly dependent. Suppose otherwise,
then by Lemma 182, we would have m < n, a contradiction.

2. It is the content of Lemma 182.2.a.

3. We have to show that u!,...,u™ are linearly independent. Suppose otherwise. Then there exists
k € {1,..,n} such that span ((ul)#k) = V, but since w',...,w™ are linearly independent, from

Proposition 182 (the Replacement Lemma), we have n < n — 1, a contradiction.
]

Remark 189 The above Proposition 188 shows that in the case of finite dimensional vector spaces, one of
the two conditions defining a basis is sufficient to obtain a basis.

Proposition 190 (Completion Lemma) Let V be a vector space of dimension n and w',...,w™ € V be
linearly independent, with®> m < n. If m < n, then, there exist u',...,u™ ™ such that

(wl, W™, ut ...,u"_m)
s a basis of V.
Proof. Take a basis v!,...,9" of V. Then from Conclusion 2.b in Lemma 182,

span (w', ..., w™, V", ) = VL

Then from Proposition 188.3, we get the desired result. m

5The inequality m < n follows from Proposition 188.1.
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Proposition 191 Let W be a subspace of an n—dimensional vector space V. Then
1. dimW < n;
2. If dmW =mn, then W =V.

Proof. 1. From Proposition 188.1, m > n vectors in V are linearly dependent. Since the vectors in a
basis of W are linearly independent, then dim W < n.

2. If (wl7 7w”) is a basis of W, then span (wl, ...,w”) = W. Moreover, those vectors are n linearly
independent vectors in V. Therefore from Proposition 188.2.; span (wl, e w") =V. m

Remark 192 As a trivial consequence of Proposition 190, V = span {ul, e uT} =dimV <r.

Example 193 Let W be a subspace of R?, whose dimension is 3. Then from the previous Proposition,
dim W € {0,1,2,3}. In fact,

If dim W =0, then W = {0}, i.e., a point,

if dimW =1, then W 1is a straight line trough the origin,

if dimW = 2, then W is a plane trough the origin,

if dim W = 3, then W = R3.

T oo~

4.8 Coordinates

Proposition 194 Let (ul,u2, ,u") be a basis of Von a field F if and only if Vv € V there exists a unique
(i), € F™ such thatv =Y | azu’.
Proof. [=] Suppose there exist (o)}, (8;);—; € R™ such that v ="  a;u’ =31 | B;u’. Then

n

0= Zaiui - Z,BLU’ = Z (e — B;) u".
i=1 i=1

i=1

Since u',u?,...,u™ are linearly independent,
Vie{l,..,n}, a; —B; =0,
as desired.
(<]
Clearly V = span (S); we are left with showing that u!,u?,...,u" are linearly independent. Consider
Yo out = 0. Moreover, Y. 0-u' = 0. But since there exists a unique (o;);_, € R™ such that

v =731, a;u’, it must be the case that Vi € {1,...,n}, a; =0. =
The above proposition allows to give the following definition.

Definition 195 Given a vector space V on a field F' with a basis V = (vl, e v"), the associated coordinate
function is
cry V= F" v cery(v) = [v]),

where cry (v) is the unique vectors of coefficients which give v as a linear combination of the element of
the basis, i.e., cry (v) := (ay) iy such that v ="y | a;v".

4.9 Row and column span
We start our analysis with a needed lemma.

Lemma 196 Given a vector space V, if
1. the vectors v',...,v* € V are linearly independent, and
2. v**1 € V and the vectors v',...,v* v*t1 are linearly dependent,

then

UkJrl 1 k

s a linear combination of the vectors v, ..., v".



4.9. ROW AND COLUMN SPAN

Proof. Since v',...,v%, v**! are linearly dependent, then

Fic{l,..k+1}, (ﬁj)je{l _____ I} such that v’ = Z Bl
JE{L,... . k+1\{i}

If ¢ = k + 1,we are done. If i # k + 1, without loss of generality, take ¢ = 1. Then

k+1
such that v! = Z’ijj.
j=2

3 (%)‘76{1,..4,“1}\{1}

If 7441 = 0, we would have v' — Z?:z 7v;v7 = 0, contradicting Assumption 1. Then

1 k
P = vl — g V40
V41 =2

[

Remark 197 Let V be a vector space and S CT C V. Then,
1. span S C span T
2. span (span S) = span S.

Definition 198 For any A € M (m,n),
the row rank of A is the dim(row span of A);
the column rank of A is the dim(col span of A).
Proposition 199 For any A € M (m,n), row rank of A is equal to column rank of A.

Proof. Let A be an arbitrary m X n matrix

ail ce Q15 e Q1p
;1 - Ay e Qip
m1 - Amj ... OQmnp

Suppose the row rank is » < m and the following r vectors form a basis of the row space:

ST = [bu blj bln]
S = [bkl bkj bkn]
Sp = [br1 oo brj o by

Then, each row vector of A is a linear combination of the above vectors, i.e., we have
T
Vie{l,..,m}, R = aiSk
k=1

or

Vi € {1,...,m}, [ i1 oo Qi .. Qin ] :Zaik [bkl bkj bkn] s
k=1

and setting the j component of each of the above vector equations equal to each other, we have

vje{l,..,n} and Vie{l, .. m}, aij = Zaikbkj7
k=1

61
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and ,
aij = > p_q kb,
. T
vje{l,..,n}, aij = Y _p—q Qirbrj,
— T b
Amj; = Zk:l Um0y,
or
aij a1k
. T cee
vje{l,.,n} , Q5 = E b Qik )
k=1
Amj Amk

i.e., each column of A is a linear combination of the r vectors

Qa1 Qi Qir
Q41 y ey ;;é;k y ey (€274
Q1 Amk Oy
Then, from Remark 192,
dim col span A < r = rowrank A, (4.10)

ie.,
colrank A < rowrank A.

From (4.10) ,which holds for arbitrary matrix A, we also get
dim colspan AT < rowrank A”. (4.11)

Moreover,

AT Fmk. 149

dim col span dim row span A := rowrank A

and
. Rmk. 149 ..
rowrank AT := dimrow span A7 "% " dim col span A.

Then, from the two above equalities and (4.11), we get
row rank A < dim colspan A, (4.12)
and (4.10) and (4.12) gives the desired result. m

Proposition 200 For any A € M (m,n),
1. the row rank of A is equal to the mazimum number of linearly independent rows of A;
2. the column rank of A is equal to the maximum number of linearly independent columns of A.

Proof. 1.

Let k1 := row rank of A and ks :=maximum number of linearly independent rows of A. Assume our
claim is false and therefore, either a. ki > ko, or b. k1 < ko.

a

Let (v!,...,v*2) a finite sequence of linearly independent rows of A.Since, by assumption, ks is the
maximum number of linearly independent rows of A, then, from Lemma 196, the other rows of A are a linear
combination of v!,..,,v*? and from Lemma 181, span(v?, ...,v*?) = rowspanA. Then, (v',...,v*?) is a basis
of span A and therefore k; := row rankA := dim row spanA = ks, contradicting the assumption of case a.

b.

In this case we would have ks linearly independent vectors in a vector space of dimension k1, with ko > k1,
contradicting Proposition 188.1 .

2.

The proof is basically the same as the above one. m
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Corollary 201 For every A € M (m,n),

row rank A = mazimum number of linearly independent rows of A =
(4.13)
= maximum number of linearly independent columns of A = colrank A.

Proof. It follows from Propositions 199 and 200. =
Exercise 202 Check the above result on the following matrix

3
6

1
5
3 0

N~ N
—_

4.10 Exercises

Problem sets: 1,2,3,4,5,6,7.
From Lipschutz (1991), starting from page 162:
5.3, 5.7, 5.8, 5.9, 5.10, 5.12 — 5.15, 5.17 — 5.23, 5.24 — 5.29, 5.31 — 5.34, 5.46 — 5.49.
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Chapter 5

Determinant and rank of a matrix

In this chapter we are going to introduce the definition of determinant, an useful tool to study linear
dependence, invertibility of matrices and solutions to systems of linear equations.

5.1 Definition and properties of the determinant of a matrix

To motivate the definition of determinant, we present an informal discussion of a way to find solutions to
the linear system with two equations and two unknowns, shown below.

a;1®1 + apr2 = by
5.1
{ a21%1 + g2 = by (5:1)

The system can be rewritten as follows

Az =D

A= ai; a2 . = T . b= b1 '
az  a ) b2
Let’s informally discuss how to find solutions to system (5.1). If ass # 0 and a1 # 0, multiplying both
sides of the first equation by ass, of the second equation by —a;5 and adding up, we get

where

@11022%1 + A12022T2 — A12021T1 — G12G22T2 = G22b1 — a12b2

Therefore, if
a11a22 — a12021 # 0
we have
_ biagy — baarp
11022 — Q12021

1

In a similar manner® we have

boair — biag:
oy — (5.3)
a11022 — 12021

We can then the following preliminary definition: given A € My, the determinant of A is

ail a2
det A = det 1= 011022 — 412021
az1 Aa22

Using the definition of determinant, we can rewrite (5.2) and (5.3)as follows.

L Assuming as1 # 0 and a11 # 0, multiply both sides of the first equation by a21, of the second equation by —a11 and then
add up.

65
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det b a1z det an by
bs ass az1  bo
and 1z =

det A det A
We can now present the definition of the determinant of a square matrix A, «, for arbitrary n € N.

r =

Definition 203 Givenn > 1 and A € M (n,n), Vi,j € {1,...,n}, we call A;j € M (n —1,n — 1) the matric
obtained from A erasing the i — th row and the j — th column.

Definition 204 Given A € M (1,1), i.e., A = [a] with a € R. The determinant of A is denoted by det A
and we let det A := a. For N\ {1}, given A € M (n,n), we define the determinant of A as

3

det A := Z(—1)1+ja1j det Ay;

j=

—

Observe that [alj]? | is the first row of A, i.e.,

det A:=Y (1) RY (A)det Ay;
j=1
Example 205 For n = 2, we have

2
det l: f11 @13 :l = Z(—1)1+ja1j det A1j = (—1)1+1a11 det A11 + (—1)1+2a12 det A12 =
az1 Q22 =

= (11022 — G12021
and we get the informal definition given above.
Example 206 For n = 3, we have
air a2 a3
det A=det | az1 asx a3 | = (—1)1+1a11 det A;; + (—1)1+2a12 det A1 + (—1)1+3a13 det A3
azi1 asz ass
Definition 207 Given A = [a;;] € M (n,n), , Vi,j, det A;; is called minor of a;; in A;
(—1)i+j det Aij
is called cofactor of a;; in A.

Theorem 208 Given A € M (n,n), det Ais equal to the sum of the products of the elements of any rows or
column for the corresponding cofactors, i.e.,

Vi€ {l,..n}, det A= (=1)"" RV (A)det Aj (5.4)

j=1

and .
Vj€{l,..n}, det A= (=1)"CI (A)det Aj; (5.5)

i=1

Proof. Omitted. We are going to omit several proofs about determinants. There are different ways of
introducing the concept of determinant of a square matrix. One of them uses the concept of permutations
- see, for example, Lipschutz (1991), Chapter 7. Another one is an axiomatic approach - see, for example,
Lang (1971) - he introduces (three) properties that a function f : M (n,n) — R has to satisfy and then
shows that there exists a unique such function, called determinant. Following the first approach the proof
of the present theorem can be found on page 252, in Lipschutz (1991) Theorem 7.8, or following the second
approach, in Lang (1971), page 128, Theorem 4. ®
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Definition 209 The expression used above for the computation of det A in (5.4) is called “(Laplace) expan-
sion” of the determinant by row 1.

The expression used above for the computation of det A in (5.5) is called “(Laplace) expansion” of the
determinant by column j.

Definition 210 Consider a matric Apx,. Let 1 <k <mn. A k —th order principal submatriz (minor) of A
is the (determinant of the) square submatriz of A obtained deleting (n — k) rows and (n — k) columns in the
same position.

Theorem 211 (Properties of determinants)
Let the matriz A = [a;;] € M (n,n) be given. Properties presented below hold true even if words “column,
columns” are substituted by the words “row, rows”.

1. det A =det A7
2. if two columns are interchanged, the determinant changes its sign,.

3. if there exists j € {1,..,n} such that CJ (A) = >V _, B,b", then

p p
det [C (A), ..., > BybF,..,C" (A)| = By det [CT (A), .., bF,....,C" (A)],
k=1 k=1

i.e., the determinant of a matrix which has a column equal to the linear combination of some vectors is
equal to the linear combination of the determinants of the matrices in which the column under analysis
is each of the vector of the initial linear combination, and, therefore, V3 € R and Vj € {1,...,n},

det [CT (A), ..., BCY (A),...,C™ (A)] = Bdet [C" (A),...,C7 (A),...,C" (A)] = Bdet A.

4. if 3j € {1,...,n} such that C7 (A) =0, then det A = 0, i.e., if a matriz has column equal to zero, then
the determinant is zero.

5. if 34,k € {1,...,n} and B € Rsuch that C7 (A) = BC* (A), then det A = 0, i.e., the determinant of a
matriz with two columns proportional one to the other is zero.

6. If Ik € {1,....,n} and By, ..., Bx_1, Bry1s > B € R such that CF(A) = Z#k BjC’j (A), then det A =0,

i.e., if a column is equal to a linear combination of the other columns, then det A = 0.

det |C* (A),...,C*(A)+ ) B;-CI(A),...C" (A)| =det A
J#k

8 Vi j*e{l, ... n}, X" a;;- (—1)i+j* det A;j« = 0, i.e., the sum of the products of the elements of a
column times the cofactor of the analogous elements of another column is equal to zero.

9. If A is triangular, det A = aq1 - ... - @22 « ...Qpp, i.€., if A is triangular (for example, diagonal), the
determinant is the product of the elements on the diagonal.

Proof. 1.

Consider the expansion of the determinant by the first row for the matrix A and the expansion of the
determinant by the first column for the matrix AT.

2.

We proceed by induction. Let A be the starting matrix and A’the matrix with the interchanged columns.

P (2) is obviously true.

P(n—1)=P(n)

Expand det A and det A’ by a column which is not any of the interchanged ones:

det A= (=1)"C} (A)det Aj;
i=1
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det A" = "(=1)""Cj (A) det A
i=1
Since Vk € {1,...,n}, Axj, A;Cj € M(n—1,n—1), and they have interchanged column, by the induction
argument, det Ay; = —det A;Cj, and the desired result follows.
3.
Observe that N

P P
> Bt = (Z wf)
k=1 k=1

i=1
Then,
det [C’l (A), .., F_ BpbF, ..o (A)] =
by
P
=det |C' (A),...,> By | b |,..C"(4)| =
k=1
bk
zzl BkbllC
=det [C1(A),..., SP_ L BRE |, O (A)] =
i:l Bkbﬁ
=> (=)™ (Z ﬂkb§> det A;; =
i=1 k=1
=3P B 3" (=) pkdet A;; = S P_. B, det [C(A),....bF, ....C" (A)].
> k=1 Br i i J k=1Pk
4.
It is sufficient to expand the determinant by the column equal to zero.
5

Let A := [Cl (A),BC*(A),C3(A),...,.C" (A)} and A := [C’l (A),Cr(A),C3(4),...,C" (A)] be given.
Then det A = 3 det [C* (4),C' (A),C3(A),...,C™ (A)] = Bdet A. Interchanging the first column with the
second column of the matrix g, from property 2, we have that det A = —det Aand therefore det A = 0, and
det A=pdet A=0.

6.
It follows from 3 and 5.
7.
It follows from 3 and 6.

8.

It follows from the fact that the obtained expression is the determinant of a matrix with two equal
columns.

9.

It can be shown by induction and expanding the determinant by the firs row or column, choosing one
which has all the elements equal to zero excluding at most the first element. In other words, in the case of
an upper triangular matrix, we can say what follows.

ail a2
det = ai1 - a92.
0 as 11 * G22

ai;p a2 aiz ... Qin
0 aoo 423 a2n
22 A23 ... a2n 0
0 0 a a a33 a3n
det 33 3n = aill det . =Qai1 Q22 0433 ...app.
0 eee  Gpn
0 0 Apn
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Theorem 212 For any A, B € M (n,n), det(AB) = det A - det B.
Proof. Exercise. m

Definition 213 A € M (n,n) is called nonsingular if det A # 0.

5.2 Rank of a matrix

Definition 214 Given A € M (m,n), a square submatriz of A of order k < min {m,n} is a matriz obtained
considering the elements belonging to k rows and k columns of A.

Definition 215 Given A € M (m,n), the rank of A is the greatest order of square nonsingular submatrices

of A.
Remark 216 rankA < min{m,n}.

To compute rank A, with A € M (m, n), we can proceed as follows.

1. Consider k¥ = min {m, n}, and the set of square submatrices of A of order k. If there exists a nonsingular
matrix among them, then rank A = k. If all the square submatrices of A of order k are singular, go to step
2 below.

2. Consider k — 1, and then the set of the square submatrices of A of order k — 1. If there exists a
nonsingular matrix among them, then rank A = k£ — 1. If all square submatrices of order k — lare singular,
go to step 3.

3. Consider k — 2 ...

and so on.

Remark 217 1. rank I,, = n.

2. The rank of a matriz with a zero row or column is equal to the rank of that matriz without that row
or column, i.e.,

A A 0
rank { 0 } = rank [ A0 ] :rank[ 0 0 ] =rank A

That result follows from the fact that the determinant of any square submatriz of A involving that zero
row or columns is zero.

8. From the above results, we also have that

I, 0]
rank[o 0]7"

We now describe an easier way to the compute the rank of A, which in fact involves elementary row and
column operations we studied in Chapter 1.

Proposition 218 Given A, A’ € M (m,n),
( A is equivalent to A') < (rank A = rank A’)

Proof. [=] Since A is equivalent to A’, it is possible to go from A to A’ through a finite number of
elementary row or column operations. In each step, in any square submatrix A* of A which has been changed
accordingly to those operations, the elementary row or column operations 1, 2 and 3 (i.e., 1. row or column
interchange, 2. row or column scaling and 3. row or column addition) are such that the determinant of
A* remains unchanged or changes its sign (Property 2, Theorem 211), it is multiplied by a nonzero constant
(Property 3), remains unchanged (Property 7), respectively.

Therefore, each submatrix A* whose determinant is different from zero remains with determinant different
from zero and any submatrix A* whose determinant is zero remains with zero determinant.

[<]
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From Corollary 158.2 2, we have that there exist unique 7 and 7 such that

. . I 0
A is equivalent to [ 0 0 }
and
I 0
/3 : T
A’ is equivalent to [ 0 0 } .

Moreover, from [=] part of the present proposition, and Remark 217

~

rankAzrank[ L0 ] =7

0 0
and
rankA’ = rank { Ig 8 } =7.

Then, by assumption, 7 = 7’ :=r, and A and A’ are equivalent to

I. 0
0 0
and therefore A is equivalent to A’. m
Example 219 Given
1 2 3
2 3 4
3 5 7
we can perform the following elementary rows and column operations, and cancellation of zero row and

columns on the matrix:

Lz b2 1 2 3 1 1 3
2 3 4 |,1{2 3 4], 9 3 4|12 1 4|
3 5 7 0 0 O

1 1 0 1 10 01 0 1 0
21 1}’(]00 1’00 1|0 1]

Therefore, the rank of the matrix is 2.

5.3 Inverse matrices (continued)

Using the notion of determinant, we can find another way of analyzing the problems of i. existence and ii.
computation of the inverse matrix. To do that, we introduce the concept of adjoint matrix.

Definition 220 Given a matrix A, x,, we call adjoint matriz of A, and we denote it by Adj A, the matrix
whose elements are the cofactors® of the corresponding elements of AT .

2That results says what follows:
For any A € M(m,n), there exist invertible matrices P € M(m,m) and Q@ € M(n,n) and a unique number r €

{0,1,...,min {m,n}} such that A is equivalent to

pia=[ 5 1]

3From Definition 207, recall that given A = [a;;] € M (m,m), Vi, j,
(—1)i+j det Aij

is called cofacor of a;; in A.
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Remark 221 In other words to construct Adj A,
1. construct AT,
2. consider the cofactors of each element of AT.

Example 222

Observe that

Example 223

1 2 3 1 0 1 -4 6 1
A=10 1 2|, AT=|2 1 2|, AdjA=| 2 -3 =2
1 2 0 3 20 -1 0 1
Proposition 224 Given A, x,, we have
A-Adj A=Adj A-A=detA-1 (5.6)

Proof. Making the product A - Adj A := B, we have

1. Vi € {1,...,n}, the ¢ — th element on the diagonal of B is the expansion of the determinant by the
1 — th row and therefore is equal to det A.

2. any element not on the diagonal of B is the product of the elements of a row times the corresponding

cofactor a parallel row and it is therefore equal to zero due to Property 8 of the determinants stated in
Theorem 211). m

Example 225

1 2 3
det| 01 2| =-3
12 0 |
1 2 3 -4 6 1 -3 0 0
01 2 2 -3 -2 |=|0 -3 0 |=-3-1
1 20 -1 0 1 | 0 0 -3

Proposition 226 Given an n X n matriz A, the following statements are equivalent:
1. det A # 0, i.e., A is nonsingular;
. A7 emists, i.e., A is invertible;

. rank A = n;

. the column vectors of the matriz A are linearly independent;

2
3
4. rowrankA = n;
5
6. colrankA =n;
7.

the row vectors of the matrix A are linearly independent;

Proof. 1 =2
From (5.6) and from the fact that det A # 0, we have
Adj A Adj A |
det A det A N
and therefore
L AdjA

~ det A
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1<2
AATY =T = det (AA™!) =det] = det A-det A=t =1 = det A # 0 (and det A~' # 0).

13

It follows from the definition of rank and the fact that A is n x n matrix.

2=5

From (4.8), it suffices to show that (Az = 0=z =0). Since A~! exists, Az = 0= A1 Az = A710 =
z=0.

2«5

From Proposition 188.2, the n linearly independent column vectors [Cl (A),..,Ci(A),..,.C" (A)] are
a basis of R™. Therefore, each vector in R™ is equal to a linear combination of those vectors. Then Vk €
{1,...,n} 3b* € R™ such that the k—th vector e* in the canonical basis is equal to [C* (4) , ..., C; (4) , ...,C™ (4)]-
bF = Ab*, ie.,

[ el ... eF .o ] = [ Abt L ABE L AP ]

or, from (3.4) in Remark 70, defined

B:=[0' .. b b

I=AB

i.e., A7! exists (and it is equal to B).
The remaining equivalences follow from Corollary 201. m

Remark1 227 From the proof of the previous Proposition, we also have that, if det A # 0, then det A™! =
(det A)™.

Remark 228 The previous theorem gives a way to compute the inverse matriz as explained in (5.7).

Example 229 1.

1 2 3 -4 6 1
0 1 2 =—=| 2 -3 -2
1 20 -1 0 1
2.
01 171" 1 0 1
1 10 = 1 1 =1
11 1 0 -1 1
3.
01 27" 0 1 2
3 4 5 does not exist because det | 3 4 5 | =0
6 7 8 6 7 8
4.
1
01 0 R S
2 0 2 = 1 0 0
12 3 -1 -3 3
5.
a 001" 100
0 b 0 =0 ;0
00 c 00 2

if a,b,c # 0.
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5.4 Span of a matrix, linearly independent rows and columns,
rank

Proposition 230 Given A € M (m,n), then
rowrank A = rank A.

Proof. First proof.

The following result which is the content of Corollary 158.5 plays a crucial role in the proof:

For any A € M (m,n), there exist invertible matrices P € M (m, m) and @ € M(n,n) and a unique
number 7 € {0, 1,...,min {m,n}} such that

A is equivalent to PAQ = { 1;; 8 } .

From the above result, Proposition 218 and Remark 217 , we have that

rank A = rank [ j('; 8 } =r. (5.8)

From Propositions 105 and 152, we have
row span A = row span PA;

from Propositions 119 and 152, we have
I. 0
colspan PA = colspan PAQ = colspan 0 .

From Corollary 201,
dim row span PA = dim col span PA.

Therefore )
dim row span A = dim col span [ 6 8 =, (5.9)
where the last equality follows simply because

I,

1 I, 0| 1
colspan | o | =colspan | |

I,

0 | are linearly independent and therefore, from Proposition 77 ,

and the r column vectors of the matrix

r

0
From (5.8) and (5.9), the desired result follows.

they are a basis of span

Second proof.
We are going to show that row rank A = rank A.
Recall that

r € N such that
rowrank A := < i. r row vectors of A are linearly independent, >
ii. if m > r, any finite sequence of rows of A of cardinality > r is linearly dependent.

We ant to show that

1. if rowrank A = r, then rank A = r, and

2. if rank A = r, then rowrank A = r.

1.

Consider the r linearly independent row vectors of A. Since r is the maximal number of linearly indepen-
dent row vectors, from Lemma 196, each of the remaining (m — r) row vectors is a linear combination of the
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r linearly independent ones. Then, up to reordering of the rows of A, which do not change either row rank
A or rank A, there exist matrices A; € M (r,n) and Ay € M (m — r,n) such that

rank A = rank [ A } =rank A;
Az
where the last equality follows from Proposition 218. Then r is the maximum number of linearly in-
dependent row vectors of A; and therefore, from Proposition 199, the maximum number of linearly inde-
pendent column vectors of A;. Then, again from Lemma 196, we have that there exist A1; € M (r,7) and
A1z € M (r,n — ) such that

rank A; = rank [ Ay Aqa ] =rank A

Then the square r X r matrix A;; contains 7 linearly independent vectors. Then from Proposition 226,
the result follows.
2.

By Assumption, up to reordering of rows, which do not change either row rank A or rank A,
S r n—r—s

T A A Agg
m—r Ay A A23

with
rank A1 = 7.

Then from Proposition 226, row, and column, vectors of Ajs are linearly independent. Then from
Corollary ?7?, the r row vectors of
[ A A Ags |

are linearly independent

Now suppose that the maximum number of linearly independent row vectors of A are ' > r (and the
other m — r’ row vectors of A are linear combinations of them). Then from part 1 of the present proof, rank
A =1r' > r, contradicting the assumption. m

Remark 231 From Corollary 201 and the above Proposition, we have for any matric A, xn, the following
numbers are equal.

. rank A :=greatest order of square nonsingular submatrices of A,

. rowrank A := dimrowspan A,

. max number of linear independent rows of A,

. colrank A := dim colspan A,

. max number of linear independent columns of A.

Grds Lo o ~

Corollary 232 For any matric A € M(m,n), there exists r € {0,...,min{m,n}} such that A is equivalent

I. 0
0o o0 |’
where r = rank A.

5.5 Exercises

Problem sets: 9,10
From Lipschutz (1991), starting from page 115:
413, 4.14;
starting from page 258:
7.1 — 7.10, 7.14 — 7.16, 7.44, 7.48.



Chapter 6

Linear functions

6.1 Definition

Definition 233 Given the vector spaces V' and U over the same field F', a function [ :'V — U 1is linear if
L. Yo,weV,l(v+w)=1(v)+1(w), and
2. VYae F,YveV,l(aw)=al(v).

Call L (V,U) the set of all such functions. Any time we write L (V,U), we implicitly assume that V and
U are vector spaces on the same field F.

In other words, [ is linear if it “preserves” the two basic operations of vector spaces.

Remark 234 1. [ € L(V,U) iff Vo,w € V and Vo, § € F,l (aw + pw) = al (v) + I (w);
2. Ifle L(V,U), then 1(0) =0: for arbitrary x € V, 1(0) =1(0z) = 0l (z) = 0.

Example 235 Let V and U be vector spaces. The following functions are linear.
1. (identity function)
112V—>Vv, ll(’l)):'l}.

2. (null function)
lr: V= U, Iy (v) = 0.
Ya € F, lo: V=1V, lo (v) = av.

4. (projection function)

Vn € N,Vk € N, i
projnJrk,n . Rn+k - Rna projn+k7n : (xz)?i_l = (xz)’zn:la
5. (immersion function)
Vn € N,Vk € N,
bkt RT = RYTE e () ()1, ,0)  with 0 € R,

Example 236 Taken A € M (m,n), then
[:R" - R™,  I(z)=Ax
s a linear function, as shown in part 8 in Remark 76.
Remark 237 Let V and U be vector spaces. Ifl € L(V,U), then
graph l:={(v,u) € VxU :u=1(v)}

s a vector subspace of V- x U.

75
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Example 238 Let V' be the vector space of polynomials in the variable t. The following functions are linear.
1. The derivative defines a function D:V — V as

D:prp

where p' is the derivative function of p.
2. The definite integral from 0 to 1 defines a function i :V — R as

1
i:p»—>/ p(t)dt.
0

Proposition 239 Ifl € L(V,U) is invertible, then its inverse =1 is linear.
Proof. Take arbitrary u,u’ € U and «, 3 € F. Then, since [ is onto, there exist v,v’ € V such that
l(v)=u and [(¥) =4
and by definition of inverse function
7' (u)=v and [7'(u) =" .

Then
au+ fu’ = al (v) + AL (V') =1 (av + V)

where last equality comes from the linearity of /. Then again by definition of inverse,

7Y (au+Bu)) =av+ v/ = ad™ (u) + BI7 ().

6.2 Kernel and Image of a linear function
Definition 240 Assume thatl € L(V,U). The kernel of I, denoted by kerl is the set
{veV:l(w)=0}=1"10).
The Image of 1, denoted by Im1 is the set
{ueU:3FweV such that f (v) =u}=1(V).

Proposition 241 Givenl € L(V,U), then
1. kerl is a vector subspace of V, and
2. Im1 is a vector subspace of U.

Proof. 1.
Since 1 (0) = 0, then 0 € ker!.
Take v!,v? € kerl and «, 3 € F. Then

l (owl + ,61)2) =al (vl) + 5l (112) =0
ie., aw' 4+ pv? € kerl.
2

Since 0 € V and [ (0) = 0, then 0 € Im .
Take w!,w? € Iml and o, 8 € F. Then for i € {1,2} , Jv® € V such that [ (vz) = w;. Moreover,

aw' + pw? = ol (v;) + BL (v?) =1 (aw" + Bv?)
ie., aw! + Bw? € Iml. m

Proposition 242 If span (v',...,v™) =V and l € L(V,U), then span (L (v'),...,l (v")) = Im L.
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Proof. Taken u € Im [, there exists v € V such that I (v) = u. Moreover, 3 (a;);_; € R™ such that
v=> " av". Then

u=1w)=1 (Z:aﬂ/) = Zail (vl) ,

as desired. m
Remark 243 From the previous proposition, we have that if (vl, ...,v”) is a basis of V, then
n > dimspan (l (vl) ,...,l(v")) = dim Im/.

Example 244 Let V the vector space of polynomials and I : V. — V, p s p”, i.e., the third derivative of
p. Then
ker D% = set of polynomials of degree < 2,

since D3 (at? + bt + ¢) = 0 and D? (t") # 0 for n > 2. Moreover,
ImD3 =V,
since every polynomial is the third derivative of some polynomial.
Proposition 245 (Dimension Theorem)IfV is a finite dimensional vector space and 1 € L (V,U), then
dimV = dimker! + dimIm!

Proof. (Idea of the proof.

1. Using a basis of ker! (with n; elements) and a basis of Im[ (with ny elements), we construct ny + ns
vectors which generate V.

2. We show those vectors are linearly independent (by contradiction), and therefore a basis of V| and
therefore dim V' = nj 4+ nay.)

Since ker! C V and from Remark 243, ker! and Im! have finite dimension. Therefore, we can define
n1 = dimker! and ny = dimIm .

Take an arbitrary v € V. Let

(w',..,w™) be a basis of kerl (6.1)
and
(ul, ..,u""’) be a basis of Im! (6.2)
Then, _ _ _
Vi€ {1,..,no}, F' € V such that v’ =1 (v*) (6.3)
From (6.2),
na
Je = (¢;);2, such that [ (v) = Z ciu’ (6.4)
i=1

Then, from (6.4) and (6.3) ,we get

no

l(v) = Zciui = Zcil (")
i=1 i=1

and from linearity of [

Ozl(v)—Zcil (v') =1(v) =1 <Zczvl) :l<v—Zcivi>

ie.,
no

v— Z civ' € kerl (6.5)
i=1
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From (6.1),
no ni
3(d;)7_, such that v — Z civ' = Z djw’
i=1 j=1

Summarizing, we have

no ny
Vo e V,3(¢;)i2, and (d;)", such that v = chi + Zdjwj

j=1
i=1 =1

Therefore, we found nj + ne vectors which generate V'; if we show that they are linearly independent .i.,
then, by definition, they are a basis and therefore n = nj; + nq as desired.
We want to show that

S+ Y Bl =0 = (@2, (8)7,) =0 (6.6)
i=1 =1

Then

ni no

n ni
0= (et + X807 | = Yot () + Y0851 ()
i=1 j=1 i=1 j=1

From (6.1), i.e., (w',..,w™) is a basis of ker [, and from (6.3), we get

na
E ;U = 0
i=1

From (6.2), i.e., (u!,..,u"2) is a basis of Im1,
(@i);2, =0 (6.7)

But from the assumption in (6.6) and (6.7) we have that
ni )
> B =
j=1

and since (wl, - w”l) is a basis of ker [, we get also that

(8,)L, =0,

Jj=1
as desired. m

Example 246 Let V and U be vector spaces, with dimV = n,
In 1. and 2. below, we verify the statement of the Dimension Theorem: in 3. and 4., we use that
statement.
1. Identity function idy .
dimImidy =n
dimker! = 0.

2. Null function 0 € L (V,U)
dimIm0 =20
dimker 0 = n.

3. 1e L (R%R),
l ((1’1,1’2)) =T1.
Since kerl = {(z1,22) € R? : &1 = 0}, {(0,1)} is a basis' of kerl and

dimker! =1,
dimIml/=2-1=1.

In Remark 315 we will present an algorithm to compute a basis of ker .
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4. 1€ L(R%R?),

T
1 2 3
l((.’L‘l,ﬁCQ,x?,)) = |: 0 1 0 :| Z2

|

Imil = {y € R?: 3z € R? such that Az = y} =spancol A = rank A,

Defined

S =
= N
O W
.

since

and since the first two column vectors of A are linearly independent, we have that

dimIm{ =2
dimkerl=3-2=1.

Exercise 247 Let | € L(R3,R?) such that

T xcosl —ysinb
U — x sin 6§ 4 y cos 6
z z

be given. Find kerl and Im [ (Answer: kerl = {0}; Im [ = R3).

6.3 Nonsingular functions and isomorphisms

Definition 248 [ € L(V,U) is singular if Jv € V\ {0} such that I (v) = 0.

Remark 249 Thusl € L(V,U) is nonsingular if Vv € V\ {0}, 1 (v) # 0 i.e., kerl = {0}. Briefly,
1€ L(V,U) is nonsingular < kerl={0}.

Remark 250 In Remark 289, we will discuss the relationship between singular matrices and singular linear
functions.

Example 251 1. Let | € L(R3,R3) be the projection mapping into the xy plane, i.e.,

l: R3 — R3
x x
) = Y
z 0
Then [ is singular, since for any a € R, 1(0,0,a) = (0,0,0).
2. 1 € L(R3 R3) defined in Example 247 is nonsingular, since kerl = {0}.

Proposition 252 Ifl € L(V,U) is nonsingular, then the images of linearly independent vectors are linearly
independent.

Proof. Suppose v!,...,v" are linearly independent. We want to show that [ (vl) s ..y L (™) are linearly
independent as well. Suppose

Then

l <Zn:a1; ~vi> =0.
i=1

and therefore (31" | o -v') € kerl = {0}, where the last equality comes from the fact that [ is non-
singular. Then " | o; - v' = 0 and, since {v',...,v"} are linearly independent, (o;)!, = 0, as desired.
|
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Definition 253 Let two vector spaces V and U be given. U 1is isomorphic to V if there exists a function
1 € L(V,U) which is one-to-one and onto. 1 is called an isomorphism from V to U.

Remark 254 By definition of isomorphism , if | is an isomorphism, the [ is invertible and therefore, from
Proposition 239, 1~ Vis linear.

Remark 255 “To be isomorphic” is an equivalence relation.
Proposition 256 Any n-dimensional vector space Von a field F is isomorphic to F™.

Proof. Since V and F™ are vector spaces, we are left with showing that there exists an isomorphism
between them. Let V = {vl, . v"} be a basis of V. Recall that we define

cr:V—F" v [v],,

where cr stands for “coordinates”.
1. cr is linear. Given v,w € V, suppose

n n
v = g a;v" and w= g b;v*
i=1 i=1

ie.,
n

W]y =la];_, and [w], =[b];_; .
Vo, € F and Yo, v? € V|

n

av + fw = aiaivi +ﬂzn:bivi = Z(aai —}—Bbi)vi
i=1 i=1

i=1

ie.,
[aw + ﬁw]v = [a'i}?:l + 3 [bi]?:li = [U]v + [w]v .

2. cr is onto. V¥ (a);_; € R, er (X1 aiv?) = (a)_;. '
3. cr is one-to-one. cr(v) = cr (w) implies that v = w, simply because v = Sor e (v)ut and w =

S e (w)u'. m

Remark 257 If two spaces S and C are isomorphic, then we can use the isomorphism between the two
spaces to infer properties about one the two, knowing properties of the other one. Indeed, sometimes it is
possible to show a “complicated space” C' is isomorphic to a “simple space” S. Then, we can first show
properties about S, and then, using the isomorphism, infer properties of the complicated space C.

Proposition 258 Let V and U be finite dimensional vectors spaces on the same field F such that S =
(vl,...,v") is a basis of V. and u',...,u™ are arbitrary vectors in U. Then there exists a unique linear
function 1 : V. — U such that Vi € {1,...,n}, | (v’) = ul.

Proof. The proof goes the following three steps.

1. Define I;

. Show that [ is linear;

. Show that [ is unique.

. Using the definition of coordinates, Vv € V', define

=W N

1V —-U, UHZ[v]i-ui,

s
i=1

where [v]fg denotes the i — th component of the vector [v]g. Recall that e € R™ is the j — th element in the

. . n
canonical basis of R” and defined eJ, := (efl z) , we have
) i=1
1 if i=3

0 if ]
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Then ¥j € {1,...,n}, [v/]4 = ¢, and

2. Let v,w € V and o, 3 € F. Then
I (aw + Bw) =Zav—|—ﬂw5 U_Z( [] + 8w > Z S-ui—FBZ[w}
i=1 i=1 i=1 i=1

where the before the last equality follows from the linearity of [.] - see the proof of Proposition 256
3. Suppose g € L(V,U) and Vi € {1,...,n}, g (vi) =u'. Then Yo € V,

—g( m;.w)—z S =1
=1

i=1 i=1

-

where the last equality follows from the definition of [. =

Remark 259 Observe that if V and U are finite(nonzero) dimensional vector spaces, there is a multitude
of functions from V to U. The above Proposition says that linear functions are completely determined by
what “they do to the elements of a basis”of V.

Example 260 We want to find the unique linear mapping | : R2 — R? such that
1(1,2) = (2,3) and 1(0,1) = (1,4).
Observe that B := {(1,2),(0,1)} is a basis of R%. For any (a,b) € R?, there exist x,y € R such that
(a,b) = z(1,2) + y(0,1) = (z,2z + y),

i.e., a =x and b =2z 4+ y and therefore t = a and y = —2a + b. Then,

I(a,b) = 1(z(1,2) + y(0,1)) " 2" 21(1,2) + y1(0,1) = a(2,3) + (—2a + b)(1,4) = (b, —5a + 4b),

i.e.,

1:R?* = R?, (a,b) — (b, —5a + 4b).
Proposition 261 Assume that ! € L (V,U).Then,
l is one-to-one < 1 is nonsingular

Proof. [=]
Take v € kerl. Then

I(v)=0=1(0)
where last equality follows from Remark 234. Since [ is one-to-one, v = 0.
[<] If I (v) =1 (w), then I (v — w) = 0 and, since [ is nonsingular, v —w =0. =

Proposition 262 Assume that V and U are finite dimensional vector spaces and l € L (V,U).Then,
1. 1 is one-to-one = dimV < dimU;
2. lis onto = dimV > dimU;
3. 1 is invertible = dimV = dim U.

Proof. The main ingredient in the proof is Proposition 245 , i.e., the Dimension Theorem.

1. Since [ is one-to-one, from the previous Proposition, dimker! = 0. Then, from Proposition 245 (the
Dimension Theorem), dim V' = dimIm!. Since Im! is a subspace of U, then dimIm! < dim U.

2. Since [ is onto iff Im{ = U, from Proposition 245 (the Dimension Theorem), we get

dimV = dimker! + dim U > dim U.

3. [ is invertible iff [ is one-to-one and onto. m
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Proposition 263 Let V and U be finite dimensional vector space on the same field F. Then,

U and V are isomorphic < dimU = dim V.

Proof. [=]
It follows from the definition of isomorphism and part 3 in the previous Proposition.
(<]

Assume that V' and U are vector spaces such that dimV = dim U = n. Then, from Proposition 256, V'
and U are isomorphic to F™ and from Remark 255, the result follows. m

Proposition 264 Suppose V and U are vector spaces such that dimV = dimU =n andl € L(V,U). Then
the following statements are equivalent.

1. 1 is nonsingular, i.e., kerl = {0},

2. 1 is one-to-one,

3. 1 is onto,

4. 1 is an isomorphism.

Proof. [1 & 2].
It is the content of Proposition 261.
[1= 3]

Since ! is nonsingular, then ker! = {0} and dimker! = 0. Then, from Proposition 245 (the Dimension
Theorem), i.e., dimV = dimker! + dim Im!, and the fact dimV = dim U, we get dimU = dimIm!. Since
Im! C U and U is finite dimensional, from Proposition 191, Im! = U, i.e., [ is onto, as desired.

[3=1]

Since [ is onto, dim Im ! = dim V and from Proposition 245 (the Dimension Theorem), dim V' = dim ker ¢+
dim V, and therefore dimker! = 0, i.e., [ is nonsingular.

[1=4]

It follows from the definition of isomorphism and the facts that [1 < 2] and [1 = 3].

[4=1]

It follows from the definition of isomorphism and the facts that [2 < 1]. =

Definition 265 A vector space endomorphism is a linear function from a vector space V' into itself.

6.4 Exercises

From Lipschutz (1991), starting from page 325:
9.3, 9.6, 9.9 — 9.11, 9.16 — 9.21, 9.26, 9.27, 9.31 — 9.35, 9.42 — 9.44; observe that Lipschutz denotes

L(V,U) by Hom (V,U).



Chapter 7

Linear functions and matrices

In Remark 65 we have seen that the set of m x n matrices with the standard sum and scalar multiplication
is a vector space, called M (m,n). We are going to show that:
1. the set L (V,U) with naturally defined sum and scalar multiplication is a vector space, called L (V,U);
2. If dimV =n and dimU = m, then £ (V,U) and M (m, n) are isomorphic.

7.1 From a linear function to the associated matrix

Definition 266 Suppose V' and U are vector spaces over a field F' and l1,ls € L(V,U) and « € F.
lh+1l:V—=U, vl (v) + 1z (v)
al V= U, v aly (v).
Proposition 267 L (V,U) with the above defined operations is a vector space on F, denoted by L (V,U).

Proof. Exercise.!

]
Proposition 268 Compositions of linear functions are linear.

Proof. Suppose V, U, W are vector spaces over a field F, [y € L(V,U) and ls € L (U, W). We want to
show that [ := Iy 0ly € £L(V,W). Indeed, for anyay, s € F and for any v',v? € V, we have that

l (alvl + a2v2) = (lg o ly) (awl + a2v2) =1y (11 (alvl + azvg)) =
=5 (a1l1 (vl) + aly (02)) = aqly (l1 (vl)) + ainls (11 (1)2)) = aql (vl) + anl (v2) ,
as desired. ®m
Definition 269 Suppose | € L(V,U) , V = (vl,..‘,v”) is a basis of V, U = (ul,...,um) is a basis of U.
Then, ,
Wy =[], - @), - LWy ]eM@m,n), (7.1)

where for any j € {1,...,n}, [l (vj)}u 18 a column vector, is called the matriz representation of | relative

to the basis V and U. In words, [lm is the matriz whose columns are the coordinates relative to the basis of
the codomain of | of the images of each vector in the basis of the domain of I.

Remark 270 Observe that by definition of coordinates, there is a unique matrix representation of a linear
function relative to the basis V and U.

Definition 271 Supposel € L(V,U) , V: = (vl,...,v") is a basis of V., U := (u17...7um) is a basis of U.
S L(V,U) = M(m,n), 1+ [l]i’,{ defined in (7.1).

If no confusion may arise, we will denote go% simply by .

1For a detailed proof see Lipschutz (1989), page 270.

83
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Example 272 Given idy € L(V,V) and a basis V = (v',...,v") of V , then [idv]\\j =1I,.

The proposition below shows that multiplying the coordinate vector of v relative to the basis V by the
matrix [l%, we get the coordinate vector of [ (v) relative to the basis U.

Proposition 273 Vv e V,

[l
(= 0O = ROy B ]| by | =Dl (),
]
Moreover, from the linearity of the function cry := [.];,, and using the fact that the composition of linear

functions is a linear function, we get:

n

1)y = eru (L (v)) = (eryol) | Yo [F, - 07 | = [0 - (eruol) () = D[l - [1 (v7)],,-

j=1 j=1 j=1

Example 274 Let’s verify equality (7.2) in the case in which
a.

+
[:R? = R2, (21,22) ( R )

b. the basis V of the domain of l is

c. the basis U of the codomain of | is

The main needed computations are presented below.

= [ Co )l (V)L

RN R
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7.2 From a matrix to the associated linear function
Given A € M (m,n), recall that Vi € {1,..,m}, R’ (A) denotes the i — th row vector of A, i.e.,
R'(4)
A= | Ri(a)
R(ay |

Definition 275 Consider vector spaces V. and U with bases V = (vl, . v") and U = (ul, ...,um), respec-
tively. Given A € M (m,n), define

m

lz;,{y VU v Z (R*(A) - [v]y,) - u".

Example 276 TakeU:V:R2,vzg2,u={( 1 )( f )} and A — [ L 3} Then,

M, (1, 2s) ::z?_l(Ri(AHv]gz)-u":<[1 -3 ][2 D ( 1 >+<[ 02 ]m D < ? > -
:(a:l—?)xz)( i >+2x2( f)Z(iiiﬁiiiﬁi):(iifﬁ)

Proposition 277 l%,v defined above is linear, i.e., l%,v e L(V,U).
Proof. Vo, € R and Vo', 0% € V,
My (! +po?) =377 R (A)- [a! + ﬂvﬂv cut=3" R(A) - (a [vl]v +8 [v2]v) Syt =
=a )L RU(A) - [ol], ut + BN RY(A) - [07], - ul = ol (o) + By (0)
where the second equality follows from the proof of Proposition 256. m
Definition 278 Given the vector spaces V and U with bases V = (vl, ...,v") and U = (ul, ...,um), respec-
tively, define
Y§ M (myn) — L(V,U) A=, .
If no confusion may arise, we will denote 1/111/; simply by 1.
Proposition 279 ¢ defined above is linear.

Proof. We want to show that Va, 8 € R and VA, B € M (m,n),

¥ (@A + BB) = o) (A) + B¢ (B)

ie.,
Warspu = ol y + Bl y
ie,YveV,
lXAJr,BB,Z/I (v) = al%,v (v) + ﬁl}é,u (v).
Now,

Warppu () =20 (a- R (A)+ 8- R (B)) - [v]y, -u' =

=ad) " R(A) ], -u'+BY" R (B):[v], u" = al%)v (v) + BZEM (v),

where the first equality come from Definition 275. m
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7.3 M(m,n) and L (V,U) are isomorphic
Proposition 280 Given the vector space V. and U with dimension n and m, respectively,
M (m,n) and L(V,U) are isomorphic,

and
dim £ (V,U) = mn.

Proof. Linearity of the two spaces was proved above. We want now to check that 1 presented in
Definition 278 is an isomorphism, i.e., ¢ is linear, one-to-one and onto. In fact, thanks to Proposition 279,
it is enough to show that v is invertible.

First proof.

1. ¢ is one-to-one: see Theorem 2, page 105 in Lang (1971);

2. 1) is onto: see bottom of page 107 in Lang (1970).

Second proof.

L Yo =ride vy

Given [ € L (V,U), we want to show that Vv € V,

L(w) = ((¥op) 1) (v)

i.e., from Proposition 256,
(W)l = [((op) D)) (v)] -

First of all, observe that from (7.2), we have

Moreover,

(@ow) M) @y @ [v (1Y) @] 2 [T (- throw of 1) - o], - u]

u

—~
-

®)
u
= [(z — th row of [l]z{,{) . [v]v} - @ [l]z\’}’ [y,
where (1) comes from the definition of ¢, (2) from the definition of 9, (3) from the definition of [.],,, (4)
from the definition of product between matrices.

Given A € M (m,n), we want to show that (¢ o) (A) = A. By definition of 4,

Y (A) =14, such that Yo € V, 4, (v) = Y  R'(A) - [v], - . (7.3)
=1

By definition of ¢,
u
e (A) =[], -

Therefore, we want to show that [l%,v]i]}{ = A. Observe that from 7.3,

M, = X, RU(A) et = 3 [ain,005,@00] 1,000,010 = anul o tapuite tamau™
l%,v(’“j) = Z;lle(A)[U]]Vul = Zznzll[ail""7aij"“70'1'"]'[Oa""lv"'fo]'ui = a‘ljul+"'+aijui+"‘+a"w’um
B m) = SR RAMrlyuw = S [ eeaigseink OOl ul = arpulte i ui e

(From the above, it is clear why in definition 269 we take the transpose.) Therefore,

a11 a1j A1n
y u B
[ZA V]V - (4251 Aij Qi — Aa
Am1 Amj Amn

as desired.
The fact that dim £ (V,U) follows from Proposition 263. =
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Proposition 281 Let the following objects be given.

1. Vector spaces V with basis V = (vl,...,vj,...,v"), U with basis U = (ul,...,ui,...

basis W = (wl, L wk, ...,w”);
2.1, € ﬁ(V,U) and ls € E(U,W)
Then
oo i)y = (L)) - [l

or

Y (laoly) =@ (o) - &% (lh).

Proof. By definition?

W = [ D], - )], - B ] =

R Can I S (2 R N 1) R £
=l ey G e =] s W
() e ) e ) g i e
:[zﬂle{l 7777 ety = A€M m)
and therefore Vj € {1,...,n}, li (v/) = S 1f - u'.
Similarly,
el = [ [l2 (u')],y [l2 (w)],y 2 (™) ] =
B(ul) 1w () woi pm
= W) ) ey | =] e
zg'(.ﬁl) e Bl B (u™) zéi RO G
=[5 seq1. pyicr..my =B EM(p,m),
and therefore Vi € {1,...,m}, I (u) = >}_; 5" - wh.
Moreover, defined I := (I o ly), we get
Lol = [ [[@)]yy - @)y — L@ ], =
Moty o (ed) L ) I A
= | * (oY) * (7) ) | = | 1k [n
lpl('{ﬂ) e (1) P () R
= [lkj]ke{l ..... ety = CeM(pn),

and therefore Vj € {1,...,n}, 1 (vi) = Y7 _; Ik - wk
Now, Vj € {1,...,n}

L(v) = (o h) (19) = ba (1 (7)) = s (zz"lz“ w) =
S (ul) = S 1 Y k= Y S 1w

2y (v 1)] s [l1 (v™)], -are column vectors.

k

87
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The above says that Vj € {1,...,n}, the j — th column of C is
POURREIR A
S 1
UYL

On the other hand, the j — th column of B - A is

- TR
RZ L 2 L O I B

17
[1st row of B] - [j — th column of A] 17 S LY
221 l]2€i : lij

[p — th row of B] - [j — th column of A] 1 S

[k — th row of B]-[j — th column of A] | = [ 5 Iki ™ - 17

1
b

R R | I B

mj
h

as desired. m

7.4 Some related properties of a linear function and associated
matrix

In this section, the following objects will be given: a vector space V with a basis V = (Ul, . v"); a vector
space U with a basis U = (ul, ...,u"); le L(V,U) and A € M (m,n).
From Remark 150, recall that

colspan A = {z € R™:3 z € R" such that z = Az};

Lemma 282 cry (Im!l) = col span [Z]Z{}{

Proof. [C]
y € cry (Iml)

such that [l (v)], =y
2

We want to show that y € col span [lhuj =y € cry (Iml), ie., Ju € Imi such that y = [u],,.
y € colspan [l = 3z, € R” such that [I% -z, = y 1L 3y = > i1 Ty, v’ such that % - [v]y, =

Yy ProR 2T 30 € V such that LWy, =y “A" 3, € 1 such that y = [u],,, as desired. m

1L 30, € Im1 such that cry (w)=[ul, =y deLIml 3, ¢ V such that lw)y=u=>FweV

ProRu?™ 3, € V such that [l]g -[v],, =y = y € colspan [l]xb;{

Lemma 283 dimIm! = dim col span [l]]z’j = rank [l]\bj

Proof. It follows from the above Lemma, the proof of Proposition 256, which says that cry is an
isomorphism and Proposition 263, which says that isomorphic spaces have the same dimension. m
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Proposition 284 Givenl € L(V,U),
1. 1l onto < rank [l]z{){ =dimU;

2. | one-to-one < rank [l]lé =dimV;

-1
3. 1 invertible < [l]\l’,{ invertible, and in that case [1*1]5 = {[Z]V} .

Proof. Recall that from Remark 249 and Proposition 261, I one-to-one < [ nonsingular < ker! = {0}.

1. lonto & Iml =U < dimIm! = dim U """ ** rank [l]l{j =dimU.

Proposition 245 . : Lemma 283 .
2. lone-to-one & T dimIml = dim V " E Y rank [l]g =dimV.

3. The first part of the statement follows from 1. and 2. above. The second part is proven below. First
of all observe that for any vector space W with a basis W = (wl, - wk), we have that idy € L (W, W)
and

[idw]yy = [[idw (w")],,,, ., [idw (w*)],,] = .

Moreover, if [ is invertible
7t ol =idy

and .
(17t ol],, = lidy]y; = I

Since . ’ y
[[7o l]v = [Z*I]u 05
the desired result follows.

Remark 285 From the definitions of ¢ and 1, we have what follows:

1.
L= (@) = (1) = By

A= e @A) = () =[]
Lemma 286 cry (Im l%y) = colspanA.

Proof. Recall that ¢ (1) = 1]}, and ¢ (A) = I ,,. For any | € £ (V,U),

u Def. 271

ery (Iml) Lemma 282 ol span [l]y, ~ =" colspan ¢ (I) (7.4)
Take [ =14 ,,. Then from (7.4) ,we have
cry (Im llfhv) = colspan ¢ (l%,v) Rk 285-2 0] span A.

|
Lemma 287 dimIm l%’v = dim col spanA = rankA.

Proof. Since Lemma 283 holds for any [ € £(V,U) and l%,v € L(V,U), we have that

U Rmk. 285.2

Rmk. 231.
v L rank A.

dim Im l%,v = dim colspan [l%,v] dim colspan A
[

Proposition 288 Let A € M (m,n) be given.
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1. rankA =m < 14 ), onto;

2. rankA = n < 14 |, one-to-one;

3. A invertible & l%,v invertible, and in that case [_, ,, = (ZZIQ{’V)_1

Lemma 287
Proof. 1. rankA =m RES

2. rankA = n & dimker l%,v =0
where (1) the first equivalence follows form the fact that n = dim ker l%,v +dim Im l%,v’ and Lemma 287.

. . .1, Prop. 226 1 and 2 abov . .
3. First statement: A invertible = &~ rankA =m=mn ""&" U | invertible.

dimIm4 |, =m < 14, onto;

Proposition 261
R I4 |, one-to-one,

Second statement: Since l%,v invertible, there exists (lz;{’v)fl : U — V such that

idy = (14) " o4

Then
F= b ) " ((40) 7)o () "l (1)) A
Then, by definition of inverse matrix,
A7 = () )
and

(A7) = (whoel) ((Hy) ) =idewa ((4v) ) = ()
Finally, from the definition of w%, we have
Wiy (A7) = lel,uv
as desired. m
Remark 289 Consider A € M (n,n). Then from Proposition 288,
A invertible < 14 ,, invertible;

from Proposition 226,
A invertible < A nonsingular;

from Proposition 264,
l%,v invertible < l%,v nonsingular.

Therefore,
A nonsingular < l%,v nonsingular.

Symmetrically,

[l]g invertible < [l]% nonsingular < 1 invertibles | nonsingular.

Proposition 290 Letl € L(V,U) be given. Then there exists a basis V of V and a basis U of U such that

=g o]

where I is the r-square identity matriz and r = rank[l]%}.

Proof. Suppose dimV = m and dimU = n. Let W = kerl and U’ = I'ml. By assumption, rcmk[l]]b;’ =r.
Then, by Lemma 283,
dim I'ml = rank[l}} = r.

Therefore, from the Dimension Theorem

dimker =dimV —dimIml =m — r.
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Let W = (wl, . wm_T) be a basis of W. Then, from the Completion Lemma, there exist vectors v',...,0" €
V such that V = ('vl,...,v",wl,...,wm”’) is a basis of V. For any i € {1,...,r}, set v’ = [(v?). Then,
(ul, ...,u") is a basis of U’. Then, again from the Completion Lemma, there exists (u7'+1, ...,u”) € U such
that ¢ == (u',...,u", w1, ... u") is a basis of U. Then,

ie.,

I(vh) =ub = 1u! +0u® 4+ ... +0u” + 0u" ! + ... 4 0u”,
1(1}2) =u? =0ut +1u® + ...+ 0u" + 0u" T + . 4 0u”,
(") = u" = 0u' +0u? + .. + 1u” + 0u" ! 4 .+ Ou”,
I(w') = 0=0u"+0u + ... + 0u” + 0u" " + ...+ Ou™,

7.5 Some facts on L (R" R™)

In this Section, we specialize (basically repeat) the content of the previous Section in the important case in

which

and therefore

V=R  V=()_ =en
U=R™" U= (efn):n:l =en
V=2
l € L(R"R™).

From £ (R™,R™) to M (m,n).
From Definition 269, we have

from Definition 271,

mer = e, -~ [, - e, |=

from Proposition 273,

From M (m,n) to £ (R™,R™).

From Definition 275,

R™(A)-x

(7.5)

(7.6)

(7.7)
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From Definition 278,

b= M (m,n) — L(R™R™) A Ly

€n

From Proposition 280,
M (m,n) and £ (R™,R™) are isomorphic.

From Proposition 281, if [; € £ (R™,R™) and Il € L (R™,RP), then
[l 0l1] = [l2] - [I1] - (7.10)

Some related properties.

From Proposition 284, given [ € £ (R™,R™),

1. [ onto < rank [I] = m;

2. [ one-to-one < rank [I] = n;

3. I invertible < [I] invertible, and in that case [I7'] = "
From Remark 285,

1.

A=p @ (A) = (la) = [la].

From Proposition 288, given A € M (m,n),

1. rankA = m < [4 onto;

2. rankA = n & [ 4 one-to-one;

3. A invertible < [ 4 invertible, and in that case [,—1 = (lA)f1 .

Remark 291 From (7.7) and Remark 150,
Im!:={y € R™: 3z € R" such that y = [I] - x} = colspan [I]. (7.11)
Then, from the above and Remark 231,
dimIm{ = rank [I] = max# linearly independent columns of [I]. (7.12)
Similarly, from (7.9) and Remark 231, we get
Imly :={y € R™ : 3z € R" such that y =14 - = Az} = colspan A,

and
dimIml4 = rank A = max # linearly independent columns of A.

Remark 292 Recipe to find a basis of Iml for | € L (R" R™).

Assume that | € L (R™,R™). The above Remark gives a way of finding a basis of Iml: it is enough to
consider a number equal to rank [I] of linearly independent vectors among the column vectors of [l]. In a
more detailed way, we have what follows.

1. Compute [1].

2. Compute dimIm! = rank [I] :=r.

3. To find a basis of Im 1, we have to find r vectors which are a. linearly independent, and b. elements of
Iml. Indeed, it is enough to take r linearly independent columns of [l]. Observe that for any i € {1,...,m},
C*([l]) € Im ! = colspan [].

To get a “simpler” basis, you can make elementary operations on those column. Recall that elementary
operations on linearly independent vectors lead to linearly independent vectors, and that elementary operations
on vectors lead to vector belonging to the span of the starting vectors.

Example 293 Given n € N with n > 3, and the linear function
D Ti
LR - R 2= (3)[, — { @2

To + T3
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find a basis forIm (.

1.
1 1 1 1 1
fl=10 1 0 0 0
01 1 0 0
2. _
1 1 1 1 0 1
rank | 0 1 O | =rank| O 1 0 | =3
01 1 0 0 1

3. A basis of Im, is given by the column vectors of

O O =
o = O
_ o =

Remark 294 From (7.7), we have that
kerl ={z € R": [[]z =0},

i.e., ker [ is the set, in fact the vector space, of solution to the systems [l]x = 0. In Remark 315, we will
describe an algorithm to find a basis of the kernel of an arbitrary linear function.

Remark 295 From Remark 291 and Proposition 245 (the Dimension Theorem), given | € L (R™ R™),
dimR" = dimker! + rank [I],

and given A € M (m,n),
dimR" = dimkeriy + rank A.

7.6 Examples of computation of [l]g

1. ide L(V,V).
[id)y, = [[id (v)],, .-, [id (v7)],, , -.os [id (V")])] =

= H”l]v s [vj]v e U] = [eh, el el = 1.

2.0e L(V,U).

3. lo € L(V,V), with a € F.

[la]v = [[a~v1]v,..., [a'vﬂv,...,[owv”]v] = [a« [vl]v,...,a~ [vﬂv,...,ow [U”]V]

_ 1 j n|l —
= [a-en,...,a-e{l,...,a-en] =a-l,.

4. 14 € LR™,R™), with A € M (m,n).

[la] =[A- el Ael L A en]=A- [e}” el en]=A-1, = A
5. (projection function) projnirn € L (R™R"), PrOjntkn (%)Z:lk = (24);—, . Defined
projn-i—k',n = p, we have
[p] - [p <6711+k) 1o P <€Z+k) P (6:1}& yeen P (e:i]lz)} = [e:w"'vez;()w"vo] = [In|0}7

where 0 € M (n, k).
e with 0 € R*.Defined

6. (immersion function) i, p4+x € £ (R",R"Jrk) ,
in.ntk := 9, we have

st )y = (@) ,0)
i = [i (€L) s (eM)] = [ eéla - ] _ [ I } |

where 0 € M (k,n).
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Remark 296 Point 4. above implies that if | : R™ — R™, z +— Az, then [I] = A. In other words, to
compute [l] you do not have to take the image of each element in the canonical basis; the first line of [l] is
the vector of the coefficient of the first component function of I and so on. For example, if | : R? — R3,

a1y + a12%2
T a21T1  +  agx2
a31Ti +  asax2

then
a1l a2
1] a1 a2
ag1  G32

7.7 Exercises

Problem sets: 15,16,17,18,19,21,22.
From Lipschutz (1991), starting from page 352:
10.1 — 10.9, 10.29 — 10.33.



Chapter 8

Solutions to systems of linear
equations

8.1 Some preliminary basic facts
Let’s recall some basic definition from Section 1.6.
Definition 297 Consider the following linear system with m equations and n unknowns

1121 + -+ + Q1pTp = by

am1%1 + -+ @ = bm

which can be rewritten as
Az =D

Axn is called matriz of the coefficients (or coefficient matriz) associated with the system and M,y (n+1) =
[ A | b ] is called augmented matriz associated with the system.

Recall the following definition.
Definition 298 Two linear system are said to be equivalent if they have the same solutions.
Let’s recall some basic facts we discussed in previous chapters.

Remark 299 [t is well known that the following operations applied to a system of linear equations lead to
an equivalent system:

I) interchange two equations;

II) multiply both sides of an equation by a nonzero real number;

III) add left and right hand side of an equation to the left and right hand side of another equation;

IV) change the place of the unknowns.

The transformations I), I1), III) and IV) are said elementary transformations, and, as it is well known,
they do not change the solution set of the system they are applied to.

Those transformations correspond to elementary operations on rows of M or columns of A in the way
described below
1) interchange two rows of M ;
II) multiply a row of M by a nonzero real number;
II1) sum a row of M to another row of M ;
IV) interchange two columns of A.

The above described operations do not change the rank of A and they do not change the rank of M - see
Proposition 218.

Homogenous linear system.

95
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Definition 300 A linear system for which b =0, i.e., of the type
Az =0
with A € M (m,n), is called homogenous system.

Remark 301 Obviously, 0 is a solution of the homogenous system. The set of solution of a homogeneous
system is kerla. From Remark 295,
dimkerly =n — rank A.

8.2 A solution method: Rouché-Capelli’s and Cramer’s theorems

The solution method presented in this section is based on two basic theorems.
1. Rouche-Capelli’s Theorem, which gives necessary and sufficient condition for the existence of solutions;
2. Cramer’s Theorem, which gives a method to compute solutions - if they exist.

Theorem 302 (Rouché — Capelli) A system with m equations and n unknowns

Apxnt =0 (8.1)
has solutions
4
rank A=rank [ A | b ]
Proof. [=]

Let 2* be a solution to 8.1. Then, b is a linear combination, via the solution z* of the columns of A.
Then, from Proposition 218,

rank [ A | b]=rank [A | 0]=rank [ A].
(<]

1st proof.
We want to show that

Jz € R™ such that Az* =b, i.e., b= Zx; LC7(A).

j=1
By assumption, rank A = rank [ A | b ] := r. Since rank A = r, there are r linearly independent
column vectors of A, say C9* (A), ...,,C%" (A). Sincerank [ A | b | =7, C7 (A),...,,CI (A),bare linearly
dependent and from Lemma 196, b is a linear combinations of the vectors C7t (A), ...,,C7" (A), i.e., 3 (%) er
such that b= >, px; - C7 (A) and
b= x;-CI(A)+ > 0-Cy(A).
JER J7e{l,...n}\R
Then, z* = (z;)?:l such that
T if jeR
x; =
0 if j e{l,..n}\R
is a solution to Az =b.
Second proof.
By assumption , rank [4] = rank[ A | b } := r. Then, from Proposition ..., there exist r linearly
independent row vectors of A. Perform row interchanging operations on [ A | b } to get the r linearly

independent rows of A as the first r rows, i.e., the following matrix

ALY
AI/ ‘ b// .
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/
Observe that rankA’ = rank[ A Y ] = r. Interchange columns of { 21,, ] to have r linearly

independent columns as the first » columns. From Remark 299, reordering columns of A and rows of
[ A | b ] does not change the rank of A, does not change the rank of [ A | b ] and does not change
the set of solutions. Therefore, we constructed the following system

A* A12 :131 _ b/
A21 A22 $2 - b’ )
where A13 € M (r,n—7),Ay € M(m —r,7), A2 e M(m —7,n—7), 2t e R", 22 e R* "V € R", b’ €
Rmf’r’
(xl, xz) has been obtained from = performing on it the same permutations performed on the columns of
A,
(t/,b") has been obtained from b performing on it the same permutations performed on the rows of
[A | b].
Since
rank [ A* A Y ] =rank A* =,

then the r rows of [ A* A U ] are linearly independent and since

A* A 0|
rank { Ay Ay 0| T T
* / : A* A12 b
then the r rows of [ A* Ay b ] are a basis of the span of the rows of » | .Then the
A1 Az b

last m — r rows are linear combinations of the first r rows. Therefore, using again Remark 299, we have that
Az = b is equivalent to

* zt /
A A12][$2]_b

or, using Remark 74.2,

A*z? + Ajpxo = b
and

.Tl = (A*)71 (b/ — Algxz) eR"
while x5 can be chosen arbitrarily; more precisely
{(xl,xz) ER™:aq = (A" (v - A12m2) €R" and 25 € R”*T}

is the nonempty set of solution to the system Az =b. m

Exercise 303 Apply the procedure described in the proof of Roche - Capelli theorem to solve the system
Ax = b, where

11 1 2 4
A=|2 2 2 1 andb= | 5
3 3 3 3 9
The main step in the exercise amount to rewrite A and b as follows.

2 1 2 2 5

{A* Aio b’}
3 3 3 3 9

1 2 11 4
Agy A V'

and therefore zt = (w3, 4), 2 = (11, 12), b/ = ( g ) , 0" =(9).Then,

ol = (A7 (B — Appa?) €R”

]Gl (GG ])-

. —% % 4—x1+ 22 | it +2
o 572$1+2$2 - 1 ’

specializes in
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Theorem 304 (Cramer) A system with n equations and n unknowns
Aan.’I} =b
with det A # 0, has a unique solution x = (x1, ..., T4, ..., L) where fori € {1,...,n},

= detAi
‘T detA

and A; is the matriz obtained from A substituting the column vector b in the place of the i — th column.

Proof. since det A # 0, A~! exists and it is unique. Moreover, from Az = b, we get A=Az = A~'b and

z=A"1b
Moreover )
A™'b=——Adj A-b
detA°Y
It is then enough to verify that
det A1

Adj A-b= | detA;
det A4,
which we omit (see Exercise 7.34, page 268, in Lipschutz (1991). m

The combinations of Rouche-Capelli and Cramer’s Theorem allow to give a method to solve any linear
system - apart from computational difficulties.

Remark 305 Rouche’-Capelli and Cramer’s Theorem based method.
Let the following system with m equations and n unknowns be given:

Axnt = 0.

0. Simplify the system using elementary row operations on [ A | b ] and elementary column operations
on A. Those operation do not change rank A, rank B, set of solution to system Ax = b.

1. Compute rank A andrank [ A | b ].

i. If

rank A#rank [ A | b ],

then the system has no solution.

. If

rank A=rank [ A | b]:=r,

then the system has solutions which can be computed as follows.

2. Ezxtract a square r-dimensional invertible submatrixz A, from A.

1. Discard the equations, if any, whose corresponding rows are not part of A,.

1. In the remaining equations, bring on the right hand side the terms containing unknowns whose
coefficients are not part of the matriz A,, if any.

11i. You then get a system to which Cramer’s Theorem can be applied, treating as constant the expressions
on the right hand side and which contain n — r unknowns. Those unknowns can be chosen arbitrarily.
Sometimes it is said that then the system has “c0™ "7 solutions or that the system admits n — r degrees of
freedom. More formally, we can say what follows.

Definition 306 Given S,T C R", we define the sum of the sets S and T, denoted by S+ T, as follows

{z e R" :3s € §,3t € T such that . = s +t}.

Proposition 307 Assume that the set S of solutions to the system Ax = b is nonempty and let x* € S.
Then
S={z*} +kerly :={z € R" : 3a° € kerls such that x = z* +2°}
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Proof. [C]
Take x € S. We want to find 2° € ker A such that z = x*+2°. Take 2° = z—2*. Clearly x = z*+(x — z*).

Moreover,

8

Azg=A(x—2*) = b—-b=0 (8.2)

where (1) follows from the fact that z,z* € S.
2]
Take z = z* + 2" with 2* € S and 2" € ker A. Then

Ar = Ax* +Azg=b+0=0b.
[

Remark 308 The above proposition implies that a linear system either has mo solutions, or has a unique
solution, or has infinite solutions.

Definition 309 V is an affine subspace of R™ if there exists a vector subspace W of R™ and a vector x € R™
such that
V=A{«}+W

We say that the' dimension of the affine subspace V is dim W.
Remark 310 Let a € R be given. First of all observe that
{(z,y) e R? 1 y = az} = kerl,

where l € L (Rg, R) and l (x,y) = ax —y. Let’s present a geometric description of Proposition 807. We want
to verify that the following two sets are equal.

S = {(z0,90)} + {(2,y) €R® : y = ax},

T:={(z,y) ER*:y=a(z—20)+yo}.

In words, we want to verify that the affine space “{(xo,y0)} plus kerl” is nothing but the set of points
belonging to the line with slope a and going through the point (xo,yo)-

S CT. Take (2',y') € S; then " € R such that ' = x¢ + 2" and y' = yo + ax’’. We have tho check
that y' = a (&' — xg) + yo.Indeed, a (' — xo) + yo = a (xvo + 2" — xo + y) = az” + yo.

T C S. Take (2',y') such that v = a (2’ —xg) + yo. Take "' = &’ + x9.Then 2’ = xo + 2" and
Yy =yo +az”, as desired.

Remark 311 Since dimkeriy = n —rank A, the above Proposition and Definition say that if a nonhomo-
geneous systems has solutions, then the set of solutions is an affine space of dimension n — rank A.

Example 312 Consider the system (in one equation and two unknowns):
1 4+x9—1=0. (8.3)
Then x* := (1,0) is a solution to the above system. Moreover, defined | : R?> — R, I (z1,72) = x1 + =2
kerl := {l(z) =0} = {(z1,22) € R® 120 = —21 }.

The set of solutions to (8.3) is {(0,1)} +kerl. Observe that {(0,1)}+kerl = {(1,0)} +kerl = {(3,3)}+
ker!.

—X

Tf W’ and W'’ are vector subspaces of R™, x € R” and V := {z} + W’ = {z} + W, then W/ = W".
Take w € W’ |, then z + w € V = {z} + W". Then there exists z € {z} and @ € W' such that z + w = z + @. Then
w=1w¢e€ W", and W' C W'. Similar proof applies for the opposite inclusion.
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-5

Remark 313 Ezxercise 314 Apply the algorithm described in Remark 305 to solve the following linear

system.
I’1+21‘2+3£E3 = 1
4.%1 + 5£82 + 61’3 =2
bxrq 4+ Txo + 923 =3
The associated matriz [ A | b ] 18
1 2 3 |1
4 5 6 | 2
5 79 | 3
1. Since the third row of the matrix [ A | b ] s equal to the sum of the first two rows, and since
1 2
det{4 5}583,

we have that
rank A=rank [ A | b ] =2,

1 2
=i 7]

i. Discarding the equations, whose corresponding rows are not part of Asand, in the remaining equations,
bringing on the right hand side the terms containing unknowns whose coefficients are not part of the matriz

and the system has solutions.
2. Define

Ao, we get
x1+2m2:173x3
4x1 + d5x9 = 2 — 623
Sx1 + Txo =3 — 923
it1. Then, using Cramer’s Theorem, recalling that det A = —3,we get
1—-3z3 2
det [ 26y 5 } 1
T1 = 3 =3 — 3
1 1-—3z3
det { 42— 6xy } 2
T2 = = - — 2x3,

-3 3
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and the solution set is

1 2
(z1,72,23) ER® 1y =23 — =, 20 = =~ — 223 5.
3 3
Remark 315 How to find a basis of ker.

Let A € M (m,n) be given and rankA = r < min{m,n}. Then, from the second proof of Rouche’-
Capelli’s Theorem, we have that system

Az =0

admits the following set of solutions
{(zl,xz) ER xR gl = (A" (A2 x2)} (8.4)

Observe that dimkerls =n —r :=p. Then, a basis of kerl, is

B - {{ AT A } [ ~lAT A ]}

p
eP €p

To check the above statement, we check that 1. B C kerla, and 2. B is linearly independent®.
1. It follows from (8.4);
2. It follows from the fact that det [611), ey eg] =det] =1.

Example 316
I +’I’2+CL‘3+2$4:0
I —1’2+£E3+2£L’4:0

Defined

L [1 1 12
LRI EIEY T Y

the starting system can be rewritten as

2]l Al fE]lz]

Then a basis of ker is

Example 317 Discuss the following system (i.e., say if admits solutions).

I + To + I3 = 4
ry, + x> + 2x3 = 8
201 + 2z + 3xz3 = 12
The augmented matrixz [A|b] is:
111 | 4
112 | 8
2 2 3 | 12

20bserve that B is made up by p vectors and dimkerls = p.
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111 | 4
rank [A]p) =rank [ 1 1 2 | 8 | =2=rank A
000 0

From Step 2 of Rouche’-Capelli and Cramer’s method, we can consider the system

o + x3 = 4—x1
xo + 2x3 = 8—x1

Therefore, x1 can be chosen arbitrarily and since det [ 1 ; ] =1,

$2=det|:4_m1 1:|:—.Z‘1

8—{,61 2
. 1 4—.’1}1 .
$3—det|:1 8—331}_4

Therefore, the set of solution is

{(3?1,5(}2,.’173) ER®:xy = —11, 25 = 4}

Example 318 Discuss the following system

r1 + X = 2
I — X2 = 0

The augmented matriz [Alb] is:

rm
—_ =
I~
—_
[l V)
—_

Since det A=—-1—-1=-2+#0,
rank [A]b] = rankA = 2

and the system has a unique solution:

= = =1
. 2 =2
1 2
det [ 10 ] = )
R
Therefore, the set of solution is
{(1, 1)}
Example 319 Discuss the following system
T + 12 = 2
ry + x2 = 0

The augmented matriz [Alb] is:
| 2

1
1] 0

&

Since det A=1—-1=0, and det { } (2) ] = —2 # 0, we have that
rank [A]b] = 2 # 1 = rankA

and the system has no solutions. Therefore, the set of solution is &.
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Example 320 Discuss the following system

I
=~ N

r1 + X9
2r1 + 219

The augmented matriz [Alb] is:

N =
S V)
| I

From rank properties,

DN =
N —

1 1
rank[ ]:rank{o O}zl

11 2 1 1 2
rank{2 9 4]—rank{0 0 O]—l
Recall that elementary operations of rows on the augmented matriz do not change the rank of either the

augmented or coefficient matrices.
Therefore
rank [A]b] = 1 = rankA

and the system has infinite solutions. More precisely, the set of solutions is
{(ml,xz) eER?:z=2— x2}

Example 321 Say for which value of the parameter k € R the following system has one, infinite or no
solutions:

(k—1Daz+(k+2)y=1

—r+ky=1
r—2y=1
E—1 k+2 | 1
[Ap=| -1 &k | 1
1 -2 |1
k-1 k+2 1
det [A]p] = det | —1 Eoo1 | mdet| VR ] qee [ Bl B2 g B k2]
1 2 1 b2 -2 -1k

(2—k)—(-2k+2-k-2)+ (K —k+k+2)=2—k+2k+k+k*+2=2k+k*>+4

A = —1-17 < 0. Therefore, the determinant is never equal to zero and rank [A|b] = 3. Since rank Azyo < 2,
the solution set of the system is empty of each value of k.

Remark 322 To solve a parametric linear system Ax = b, where A € M (m,n)\ {0}, it is convenient to
proceed as follows.

1. Perform “easy” row operations on [A|b];

2. Compute min {m,n + 1} := k and consider the k x k submatrices of the matriz [A]b].

There are two possibilities.
Case 1. There exists a k x k submatriz whose determinant is different from zero for some values of
the parameters;

Case 2. All k x k submatrices have zero determinant for each value of the parameters.

If Case 2 occurs, then at least one row of [A|b] is a linear combinations of other rows; therefore you
can eliminate it. We can therefore assume that we are in Case 1. In that case, proceed as described
below.
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among those k X k submatrices, choose a matrix A* which is a submatriz of A, if possible; if you have
more than one matriz to choose among, choose “the easiest one” from a computational viewpoint, i.e.,
that one with highest number of zeros, the lowest number of times a parameters appear, ... ;

4. compute det A*, a function of the parameter;

5. analyze the cases det A* # 0 and possibly det A* = 0.

Example 323 Say for which value of the parameter a € R the following system has one, infinite or no

solutions:
ary +xy+x3 = 2
T1 — Ao =0
Example 324 Say for which value of the parameter a € R the following system has one, infinite or no
solutions:
ary+xo+x3 = 2
T1 — Ao = 0
2ax1 + ars = 4
a 1 1 2
[A))=] 1 —a 0 0
20 a 0 4
a 1 1 1
det| 1 —a 0| =a+2a*>=0 if a=0,—-.

Therefore, if a # 0, —%,
rank [A]b] = rangoA =3

and the system has a unique solution.

If a =0,
01 1 2
[Ap]=]1 0 0 0
0 0 0 4
) 0 1
Since det[1 O]:—l, rank A = 2. On the other hand,
01 2 1 9
det | 1 0 O =—1det[0 4]2—47&0
0 0 4

and therefore rank [A|b] = 3, and
rank [A|b] = 3 # 2 = rangoA

and the system has mo solutions.

Ifa':_%a
[ -1 1 1 2
[Apl=| 1 3 00
| -1 -3 0 4
Since ) .
11
det }:—,
20 2
rangoA = 2.
Since )
-3 1 2 1 9
det 1 0 0| =—det 0 4 =—4
1 0 4
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and therefore
rank [A]b] = 3,
rank [A]b] = 3 # 2 = rangoA
and the system has no solutions.

Example 325 Say for which value of the parameter a € R the following system has one, infinite or no
solutions:

(a+1)z1 + (-2)x2 + 2azs = a
azxq + (—a)xz + 3 = -2
2 + (2a—4)z2 + (4a—2)zz3 = 2a+4
Then,
a+1 -2 2a | a
[A]p] = | a —a 1 | —2
2 2a —4 da—2 | 2a+4

It is easy to see that we are in Case 2 described in Remark 322: all 3x 3 submatrices of [A|b] have determinant
equal to zero - indeed, the last row is equal to 2 times the first row plus (—2) times the second row. We can
then erase the third equation/row to get the following system and matriz.

(a+1)z; + (-2)xz2 + 2ax3 = a
azy + (—a)ze + z3 = =2
| a+1 -2 2 | a
[Alb] = [ a —a 1 ] =2

det{ 2z ] =24% -2 =0,
—a 1

whose solutions are —1,1. Therefore, if a € R\ {—1,1},
rank [A|b] = 2 = rangoA

and the system has infinite solutions. Let’s study the system for a € {—1,1}.
If a = —1, we get

LAl = { 21 12 12 | —H
and since
det{ A } —240
we have again
rank [A]b] = 2 = rangoA
If a = 1,we have
an=1 1L

and
rank [A|b] =2 > 1 = rangoA

and the system has no solution..

Example 326 Say for which value of the parameter a € R the following system has one, infinite or no
solutions:

ary, + x> = 1
1 + X9 = a
201 + x2 = 3a
3r1 4+ 2z = a
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[Alb] =

W N = Q
N — = =

| 1
| a
| 3a
| a

Observe that
rank Aixo < 2.

1 1 a
det | 2 1 3a | =3a=0 if a=0.
3 2 a

Therefore, if a € R\ {0},
rank [A|b] =3 > 2 > rank Asxo

If a =0,

[Alb] =

W N = O
DO = =
o O O =

and since

= O
— =
O =
Il
|
—_

det

the system has no solution for a = 0.
Summarizing, Ya € R, the system has no solutions.
8.3 Exercises

Problem sets: 20,23,24.
From Lipschutz (1991), page 179: 5.56; starting from page 263, 7.17 — 7.20.
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Chapter 9

Metric spaces

9.1 Definitions and examples

Definition 327 Let X be a nonempty set. A metric or distance on X is a function d : X x X — R such
that Ve,y,z € X
1. (a.) d(z,y) >0, and (b.) d(z,y) =0z =y,

2. d(z,y) = d(y,x),
3. d(z,z) <d(x,y)+d(y,z) (Triangle inequality).
(X, d) is called a metric space.

Remark 328 Observe that the definition requires that Va,y € X, it must be the case that d(z,y) € R.

Example 329 n-dimensional Fuclidean space with Fuclidean metric.
Givenn € N, take X =R"™, and

1

n 2
dQ,n (R" X R" — Rv (%y) = <Z (xl - yl)2> .

i=1

(X,da,n) was shown to be a metric space in Proposition 58, Section 2.5. dg ., is called the Euclidean distance
in R™. In what follows, unless needed, we write simply do in the place of da .

Proposition 330 (Discrete metric space) Given a nonempty set X and the function
0 if z=y

L if z#y,

d: X* >R, d(z,y)=

(X, d) is a metric space, called discrete metric space.

Proof. 1la. 0,1 > 0.

1b. From the definition, d (z,y) =0 < x = y.

2. It follows from the fact that t =y < y=z and x #y < y # =.

3. If x = z, the result follows. If x # z, then it cannot be z = y and y = z, and again the result follows.
]

Proposition 331 Givenn € N,p € [1,+00), X =R",

. :
d:R"xR" >R, (z,y)— (le yi|p> :
i=1
(X, d) is a metric space.

109
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Proof. la. It follows from the definition of absolute value.
1b. [«<]Obvious.
1
=] Chlilzi—ywl ) =0 3" |z, —y|"=0= forany i, |z; — y;| =0 =for any ¢ , x; —y; = 0.
2. Tt follows from the fact |z; — y;| = |y — 24].
3. First of all observe that

ISH
&
N
~—
|
/—\
[
&
|
&
+
—~
NS
|
N
=
N——
S =

Then, it is enough to show that

(Z [(zi = yi) + (yi — Zi)|p> < (Z i — Z/i|p> + (Z |(yi — Zi)p>
i=1 i=1

i=1
which is a consequence of Proposition 332 below. =

Proposition 332 Takenn € N;p € [1,4+00), X =R",a,b € R"

1

(i |a; +bi|”> ' < (i |ai|p> : + (i |bi|p>;

i=1 i=1 i=1
Proof. It follows from the proof of the Proposition 335 below. m

Definition 333 Let R*™ be the set of sequences in R.

Definition 334 For any p € [1,+c0), define!

—+oo
lp = {(I”)HEN € ROO : Z |:En|p < +OO} )

n=1

i.e., roughly speaking, [P is the set of sequences whose associated series are absolutely convergent.

Proposition 335 (Minkowski inequality). ¥ (2n),cn s (Yn)pen € 17, Vp € [1,4+00),

+oo % +oo % +oo %
(Z |$n + ynp> < (Z |xn|p> + (Z |ynp> . (9'1)

n=1 n=1

Proof. If either (2,),cy O (Yn),cy are such that Vn € N, 2, = 0 or Vn € N, g, = 0, i.e., if either
sequence is the constant sequence of zeros, then (9.1) is trivially true.
Then, we can consider the case in which

1 1

Ja, f € Ry, such that ( oo |xn\p) " — o and ( :2 |yn\p> = B. (9:2)
Define )7 [ \?
~ ‘Z.TL -~ y'n,
Yn €N n=|— d yn= . 9.3
neN, Z < - > and ¥ < 5 ) (9.3)
Then

+oo —+oo
Zﬁ:\n = Zgn =1. (9.4)
n=1 n=1

For any n € N, from the triangle inequality for the absolute value, we have

|Zr, + Yn| < |Zn| + |Ynl;

I For basic results on series, see, for example, Section 10.5 in Apostol (1967).



9.1. DEFINITIONS AND EXAMPLES 111

since Vp € [1,+00), fp : Ry — R, f, (t) = t? is an increasing function, we have
20 + ynl” < (J2n] + lyn))” (9.5)

Moreover, from (9.3),

1 1 1 1 p
(ol ) = (alalt 481313 ) = 87 (55 8l + 2wl ) ). 00)

Since Vp € [1,+00), f, is convex (just observe that f (t) = p(p —1)t?~2 > 0), we get

a 8 . \? a 8.
(25 5 ml) < 225+ 2l 1)

From (9.5),(9.6) and (9.7), we get

|xn+yn|p§(a+ﬁ)'< ‘%”|p+/6|gn|)

e
a+p a+p

From the above inequalities and basic properties of the series, we then get

+oo “+ o0
«
Ty + ynl” < (a+ B)F Tl +
E\ Ynl" < (@ +B) (a+5n§_1||

S “’i)<a+mp( o« B )=(a+6)p
a+f~ " o+ a+ 0 '

n=1
Therefore, using (9.2), we get

+oo +oo % +o0o % P
$ o4l < (z w) . (z |yn|p> ,
n=1 n=1 n=1
and therefore the desired result. m
Proposition 336 (I?,d,) with

1
+o0 P
dy : " x 1P - R, d, ((z“)neN , (yn)neN) = (Z |z — yn|1’> .

n=1

18 a metric space.

s =

Proof. We first of all have to check that d, (z,y) € R, i.e., that ( :2 |zn — yn|p> converges.

3 =

400 % —+00 % 400 % —+00
(zmw) _<zmn+<yn>v°) s(zw) +(z|yn|P) e
n=1 n=1 n=1 n=1

where the first inequality follows from Minkowski inequality and the second inequality from the assump-
tion that we are considering sequences in (.

Properties 1 and 2 of the distance follow easily from the definition. Property 3 is again a consequence of
Minkowski inequality:

n=1

00 % +o00 % +oo %
dp (1‘, z) = (Z |(mn - yn) + (yn - Zn)|p> < (Z |xn - yn|p> + (Z |(yn - Zn)|p> = d;n (xa y)+dp (yv Z) .
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Definition 337 Let T be a non empty set. B(T) is the set of all bounded real functions defined on T, i.e.,
B(T):={f:T—R : sup{|f(z):ze€T}<+o0},

and2
doo : B(T) x B(T) = R, do (f,9) =sup{|f(z) —g(2)]: 2 €T}

Definition 339
1°° = {(zn) ey € R : sup {|z,| : n € N} < +00}

is called the set of bounded real sequences, and, still using the symbol of the previous definition,
dog 1 17 X 1* = R, doo ((fcn)neN ) (yn)neN) = sup {|zn — yn| : n € N}
Proposition 340 (B(T),ds)and (I°°,ds) are metric spaces, and d, is called the sup metric.

Proof. We show that (B (T'),dw) is a metric space. As usual, the difficult part is to show property 3 of
do, Which is done below.
Vf,g,h € B(T),Vx €T,

F@) =g @) < |f (@) —h@)|+ [h(@)-g(@) <
< sup{|f (@) —h(@)] s € T} +sup{| () — g ()] : 2 € T} =

=dw (fvh)+doo (hvg)'

Then,Vz € T,
doo (f1g) :==sup [f () — g(2)| < des (f,9) + deo (R, 9) -

Exercise 341 If (X,d) is a metric space, then
d
)
( "1+ d)

Proposition 342 Given a metric space (X,d) and a set Y such that @ #Y C X, then (Y, d‘yXy) s a
metric space.

1S a metric space.

Proof. By definition. =

Definition 343 Given a metric space (X, d) and a setY such that @ #Y C X, then (Y, d|y><y), or simply,
(Y,d) is called a metric subspace of X .

Example 344 1. Given R with the (Euclidean) distance da 1, ([0,1),d21) is a metric subspace of (R,d21).
2. Given R? with the (Euclidean) distance da 2, ({0} x R, da2) is a metric subspace of (R?, da2).

Exercise 345 Let C ([0,1]) be the set of continuous functions from [0,1] to R. Show that a metric on that
set is defined by

d(f,g>=/0 f (@) - g(@)] dr,

where f,g € C([0,1]).

2

Definition 338 Observe that des (f,g9) € R :

doo (£, 9) :=sup{|f (&) —g(2)| : 2 € T} <sup{|f ()| : & € T} +sup{|g (2)| : & € T} < fo0.
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Example 346 Let X be the set of continuous functions from R to R, and consider d (f, g) = sup,cg | f (x) — g ()|
(X, d) is not a metric space because d is not a function from X? to R: it can be sup,cg |f () — g (z)| = +oc.

Example 347 Let X = {a,b,c} and d : X?> — R such that
d(a,b) =d(b,a) =2
d(a,c)=d(c,a) =0
d(b,c) =d(c,b) =1.
Since d (a,b) =2 >0+ 1=d(a,c)+d(b,c), then (X,d) is not a metric space.
Example 348 Givenn € N,;p € (0,1), X = R?, define

p

2
d:R2xR? =R, (z,9)+— lei—yi|p> ,
=1

(X,d) is not a metric space, as shown below. Take v = (0,1),y = (1,0) and z = (0,0). Then

=

1
:2}7,

d(z,y) = (1" +17)
d(z,2) = (0P +17)7 =1
d(z,y)=1.

Then, d (z,y) — (d(z,2) +d(z,y)) = 25 — 2> 0.

9.2 Open and closed sets

Definition 349 Let (X, d) be a metric space. Yrg € X and ¥Vr € Ry, the open r-ball of x¢ in (X, d) is the
set
Bix.ay (zo,7) = {r € X : d(z,20) <7}.
If there is no ambiguity about the metric space (X,d) we are considering, we use the lighter notation
B (x0,7) in the place of Bix a) (%o,7).

Example 350 1.
B(R,dz) (w0,7) = (w0 — 1,20 + 1)

is the open interval of radius v centered in xg.
2.

Brz,4,) (0, 7) = {(961,552) eR?: \/(Il —201)” + (22 — 202)” < T}

is the open disk of radius r centered in x.
3. In R? with the metric d given by

d((w1,22), (y1,92)) = max {|zy — y1, |v2 — yal|}

the open ball B (0,1) can be pictured as done below:
a square around zero.

Definition 351 Let (X,d) be a metric space. x is an interior point of S C X if
there exists an open ball centered in x and contained in S, i.e.,
Jr e Ry such that B(z,r) C S.

Definition 352 The set of all interior points of S is called the Interior of S and it is denoted by Int(x 4y S
or simply by Int S.
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Remark 353 Int (S) C S, simply because x € Int (S) = x € B (z,7) C S, where the first inclusion follows
from the definition of open ball and the second one from the definition of Interior. In other words, to find
interior points of S, we can limit our search to points belonging to S.

It is not true that VS C X, S CInt (S5), as shown below. We want to prove that

-(VSCX,Vz el z€S8=uzelnts),

i.e.,

(35 C X and x € S such that x ¢ Int S).
Take (X,d) = (R,d2), S = {1} andx =1. Then, clearlyl € {1}, but 1 ¢ Int S:Vr e R4y , (1 —r,1+7r) ¢
{1}.

Remark 354 To understand the following example, recall that Va,b € R such that a < b, 3¢ € Q and
d € R\Q such that ¢,d € (a,b) - see, for example, Apostol (1967).

Example 355 Let (R,ds) be given.
1. Int N=1Int Q =2.
2. Va,b e R, a <b, Int [a,b] =Int [a,b) =Int (a,b] =Int (a,b) = (a,b).
3. Int R =R.
4. Int @ = 2.

Definition 356 Let (X,d) be a metric space. A set S C X is open in (X,d), or (X,d)-open, or open with
respect to the metric space (X,d), if S ClInt S, i.e., S=1Int S, i.e.,

Ve € S, Ir € Ry such that Bix g (z,7) :={y € X :d(y,z) <r} CS.

Remark 357 Let (R,ds) be given. From Ezample 855, it follows that
N,Q, [a,b],[a,b), (a,b] are not open sets, and (a,b) ,R and & are open sets. In particular, open interval
are open sets, but there are open sets which are not open interval. Take for example S = (0,1) U (2,3).

Exercise 358 Vn € N,Vi € {1,...,n},Va;,b; € R with a; < b;,
i1 (ai, bi)
is (R™,dy) open.
Proposition 359 Let (X,d) be a metric space. An open ball is an open set.

Proof. Take y € B (xg,r). Define
d=r—d(zo,y). (9.8)

First of all, observe that, since y € B (zg,7), d (zo,y) < r and then § € R, ;. It is then enough to show
that B (y,0) C B (zo,r), i.e., we assume that

d(z,y)<$¢ (9.9)
and we want to show that d (z,20) < r. From the triangle inequality

(9.9),(9.8)
d(Z,Z’o)gd(Z,y)+d(y,$0) < 5+(T76):T,

as desired. m

Example 360 In a discrete metric space (X,d), Ve € X,Vr € (0,1], B(z,r) :={y€ X :d(x,y) <r} =
{z} andVr > 1, B(x,r) :={y € X :d(x,y) <r} = X. Then, it is easy to show that any subset of a discrete
metric space is open, as verified below. Let (X,d) be a discrete metric space and S C X. For any x € S,
take e = 3; then B (z,4) = {2} C S.

Definition 361 Let a metric space (X,d) be given. A set T C X is (X,d) closed or closed in (X,d) if its
complement in X, i.e., X\T is open in (X,d).



9.2. OPEN AND CLOSED SETS 115

If no ambiguity arises, we simply say that T is closed in X, or even, T is closed; we also write T¢ in the
place of X\T.

Remark 362 S is open < S is closed, simply because S€ closed < (SC)C =S is open.
Example 363 The following sets are closed in (R,ds): R;N; &;Va,b € R, a < b, {a} and [a,b].

Remark 364 It is false that:
S is not open = S is closed

(and therefore that S is not closed = S is open), i.e., there exist sets which are not open and not closed,
for example (0,1] in (R,dz). There are also two sets which are both open and closed: & and R™ in (R™,ds).

Proposition 365 Let a metric space (X, d) be given.
1. @ and X are open sets.
2. The union of any (finite or infinite) collection of open sets is an open set.
8. The intersection of any finite collection of open sets is an open set.

Proof. 1.

Ve € X, Vr € Ry, B(z,r) C X. & is open because it contains no elements.

2.

Let Z be a collection of open sets and S = UgezA. Assume that € S. Then there exists A € 7 such

that © € A. Then, for some r € Ry
r€B(x,r)CACS

where the first inclusion follows from fact that A is open and the second one from the definition of S.

3.

Let F be a collection of open sets, i.e., 7 = {An}, ., Where N C N, #N is finite and ¥n € N, A, is an
open set. Take S = NpenA,. If S = &, we are done. Assume that S # @ and that x € S. Then from the
fact that each set A is open and from the definition of S as the intersection of sets

Vn € N,3r, € Ry, such that z € B (z,r,) C A,
Since N is a finite set, there exists a positive r* = min {r,, : n € N} > 0. Then
Vn € N,x € B(z,r*) C B(z,m,) C A,
and from the very definition of intersections
x € B(z,7*) C NpenB (x,7) C NpenAn = S.
|

Remark 366 The assumption that #N is finite cannot be dispensed with:

1 11
N2B(0,— ) =nt>(—=,—) ={0
n=1 ( n) n1< n ’I’L) { }

18 not open.

Remark 367 A generalization of metric spaces is the concept of topological spaces. In fact, we have the
following definition which “ assumes the previous Proposition”.

Let X be a nonempty set. A collection T of subsets of X is said to be a topology on X if

1. @ and X belong to T,

2. The union of any (finite or infinite) collection of sets in T belongs to T,

3. The intersection of any finite collection of sets in T belongs to T .

(X,7) is called a topological space.

The members of T are said to be open set with respect to the topology T, or (X,T) open.
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Proposition 368 Let a metric space (X,d) be given.
1. @ and X are closed sets.
2. The intersection of any (finite or infinite) collection of closed sets is a closed set.
3. The union of any finite collection of closed sets is a closed set.

Proof. 1

It follows from the definition of closed set, the fact that @¢ = X, X¢ = & and Proposition 365.
2.

Let Z be a collection of closed sets and S = NgezrB. Then, from de Morgan’s laws,

S¢ = (ﬂBeIB)C = UBEIBC

Then from Remark 362, VB € Z, B® is open and from Proposition 365.1, Upcz B is open as well.

2.

Let F be a collection of closed sets, i.e., F = {By}, .y, where N C N, #N is finite and Vn € N, B, is
an open set. Take S = U,enB;,. Then, from de Morgan’s laws,

S€ = (UnenBn)® = NuenBS
Then from Remark 362, Vn € N, B is open and from Proposition 365.2, NpezBC is open as well. m

Remark 369 The assumption that #N is finite cannot be dispensed with:

<m+°‘;B <0 1>)C =Ui>B <0 1>c =Ut2 (<oo ! } U [1 +oo>> =R\ {0}.
= ‘n = ‘n "= on’ n’
is not closed.
Definition 370 If S is both closed and open in (X,d), S is called clopen in (X,d).
Remark 371 In any metric space (X,d), X and @ are clopen.

Proposition 372 In any metric space (X,d), {x} is closed.

Proof. We want to show that X\ {z} is open. If X = {z}, then X\ {z} = &, and we are done. If
X # {z}, take y € X, where y # x. Taken

r=d(y,zx) (9.10)
with r > 0, because x # y. We are left with showing that B (y,r) C X\ {z}, which is true because of the
following argument. Suppose otherwise; then = € B (y,r), i.e., 7 019 4 (y,x) < r, a contradiction. m

Remark 373 From Ezample 360, any set in any discrete metric space is open. Therefore, the complement
of each set is open, and therefore each set is then clopen.

Definition 374 Let a metric space (X,d) and a set S C X be given. = is an boundary point of S if
any open ball centered in x intersects both S and its complement in X, i.e.,

VreR,, B(z,r)NS#@ A B(z,r)NS° #@.
Definition 375 The set of all boundary points of S is called the Boundary of S and it is denoted by F (S).
Exercise 376 F (S) = F (59).
Exercise 377 F (S) is a closed set.

Definition 378 The closure of S, denoted by Cl (S) is the intersection of all closed sets containing S, i.e.,
Cl (S) =NgresS’ where S:={S"C X :5' is closed and S’ 2 S}.

Proposition 379 1. Cl (S)is a closed set;
2. S is closed & S = Cl (S5).
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Proof. 1.

It follows from the definition and Proposition 368.

2.

[<]

It follows from 1. above.

(=]

Since S is closed, then S € S. Therefore, C1 (S) = SN (NgresS’')=S. w

Definition 380 = € X is an accumulation point for S C X if any open ball centered at x contains points
of S different from x, i.e., if
Vr e R++7 (S\ {.’L‘}) nB (3?,7") 7& %}

The set of accumulation points of S is denoted by D (S) and it is called the Derived set of S.

Definition 381 z € X is an isolated point for S C X if x € S and it is not an accumulation point for S,
i.e.,

x €S and Ir € Ry such that (S\{z})NB(z,r) =g,

or
Ir € Ry such that SN B (x,r) = {z}.

The set of isolated points of S is denoted by Is (S).
Proposition 382 D(S)={z e R": Vr e R ., SNB(z,r) has an infinite cardinality}.

Proof. [C]

Suppose otherwise, i.e., x is an accumulation point of S and Ir € Ry such that SN B(z,r) =
{1,...,x,}.Then defined § := min{d (z,z;) : i € {1,...,n}}, (S\ {z}) N B (=, ¢) = @, a contradiction.
[2]

Since SN B (x,r) has an infinite cardinality, then (S\ {z}) N B (z,r) # &. m

9.2.1 Sets which are open or closed in metric subspaces.

Remark 383 1. [0,1) is ([0,1),d2) open.
2. [0,1) is not (R, dz) open. We want to show

= (Vzo € [0,1),3r € Ry such that B 4,) (z0,7)) = (zo — 1,30 + 1) € [0,1), (9.11)
i.e.,
Jzg € [0,1) such that Vr € Ry, 32’ € R such that 2’ € (xg —r,xo +7) and 2’ ¢ [0,1).
It is enough to take xo = 0 and z' = —5.
3. Let ([0,+00),ds) be given. [0,1) is ([0,+00),d2) —open, as shown below. By definition of open set,
- go back to Definition 856 and read it again - we have that, given the metric space ((0,400),ds), [0,1) is
open if

Vag € [0,1), 3r € Ry such that B(jo,+o00),dy) (T0,7) = {x € [0,400) : d(zg,z) < 7"} =10,r) C[0,1).

If xg € (0,1), then take r = min{xzg,1 — zo} > 0.
If o = 0, then take r = % Therefore, we have Br, 4, (0, %) = {m ER;:|z—-0]< %} = [O, %) C[0,1).

Remark 384 1. (0,1) 4s ((0,1),ds2) closed.
2. (0,1] is ((0,+00),ds) closed, simply because (1,+00) is open.

Proposition 385 Let a metric space (X,d), a metric subspace (Y,d) of (X,d) and a set S CY be given.

S is open in (Y,d) < there exists a set O open in (X,d) such that S =Y NO.



118 CHAPTER 9. METRIC SPACES

Proof. Preliminary remark.

Vmo € Y,VT S R++,
(9.12)
Bey,a) (wo,r) :={zx €Y :d(zo,2) <r} =Y N{r € X :d(zo,7) <7} =Y N Bx,q (xo,7).

(=]
Taken g € S, by assumption 3r,, € Ry, such that By, g (0,7) €S CY. Then

distributive laws

(9.12)
S = UsgesBey,a) (zo,7) = Ugees (Y N Bix,a) (zo,7)) Y N (UseesBx,a) (T0,7)) 5

and the it is enough to take O = UzesB(x,a) (Z0,7) to get the desired result.

[«<]

Take zp € S. then, zp € O, and, since, by assumption, O is open in (X,d), Ir € Ri; such that
Bx,ay (zo,7) € O. Then

9.12
By,q) (wo,7) Oy n B(x,q) (rg,7) CONY =5,

where the last equality follows from the assumption. Summarizing, Yz € S, 3r € Ry such that By, 4) (o, 7) C
S, as desired. m

Corollary 386 Let a metric space (X,d), a metric subspace (Y,d) of (X,d) and a set S CY be given.
1.
(S closed in (Y,d)) < (there exists a set C closed in (X,d) such that S=Y NC.).

(S open (respectively, closed) in (X,d)) z (S open (respectively, closed) in (Y, d)) .
3. If'Y is open (respectively, closed) in X,
(S open (respectively, closed) in (X,d)) <= (S open (respectively, closed) in (Y,d)) .
i.e., “the implication < in the above statement 2. does hold true”.

Proof. 1. )

(S closed in (Y,d)) « (Y\S open in (Y, d)) Prop, 385

< (there exists an open set S” in (X,d) such that Y\S=5"NY) <
< (there exists a closed set S’ in (X, d) such that S =5 NY),
where the last equivalence is proved below;

(<]

Take S” = X\5’, open in (X, d) by definition. We want to show that
if " =X\5,5=9NY and Y C X, then Y\S=5"NY:

zeY\S iff z€Y Az¢S
z€e€Y A (x¢ 5 NnY)
x€Y AN(— (xe s NY))
€Y AN (zeSANzeY))
z€Y A((z¢S'Vz¢Y))
(xeY ANz ¢S) V(zeYAx¢Y))
xeY Ax ¢S

zeS"NY iff z€Y ANzeS’
z€Y AN(zeXAx¢l)
(xeY ANzeX)hnzx¢gs
xeYANxgs

=]
Take S’ = X\S.Then S’ is closed in (X, d). We want to show that
if T = X\S", Y\S=S"NY,Y C X, then S =5 NY.
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Observe that we want to show that Y\S =Y\ (S’ NY) ,or from the assumptions, we want to show that
S"NY =Y\ ((X\S")nY).

zeY\((X\S")NY) iff z€Y AN (m(zeX\S"Az€Y))
zeY A (x¢ X\S"VzxeY)
z€Y AN(xeS'"Vzé¢Y)
(xeYAhzeS") V@@eYAzgY)
zeYNnzels
zesS" Ny

2. and 3.
Exercises. m

9.3 Sequences
Unless otherwise specified, up to the end of the chapter, we assume that
X is a metric space with metric d,

and
R™ is the metric space with Euclidean metric.

Definition 387 A sequence in X is a function x : N — X.

Usually, for any n € N, the value x (n) is denoted by x,,,which is called the n-th term of the sequence;
the sequence is denoted by (z,,)

neN’
Definition 388 Given a nonempty set X, X*° is the set of sequences (v,),cy such that Vn € N, xz, € X.
Definition 389 A strictly increasing sequence of natural numbers is a sequence (ky), cy in N such

1<k <ko< ... <k,< ..

Definition 390 A subsequence of a sequence (), cy 5 a sequence (Yn), cn such that there exists a strictly

increasing sequence (ky,), cy of natural numbers such that Vn € N, y, = y,, .

Definition 391 A sequence (zy),cy € X is said to be (X,d) convergent to xg € X (or convergent to
xo € X with respect to the metric space (X,d) ) if

Ve > 0,3ng € N such that Yn > ng, d(x,,x0) <€ (9.13)
wg is called the limit of the sequence (), cy and we write
My, 00 Try = Tg, OF Tp — To. (9.14)

(%n),en i a metric space (X, d) is convergent if there exist xo € X such that (9.13) holds. In that case,
we say that the sequence converges to xo and o is the limit of the sequence.’

Remark 392 A more precise, and heavy, notation for (9.14) would be

. n
lim, 400 ®p =29 or z, — 2o
(X,d) X,d)

Remark 393 Observe that ( )n

% en, converges with respect to (R,dy) and it does not converge with respect
to Ry, da) -

Proposition 394 lim, 4oz, = 2o < lim,— oo d(2y, z0) = 0.

3For the last sentence in the Definition, see, for example, Morris (2007), page 121.
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Proof. Observe that we can define the sequence (d (2, %0)), ¢y in R. Then from definition 391, we have
that lim,_, 4 co d (25, Zg) = 0 means that

Ve > 0,3ng € N such that ¥n > ng, |d(zn,z0) — 0] <e.
]

Remark 395 Since (d(zn,%0)),cy 5 a sequence in R, all well known results hold for that sequence. Some
of those results are listed below.

Proposition 396 (Some properties of sequences in R).

All the following statements concern sequences in R.

1. Every convergent sequence is bounded.

2. Every increasing (decreasing) sequence that is bounded above (below) converges to its sup (inf).

3. Fvery sequence has a monotone subsequence.

4. (Bolzano-Weierstrass 1) Every bounded sequence has a convergent subsequence.

5. (Bolzano-Weierstrass 2) Every sequence contained in a closed and bounded set has a convergent
subsequence in the set.

Moreover, suppose that (xn)neN and (yn)neN are sequences tn R and lim,,_. x, = o and lim,, 4 o0 Yn =
yo. Then

6. limy,— 400 (T + Yn) = To + Yo;

7. limy, 400 Tn - Yn = To - Yo;

8. ifVn eN, x, #0 and z¢ # 0, limy, 1 ﬁ =L,

9. ifVn €N, z, <yp, then zog < yo;

10. Let (z”)nEN be a sequence such that Vn € N, z, < z, < yn, and assume that xo = yo. Then
limy, 400 2n = Zo-

Proof. See Villanacci, (in progress), Basic Facts on sequences, series and integrals in R, mimeo. =

Proposition 397 If (x,), .y converges to xo and (yYn),cy i a subsequence of (Tn),cn, then (Yn),cn con-
verges to xg.

Proof. By definition of subsequence, there exists a strictly increasing sequence (k;), .y of natural
numbers, i.e., 1 <k <ky < ... <k, < ..,such that Vn e N, y, =z, .
If n — +o0, then k,, — +00. Moreover, Vn, 3k, such that
d(zo,zk,) = d (20, Yn)
Taking limits of both sides for n — 400, we get the desired result. =

Proposition 398 A sequence in (X, d) converges at most to one element in X.

Proof. Assume that z,, — p and z,, — ¢; we want to show that p = ¢. From the Triangle inequality,
vn € N, 0<d(p,q) <d(p,zn) +d(zn,q) (9.15)

Since d (p, z,) — 0 and d (z,, q) — 0, Proposition 396.10 and (9.15) imply that d (p,¢) = 0 and therefore
p=gq. m

Proposition 399 Given a sequence (), cy = ((m%)i:J in R¥,

<(x”)nEN R* converges to :v> & <Vi e{l,....k}, (:cln R converges to :cl> ,

)nEN
and

n
lim z,={ lim
n—-+oo n—-+oo i=1
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Proof. [=]
Observe that

|x% - xz| =/ (@, — $i)2 < d(zpz).

Then, the result follows.
[<] S
By assumption, Ve > 0 and Vi € {1, ..., k}, there exists ng such that ¥n > ng, we have |:c§1 — mz‘ < ﬁ

Then Vn > ng,
NIt
) (Zk> .
i=1

Proposition 400 Suppose that (x,,),,cy and (Yn),,cy are sequences in R* and lim,, o T, = o and lim, o0 Yp =
yo. Then

1
2

k k

£
Vk

1. limy,— oo (Tn + Yn) = To + Yo;

2. VeeR, limy 400 C-xp =cC-x0;

3 limy,—jo0 Tpy Y = T - Yo-

Proof. It follows from Propositions 396 and 399. m

Example 401 In Proposition 340 , we have seen that (B([0,1]),d) is a metric space. Observe that defined
Vn € N,
fai[01] =R, tetn,

we have that (fy),, € B([0,1])>. Moreover, ¥t € [0,1], (fn (f))neN € R and it converges in (R,ds). In
fact,

Define

057

We want to check that it is false that

fm - f

(B([0,1]),doo )

i.e., it is false that deo (fim, f) — 0. Then, we have to check

—=( Ve >0 3N, €N such that V¥n > N¢, do (fn,f) <€ ),
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i.e.,

Je >0 such that VN € N, In > N, such that deo (frn, f) > € .
Then, taken € = %, it suffice to show that

( ¥m eN, e (0,1) such that | fn (F) — F ()| > L ).
It is then enough to take t = (%)m

Exercise 402 For any metric space (X,d) and (z,), oy € X,

<xnﬂz><¢ T, — T).
(X,d) (X,13)

9.4 Sequential characterization of closed sets
Proposition 403 Let (X, d) be a metric space and S C X .*
< S is closed > & < any (X,d) convergent sequence (xy,),cy € S converges to an element of S >

Proof. We want to show that

S is closed <

o << (Tn),cy is such that 1. Vn € N,z,, € S, and > ~ 3 e S>.

2. x, — xg

(=]

We are going to show the contrapositive of the desired statement. ® Therefore, we assume that there
exists a sequence (z,,), oy € S such that z, — x¢ and ¢ ¢ S. We want to show that S is not closed, i.e.,
X \ S is not open, i.e., there exists T € X \ S such that for any r > 0, we do have B (Z,7) NS # &. Indeed,
take T = x¢. Since z,, — z¢, then for any r > 0 there exists IV, € N such that for any n > N,., we have
Zpn € B(xp, ). Since for any n € N, z,, € S, we have that for any n > N,., x,, € B (z9,7) NS, as desired.

[«<]

Suppose otherwise, i.e., S is not closed. Then, X\S is not open. Then, 3 T € X\S such that ¥n € N,
dx,, € X such that z,, € B (ﬁ %) ns,ie.,

i. TeX\S

ii. Vme N, z, € S,

iii. d(z,,T) < 71” and therefore x,, — T,

and i., ii. and iii. contradict the assumption. m

Remark 404 The Appendiz to this chapter contains some other characterizations of closed sets and sum-
marizes all the presented characterizations of open and closed sets.

9.5 Compactness

Definition 405 Let (X,d) be a metric space, S a subset of X, and T' be a set of arbitrary cardinality. A
family S = {Sv}wer such that Vy € T', S, is (X,d) open, is said to be an open cover of S if S C UyerS,.
A subfamily S’ of S is called a subcover of S if S C Ugres'S’.

Definition 406 A metric space (X, d) is compact if every open cover of X has a finite subcover.
A set S C X is compact in X if every open cover of S has a finite subcover of S.

Example 407 Any finite set in any metric space is compact.
Take S = {z;};—, in (X,d) and an open cover S of S. For any i € {1,...,n}, take an open set in S which
contains x;; call it S;. Then 8" ={S; 11 € {1,...,n}} is the desired open subcover of S.

4Proposition 467 in Appendix 9.8.1 presents a different proof of the result below.
5Recall that the contrapositive of the statement “if p, then ¢” is “if not g, then not p.”
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Example 408 1. (0,1) is not compact in (R,ds).
We want to show that the following statement is true:

- (VS such that Uges S 2 (0,1), 38’ C S such that #S' is finite and Uses' S D (0,1)),
i.e.,
38 such that Ugses S 2 (0,1) and VS' C S either #S’ is infinite or Uges S 2 (0,1).
Take S = ((%, 1))n€N\{071} and S’ any finite subcover of S.Then there exists a finite set N such that
S = ((%’1))nEN' Take n* = max{n € N}. Then, Usecs'S = Upen (£,1) = (,1) and (£,1) 2 (0,1).

n*?

2. (0, 1] is not compact in ((0,+00) ,ds). TakeS = (( 1 2))nEN and 8’ any finite subcover of S. Then there

n’

exists a finite set N such that S’ = ((%,2))%]\]. Take n* = max{n € N}. Then, Uscs'S = Unen (%,2) =
(-5.2) and (+,2) 2 (0,1].
Proposition 409 Let (X, d) be a metric space.

X compact and C C X closed = (C compact) .

Proof. Take an open cover S of C. Then S U (X\C) is an open cover of X. Since X is compact, then
there exists an open covers S’of S U (X\C) which cover X. Then 8"\ {X\C} is a finite subcover of S which
covers C. m

9.5.1 Compactness and bounded, closed sets

Definition 410 Let (X,d) be a metric space and a nonempty subset S of X. S is bounded in (X,d) if
Ir € Ry such that Vo,y € S, d(z,y) <.

Proposition 411 Given a metric space (X,d) and a nonempty subset S of X, then
S is bounded < Ir* € Ry and 3z € X such that S C B (Z,1*).

Proof. [=] Take r* = r and an arbitrary point z in S C X.
[=] Take z,y € S. Then
d(z,y) <d(z,2)+d(Z,y) <2r

Then it is enough to take r* =2r. m

Exercise 412 Show that
1.given S C (X, d), then

S is bounded < Vz € X Ir, € Ry4 such that S C B(z,r;);
2. given, S CR", then
S is bounded < 3z, T € R™ such that for any x € S and for any i € {1,...,n}, z; < z; < T;.
Proposition 413 The finite union of bounded set is bounded.

Proof. Take n € N and {S;}""_, such that Vi € {1,...,n}, S; is bounded. Then, Vi € {1,...,n}, Ir € Ry
such that S; C B (z,r;). Take r = max {r;},_,. Then U",S;, CU" B (z,r;) CB(z,7). =

Proposition 414 Let (X,d) be a metric space and S a subset of X.
S compact = S bounded.

Proof. If S = &, we are done. Assume then that S # @, and take T € S and B = {B(Z,n)} B is

an open cover of X and therefore of S. Then, there exists B’ C B such that

B'={B(Zni)}ien

neN"

where N is a finite set and B’ covers S.
Then takes n* = max;cn n;, we get S C B (T, n*) as desired. m
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Proposition 415 Let (X,d) be a metric space and S a subset of X.
S compact = S closed.

Proof. If S = X, we are done by Proposition 368. Assume that S # X: we want to show that X\S is
open. Take y € § and « € X\S. Then, taken r, € R such that

1
0<ry < §d(z,y),

we have
B (y,ry) N B(z,1y) = 2.

Now, S = {B (y,ry) : y € S} is an open cover of S, and since S is compact, there exists a finite subcover
S’ of S which covers S, say

S/ = {B (yn; r")}nEN 5
such that NV is a finite set. Take
r* = minr,,

neN

and therefore r* > 0. Then Vn € N,

B (Yn, ) N B (z,71,) = T,

B (yn,mn) N B (z,r") = 2,

and
(UnGN B (yna Tn)) NB (37,7"*) =d.

Since {B (Yn;7Tn)},cn covers S, we then have
SNB(z,r") =2,

or
B (z,r*) C X\S.

Therefore, we have shown that
Vo € X\S,3Ir* € Ryy such that B (z,r") C X\S,
i.e., X\S is open and S is closed. m
Remark 416 Summarizing, we have seen that in any metric space
S compact = S bounded and closed.

The opposite implication is false. In fact, the following sets are bounded, closed and not compact.

1. Let the metric space ((0,400),ds). (0,1] is closed from Remark 384, it is clearly bounded and it is
not compact from Example 408.2 .

2. (X, d) where X is an infinite set and d is the discrete metric.

X is closed, from Remark 373 .

X is bounded: take x € X andr =2 .

X is not compact. Take S = {B(x,1)}
that x € S,. 8

zex- Then Vr € X there exists a unique element S, in S such

Remark 417 In next section we are going to show that if (X,d) is an FEuclidean space with the Fuclidean
distance and S C X, then
S compact < S bounded and closed.

6For other examples, see among others, page 155, Ok (2007).
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9.5.2 Sequential compactness

Definition 418 Let a metric space (X,d) be given. S C X is sequentially compact if every sequence of
elements of S has a subsequence which converges to an element of S, i.e.,

((Tn)pey is a sequence in S) = (3 a subsequence (yn,) of (#n),en such that y, —x € S).

neN

In what follows, we want to prove that in metric spaces, compactness is equivalent to sequential com-
pactness. To do that requires some work and the introduction of some, useful in itself, concepts.

Proposition 419 (Nested intervals) For every n € N, define I, = [an, by] C R such that I,+1 C I,,. Then
mnENI’n 7é g.

Proof. By assumption,
ap<ag <...<a, <.. (9.16)

and
L <bp1 <. <Y (9.17)

Then,
vm:’n S N7 Ay, < bn

simply because, if m > n, then a,, < b, < b,,where the first inequality follows from the definition of
interval I,,, and the second one from (9.17), and if m < n, then a,, < a, < b,,where the first inequality
follows from (9.16) and the second one from the definition of interval I,,.

Then A := {a, : n € N} is nonempty and bounded above by b,, for any n.Then sup A := s exists.

Since Vn € N, b,, is an upper bound for A,

vneN, s<b,

and from the definition of sup,
vneN, a,<s

Then
YneN, a,<s<b,

and
VYneN, I,#a.

Remark 420 The statement in the above Proposition is false if instead of taking closed bounded intervals
we take either open or unbounded intervals. To see that consider I, = (0, %) and I, = [n, +o0].

Proposition 421 (Bolzano- Weirstrass) If S C R™ has infinite cardinality and is bounded, then S admits
at least an accumulation point, i.e., D (S) # &.

Proof. Step 1. n=1.
Since S is bounded, Jag, by € R such that S C [ag, bg] := Bp.Divide By in two subinterval of equal length:

ag + b ag + b
|:(10, 02 0:| and |: 02 0,b0:|

Choose an interval which contains an infinite number of points in S. Call By = [a1,b;] that interval.
Proceed as above for B;. We therefore obtain a family of intervals

By2B12..02B,2D..

Observe that lenght By := by — ag and

by — ao

Vn € N,lenght B, = om

Therefore, Ve > 0, 3 N € N such that Vn > N, lenght B, < €.
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From Proposition 419, it follows that
Jz € NS B,

We are now left with showing that z is an accumulation point for S
Vr € R4y, B (z,r) contains an infinite number of points.
By construction, Vn € N, B,, contains an infinite number of points; it is therefore enough to show that
Vr € Ry4,3n € N such that B (z,r) 2 B,.
Observe that
B(z,r) DB, & (x—r,x47) Dan,by) S x—1r<ap, <b, <zx+r & max{r—ap,b, —x} <r

Moreover, since & € [an, by],

by —
max {x — ap, b, — x} < b, — a, =lenght B, = 02na0
Therefore, it suffices to show that
by — ag
Vr € Ri4,3dn € N such that — <

i.e., n € Nand n > log, (bg — aop).
Step 2. Omitted (See Ok (2007)). m

Remark 422 The above Proposition does not say that there exists an accumulation point which belongs to
S. To see that, consider S = {% 'n e N}.

Proposition 423 Let a metric space (X, d) be given and consider the following statements.

1. S is compact set;

2. Every infinite subset of S has an accumulation point which belongs to S, i.e.,

(T C S AN#T isinfinite) = (D (T)N S # @),

3. S is sequentially compact

4. S is closed and bounded.

Then
l.2.<3=4.

If X =R", d = ds, then we also have that
<=4

More precisely, S is (R",da) compact < S is (R™,dy) closed and bounded.

Proof. (1) = (2)7
Take an infinite subset 7' C S and suppose otherwise. Then, no point in S is an accumulation point of
T, ie., VYr €S Ir, >0 such that
B(z,r;) NT\ {2} = @.

Then®
B(z,r,)NT C {z}. (9.19)

"Proofs of 1 = 2 and 2 = 3 are taken from Aliprantis and Burkinshaw (1990), pages 38-39.

8In general,
A\B=C = ACCUB, (9.18)

as shown below.



9.5. COMPACTNESS 127

Since
S - UwESB (Z‘,’I“g;)

and S is compact, Iz, ..., x, such that
S CUX B (1)
Then, since T C S,
T=5SNTC (U B(zsr))NT =Uj_y (B(xs,r)NT) C{z1,.... zn}

where the last inclusion follows from (9.19). But then #7T < n, a contradiction.

2) = (3)

Take a sequence (x,),,cy of elements in S.

If # {x,, : n € N} is finite, then 3z, such that z; = x,,~ for j in an infinite subset of N, and (2p«, ..., T+, ...)
is the required convergent subsequence - converging to x,~ € S.

If # {x,, : n € N} is infinite, then there exists a subsequence (y, ), cy Of (Z1), ¢y With an infinite amount
distinct values, i.e., such that Vn,m € N,n # m, we have y,, # y,,. To construct the subsequence (y,,)
proceed as follows.

Y1 =1 = Thy,

Y2 = Tk, ¢ {xkl}’

Y3 = Tkg ¢ {kaajkz}?

neN?

Yn = Tk, ¢ {$k1;$k27 "'xkn—1}7

Since T := {y, : n € N} is an infinite subset of S, by assumption it does have an accumulation point = in
S; moreover, we can redefine (y,),,y in order to have Vn € N, y, # = 9. as follows. If 3k such that y, = z,
take the (sub)sequence (Yry1,Yr+2,-) = (Yrtn)nen- With some abuse of notation, call still (y,), oy the
sequence so obtained. Now take a further subsequence as follows, using the fact that x is an accumulation
point of {y, : n € N} :=T,

Ym, € T such that d (ym1,z)

Ym,, € T such that d (ym,,, ) < min {%, (d (ym,x))mgm”il} ,

Observe that since Vn, d (Y, , £) < min {(d (Y, )) }, we have that Vn, m,, > m,_; and therefore

m<mp_1

(Ym, Jnen is @ subsequence of (yy,),,cy and therefore of () Finally, since

neN’

1
li i - =
n—l>r—&r-loo d <ym" ’ $) < 7L—1>I-ir-loo n 0
we also have that

lim yp,, =2
n—-+oo

Since AA\B=AnN B, by assumption, we have
(AmyﬂuB:CUB

Moreover,
(AmBC>UB:(AuB)m(BCUB) =AUBDA

Observe that the inclusion in (9.18) can be strict, i.e., it can be
AB=C ANACCUB;
just take A ={1},B = {2} and C = {1} :
AAB={1}=C NA={1} CCUB={1,2};

9Below we need to have d (yn,x) > 0.
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as desired.

(3) = (1)

It is the content of Proposition 432 below.

(1) = (4)

It is the content of Remark 416.

If X =R" (4) = (2)

Take an infinite subset 7" C S. Since S is bounded T is bounded as well. Then from Bolzano-Weirestrass
theorem, i.e., Proposition 421, D (T') # @. Since T' C S, from Proposition 458, D (T') C D (S) and since S is
closed, D (S) C S. Then, summarizing @ # D (T') C S and therefore D (T) NS = D (T) # &, as desired. m

To complete the proof of the above Theorem it suffices to show sequential compactness implies compact-
ness, which is done below, and it requires some preliminary results.

Definition 424 Let (X, d) be a metric space and S a subset of X. S is totally bounded if Ve > 0,3 a finite
set T C S such that S C Uzer B (,¢).

Proposition 425 Let (X,d) be a metric space and S a subset of X.
S totally bounded = S bounded.
Proof. It follows from the definition of totally bounded sets and from Proposition 413. m
Remark 426 In the previous Proposition, the opposite implication does not hold true.

Example 427 Take (X,d) where X is an infinite set and d is the discrete metric. Then, if € = %, a ball

is needed to “take care of each element in X7 . Similar situation arises in the following probably more
interesting example.

Example 428 Consider the metric space (ZZ,dg) - see Proposition 336. Recall that

12— {(xn nen € R Z|xn| <+oo}

and
1
3

ds : PxP?— R4, (('r")nel\ﬂ yn nEN (Z |mn yn )

Define e, = (em)n)nEN such that

1 if n=m
Emn =
0 if n#m,
and S = {em : m € N}. In other words, S =
{(1,0,0,...,0,...),(0,1,0,...,0,...) , (0,0, 1,...,0,...) , ...} .

Observe that Vm € N, Z 1 |em, n| =1 and therefore S C 12. We now want to check that S is bounded,
but not totally bounded. The main ingredient of the argument below is that

Vm,p € N such that m # p, d(em,ep) = V2. (9.20)

1

1. S is bounded. For anym € N, d(e1,e,) = ( ::g ‘617n,€m7n|2> 93,

2. S is not totally bounded. We want to show that 3¢ > 0 such that for any finite subset T of S there
exists © € S such that x ¢ Uyer B (z,€). Take e = land let T = {ey, : k € N} with N arbitrary finite subset
of N. Then, for k' € N\N, e € S and from (9.20), for any k' € N\N and k € N, d(eg,ex) = V2 > 1.
Therefore, for k' € N\N, e ¢ UpenB (ex, 1) .

Remark 429 In (R",ds), S bounded = S totally bounded.
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Lemma 430 Let (X,d) be a metric space and S a subset of X.
S sequentially compact = S totally bounded.

Proof. Suppose otherwise, i.e., 3¢ > 0 such that for any finite set 7' C S, S % Uzer B (2,€). We are
now going to construct a sequence in S which does not admit any convergent subsequence, contradicting
sequential compactness.

Take an arbitrary

r1 € 8S.

Then, by assumption S € B (z1,). Then take z5 € S\B (z1,¢), i.e.,
z2 € S and d (z1,32) > €.
By assumption, S € B (z1,¢) U B (z2,¢). Then, take 3 € S\ (B (21,¢) U B (z2,¢)), i.e.,
x3 € S and for i € {1,2}, d(z3,z;) > €.
By the axiom of choice, we get that
VneN, z,€Sandforie{l,...,n—1}, d(z,,z;) >c.
Therefore, we have constructed a sequence (), oy € S such that
Vi,j € N, if ¢ # j, then d (z;, ;) > e. (9.21)

But, then it is easy to check that (z,),cy does not have any convergent subsequence in S, as verified
below. Suppose otherwise, then (), .y would admit a subsequence (z,),,cy € S° such that z,,, — z € S.
But, by definition of convergence, 3N € N such that Vm > N, d (z,, z) < §, and therefore

d(Tm, Tmt1) < d(Tm, ) + d(Tmy1, ) < g,
contradicting (9.21). =
Lemma 431 Let (X, d) be a metric space and S a subset of X.

< S sequentially compact

-
S is an open cover of S > = ( Je >0 such that Vz € S, 30, € S such that B (z,¢) C O, ).

Proof. Suppose otherwise; then
1
Yn € Ny, Jz, € S such that VO € S, B <xn, n) Z 0. (9.22)

By sequential compactness, the sequence (z,,),,cy € S° admits a subsequence, without loss of generality
the sequence itself, (z,,),,cy € S° such that z,, — 2 € S. Since S is an open cover of S, 3 O € S such that
x € O and, since O is open, Je > 0 such that

B (z,e) CO. (9.23)
Since z,, — x, IM € N such that{z1;,i € N} C B (z, ). Now, take n > max {M, %} Then,
1
B (mn, ) C B(z,e). (9.24)
n
ie., d(y,zn) <* = d(y,z) <, as shown below.
1 ¢
d(y,.’t) < d(yaxn) +d($n’l’) < E + 5 <e.
From (9.23) and (9.24), we get B (z,, =) € O € S, contradicting (9.22). =
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Proposition 432 Let (X,d) be a metric space and S a subset of X.
S sequentially compact = S compact.
Proof. Take an open cover § of S. Since S is sequentially compact, from Lemma 431,
32 > 0 such that Vz € S 30, € S such that B (z,g) C O,.

Moreover, from Lemma 430 and the definition of total boundedness, there exists a finite set 7' C S such
that S C Uzer B (2,8) C UzerO,. But then {O, : « € T'} is the required subcover of S which covers S. ®

We conclude our discussion on compactness with some results we hope will clarify the concept of com-
pactness in R”™.

Proposition 433 Let X be a proper subset of R", and C a subset of X.

C' is bounded and (R",dy) closed
@D

C is (R™ ds) compact

(&2)

Cis (X,d2) compact

U (not ) 3
C' is bounded and (X,ds) closed

Proof. [1J]
Tt is the content of (Propositions 414, 415 and last part of) Proposition 423.
To show the other result, observe preliminarily that

(XN Sa)U(XNSs) =XN(SaUSs)

2 U]
Take 7 := {Ts},c 4 such that Va € A, T is (X,d) open and C' C UyeaTy. From Proposition 385,

Va € A, 3 S, such that S, is (R",d2) open and T, = X N S,.
Then
CcC UaGATa C Uaea (X N Soz) =XnN (UQGASOL) .

We then have that
C g UO(EASCw

ie, S:={Sa}taca is a (R",dz) open cover of C' and since C' is (R",dz) compact, then there exists a finite
subcover {S;},. of S such that
C C UjenS;.

Since C C X , we then have
C C (UienSi) N X = Ujen (SiNX) = UienTs,

ie., {Ti},cn is a (X, d) open subcover of {T,},c 4 which covers C, as required.

2 1]
Take S := {Sa},c4 such that Va € A, S, is (R, dz) open and C C UyeaSa. From Proposition 385,

Vae A, T,:=XnNS,is (X,d) open.
Since C' C X | we then have
CC (UaeASa) NX = Uaca (Sa N X) = UqgeaTs.

Then, by assumption, there exists {7}, is an open subcover of {T4},., which covers C, and therefore
there exists a set N with finite cardinality such that

C CUienTi = Uien (SiN X) = (UienSi) N X C (UienSi)

ie., {Si}ticn is a (R, d2) open subcover of {S,},c 4 Which covers C, as required.
3 U]
It is the content of Propositions 414, 415.
[3 not 1]
See Remark 416.1. m
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Remark 434 The proof of part [2 J] above can be used to show the following result.
Given a metric space (X,d), a metric subspace (Y,d) a set C CY, then

Cis (Y,d) compact

)

Cis (X,d) compact

In other words, (X', d) compactness of C C X' C X is an intrinsic property of C: it does not depend by
the subspace X'you are considering. On the other hand, as we have seen, closedness and openness are not
an intrinsic property of the set.

Remark 435 Observe also that to define “anyway” compact sets as closed and bounded sets would not be
a good choice. The conclusion of the extreme value theorem (see Theorem 522) would not hold in that
case. That theorem basically says that a continuous real valued function on a compact set admits a global
mazimum. It is not the case that a continuous real valued function on a closed and bounded set admits a
global mazimum: consider the continuous function

F1(0,1] >R, f(m):%.

The set (0,1] is bounded and closed (in ((0,400),d3) and f has no maximum on (0, 1].

9.6 Completeness

9.6.1 Cauchy sequences

Definition 436 Let (X,d) be a metric space. A sequence (z5), .y € X is a Cauchy sequence if

ne

Ve >0, 3N €N such that Vi,m > N, d(x;,xm,) < e.
Proposition 437 Let a metric space (X, d) and a sequence (), .y € X be given.

1. (%p),cy 18 convergent = (), oy 18 Cauchy, but not vice-versa;
2. (Tn)pey 18 Cauchy = (xy,),cy is bounded;
3. (%), ey 18 Cauchy and it has a subsequence converging to x € X = (x,), oy is convergent to x € X.

Proof. 1.
[=] Since (2y,),, ¢y is convergent, by definition, 3z € X such that x,, — x, 3N € N such that Vi,m > N,
d(:v[,xl]) < 5 and d(z,z,,) < §. But then d (21, 2,,) < d(2,2) +d(z,2,) < 5+ 5 =€
P
Take X = (0,1), d = absolute value, (z,,),,cy € (0,1)™ such that Vn € N, z,, = L.
(7n),cy is Cauchy:
11 1 1 1 1 1 1
V5>O,d——:7_f<,+7:,_~_7<
m l m l

+z=¢

e €
I'm l m 2 2
where the last inequality is true if % < 5 and % < §,ie.,if > g and m > % Then, it is enough to take
N > % and N € N, to get the desired result.
(%n),cy is not convergent to any point in (0,1):
take any T € (0,1). We want to show that

Je > 0 such that VN € N 3n > N such that d (z,,T) > ¢.

Take ¢ = % >0 and VN € N | take n* € N such that ni < min{%,%}. Then, n* > N, and

— -z

_ 1 T
=rXr——>T— - =
n* n* 2
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Take e = 1. Then 3N € N such that Vi,m > N, d(z;,z,,) < 1. If N =1, we are done. If N > 1, define

r=max{l,d(z1,zn),...,d(xN_1,ZN)}.

Then
{zp:n €N} C B(zn,T).

3.
Let (xp,),cy be a convergent subsequence to z € X. Then,

d(zn,x) < d(zp,Tn,) +d(Tn,, ).

Since d (2, Zn, ) — 0, because the sequence is Cauchy, and d (2, n,x) — 0, because the subsequence is
convergent, the desired result follows. m

9.6.2 Complete metric spaces

Definition 438 A metric space (X, d) is complete if every Cauchy sequence is a convergent sequence.

Remark 439 If a metric space is complete, to show convergence you do not need to guess the limit of the
sequence: it is enough to show that the sequence is Cauchy.

Example 440 ((0,1), absolute value) is not a complete metric space; it is enough to consider (%)nEN'

Example 441 Let (X,d) be a discrete metric space. Then, it is complete. Take a Cauchy sequence
(Tn),eny € X Then, we claim that IN € N and T € X such that ¥n > N, x, = Z. Suppose other-
wise:

VYN € N,3Im,m' > N such that 2, # Tp,
but then d (., Tm) = 1, contradicting the fact that the sequence is Cauchy.

Example 442 (Q,ds) is not a complete metric space. Since R\Q is dense in R, Vo € R\Q, we can find
(Tn) ey € QF such that x, — x.

Proposition 443 (Rk,dz) 18 complete.

Proof. 1. (R,ds) is complete.

Take a Cauchy sequence (v,), .y € R*. Then, from Proposition 437.2, it is bounded. Then from
Bolzano-Weierstrass Theorem (i.e., Proposition 396.4), (xn)neN does have a convergent subsequence - i.e.,
3 (Yn)pen € R which is a subsequence of (z,,),,. and such that y,, — a € R. Then from Proposition 437.3.

2. For any k > 2, (Rk, dg) is complete.

Take a Cauchy sequence (z,), .y € (RF)™ For i € {1,...,k}, consider (xj’b)nEN € R*. Then, for any
n,m € N,

|x:7, - xin| <lzn — zmll-

Then, Vi € {17 "'7k}’ (mil)nEN

€ R* is Cauchy and therefore from 1. above, Vi € {1,...,k}, (mi )nEN is
convergent. Finally, from Proposition 399, the desired result follows. m

n

Example 444 For any nonempty set T, (B(T'),ds) is a complete metric space.

Let (fn)pen € (B(T))™ be a Cauchy sequence. For any T € T, (fn(T)),cny € R™ is a Cauchy se-
quence, and since R is complete, it has a convergent subsequence, without loss of generality, (fn (T)), cn
itself converging say to fz € R. Define

f:T—R, (T — [z

We are going to show that (i). f € B(T), and (i) f, — f.
(i). Since (f,),, is Cauchy,

Ve >0, 3N € N such that VI,m > N, doo (fi, frm) :=sup |fi (x) — fm (2)] < e.
xzeT
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Then,
Ve €T, |fi(z)— fm(z)] < sup |fi (@) = fm (2)| = doo (fis frn) <& (9.25)

Taking limits of both sides of (9.25) for | — +o00, and using the continuity of the absolute value function,
we have that

Vo €T, lim |fi(@) = fm ()| = |f (2) = fm (2)] <e. (9.26)

SincetY

Ve e T,| |f @)= [fm @] [< | f(@)=fm(2)|<e,

and therefore,
Ve e T,|f ()] < fm(x)+e.

Since fi € B(T), f € B(T) as well.
(ii) From (9.26), we also have that

Ve € T,|f (z) — fm (2)| <&,

and by definition of sup
doo (fms f) == sup |fm (2) = f (2)] <&,

ie., doo (fm, f) — 0.

For future use, we also show the following result.

Proposition 445
BC(X):={f: X —R: f is bounded and continuous}

endowed with the metric d (f,g) = sup,ex |f () — g (x)| is a complete metric space.

Proof. See Stokey and Lucas (1989), page 47. m

9.6.3 Completeness and closedness

Proposition 446 Let a metric space (X,d) and a metric subspace (Y,d) of (X,d) be given.

1. 'Y complete =Y closed;

2. Y complete <Y closed and X complete.

Proof. 1.

Take (x,), oy € Y™ such that z,, — 2. From Proposition 403, it is enough to show that = € Y. Since
(%n),cy is convergent in X, then it is Cauchy. Since Y is complete, by definition, z,, — 2 € Y.

2.

Take a Cauchy sequence (z,,),cy € Y*°. We want to show that z,, — 2 € Y. Since Y C X, (2y,),,cy 18
Cauchy in X, and since X is complete, z,, — = € X. But since Y is closed, z € Y. m

Remark 447 An example of a metric subspace (Y,d) of (X,d) which is closed and not complete is the
following one. (X,d) = (Ryy,da), (Y,d) = ((0,1],d2) and (,),cy = ()

n/neN’
Corollary 448 Let a complete metric space (X,d) and a metric subspace (Y,d) of (X, d) be given. Then,

Y complete <Y closed.

10See, for example, page 37 in Ok (2007).
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9.7 Fixed point theorem: contractions
Definition 449 Let (X, d) be a metric space. A function ¢ : X — X is said to be a contraction if
k€ (0,1) such thatVz,y € X, d(¢(z),0(y)) <k-d(z,y).
The inf of the set of k satisfying the above condition is called contraction coefficient of ¢.

Example 450 1. Given (R,ds),
fo t R—=R, T = ax

is a contraction iff |a| < 1; in that case |a| is the contraction coefficient of fo.
2. Let S be a nonempty open subset of R and f: S — S a differentiable function. If

sup |f' (z)] < 1,
zeS

then f is a contraction.
Definition 451 For any f,g € X C B(T), we say that f < g ifVe €T, f (z) < g(z).

Proposition 452 (Blackwell) Let the following objects be given:
1. a nonempty set T';
2. X is a nonempty subset of the set B(T) such thatVf € X,Va e R, f+a € X;
3. ¢: X — X is increasing, i.e., f < g = ¢ (f) <o (9);
4. 36 € (0,1) such thatVf € X,Va e Ry, ¢ (f +a) < o (f) + dc.
Then ¢ is a contraction with contraction coefficient §.

Proof. Vf,ge X, Ve €T
@) =g(@) <|f(x) —g(@)| <sup|f(z) —g ()] = d (f,9)-

zeT
Therefore, f < g+ dw (f, g9), and from Assumption 3,
¢(f) < d(9+dw(f.9)).
Then, from Assumption 4,

36 € (0,1) such that ¢ (9 +dw (f,9)) < ¢ (9) +dd (f,9)

and therefore

¢(f) < o(g) +dd (f,9). (9.27)
Since the argument above is symmetric with respect to f and g, we also have
¢ (9) <o (f) +dde (f,9)- (9.28)

From (9.27) and (9.28) and the definition of absolute value, we have

¢ (f) = ¢ (9)] < ddes (£, 9),

as desired. m

Proposition 453 (Banach fized point theorem) Let (X,d) be a complete metric space. If ¢ : X — X is a
contraction with coefficient k, then

Al z* € X such that z* = ¢ (z*). (9.29)

and
Voo € X andVn € N, d(¢" (zo),2") < k™ - d(x9,2"), (9.30)

1 2 n
where ¢" = (o po....0p).
Proof. (9.29) holds true.
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Take any o € X and define the sequence
(Tn),en € X, withVn € N,zp1 = ¢ (zn)

We want to show that 1. that (xy),cy is Cauchy, 2. its limit is a fizved point for ¢, and 3. that fived
point is unique.
1. First of all observe that
Vn € N,d (Tpt1,2n) < k"d (z1,20), (9.31)

where k is the contraction coefficient of ¢, as shown by induction below.
Step 1: P (1) is true:
d(z2,21) = d(¢ (1), ¢ (0)) < kd (21, 70)

from the definition of the chosen sequence and the assumption that ¢ is a contraction.
Step 2. P(n—1)= P (n):

d(Tnt1,7n) = d (¢ (¥0), ¢ (Tn-1)) < kd (Tn, Tn—1) < k"d (21, 70)

from the definition of the chosen sequence, the assumption that ¢ is a contraction and the assumption of the
induction step.
Now, for any m,l € N with m > [,

d($m,$l) S d(.’Em,.Tm,l) + d(-rmflaxme) + ...+ d (ml+la$l) g

< (km—l + Jem—2 ot kl) d(.’)ﬁl,xo) < kl 1_116:7];4(1(331,56'0),
where the first inequality follows from the triangle inequality, the third one from the following computa-
tion!!: l

e i Sy e S (R N an I - -

Finally, since k € (0,1) ,we get
l

1—k
If x1 = =z, then for any m,l € N with m > l,d(z;y,x;) = 0 and Vn € N, z, = z¢ and the se-
quence is converging and therefore it is Cauchy. Therefore, consider the case x1 # xo.From (9.32) it follows

that (xn)ank)e X is Cauchy: Ye > 0 choose N € N such that%d(ml,xo) <e, e, KNV < da((zll_’fo)) and
log ===

N > ld(rbwo) .
og K
2. Since (X,d) is a complete metric space, (xy), cy € X does converge say to x* € X, and, in fact, we

want to show that ¢ (x*) = x*. Then, Ve > 0,3IN € N such that ¥Yn > N,

d(xm,x;) <

d(iIJl,IL'o) . (932)

d(¢(z*),2*) <d(¢(x*),zns1) +d (z"Th 2%) <
<d(¢(z*),d(zn)) +d (2" 2*) < kd(z*, 2,) +d (2", 2%) <

€ E —
§§+§*57

H'We are also using the basic facat used to study geometrical series. Define

sn51+a+a2+...+a";

Multiply both sides of the above equality by(1 — a):
l-a)sn=(1-a) (1+a+a2+...+a")
(1—a)sn = (1+a+a2+...+an) — (a+a2+...+a"+1) =1-—g"t!
Divide both sides by (1 — a):
1—ant! 1 ant!

= 2 ny _ 2 ntly — = -
sn=(l+ata® +..+a") —(ata’ +..+a"") = ——— = - - —
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where the first equality comes from the triangle inequality, the second one from the construction of the
sequence (Tn),cy € X, the third one from the assumption that ¢ is a contraction and the last one from
the fact that (x,,),,cy converges to x*. Since € is arbitrary, d (¢ (z*),z*) =0, as desired.

3. Suppose that T is another fized point for ¢ - beside x*. Then,

d(z,2%) = d(¢(2), 6 (27)) < kd (2, 27)

and assuming T # x* would imply 1 < k, a contradiction of the fact that ¢ is a contraction with contraction
coefficient k.

(9.30) hods true.

We show the claim by induction on n € N.

P (1) is true.

d(¢(wo),2") = d((w0), ¢ (")) < k-d(wo,x"),
where the equality follows from the fact that =* is a fixed point for ¢, and the inequality by the fact that

¢ is a contraction.
P (n — 1) is true implies that P (n) is true.

d(¢" (x0),2*) = d (¢" (z0), ¢ (2%)) =d (¢ (¢" " (20)) , ¢ (z7)) <

<k-d(¢" " (x0),a*) <k-k"V-d(zg,2*) = k" - d (w0, 2").

9.8 Appendices.

9.8.1 Some characterizations of open and closed sets
Remark 454 From basic set theory, we have A° N B = @ < B C A, as verified below.

~(Jz:z€e ANz eB)=(Nz:2€ AV~ (z€B))=

:<Vw:—\(m€B)\/x€A>(;)<Vx:x€B:>m€A),
where (x) follows from the fact that (p = q) = ((-p) V q).
Proposition 455 S is open & S NF(S) = @.

Proof. [=]

Suppose otherwise, i.e., 3z € S NF (S). Since z € F(S), Vr € Ry, B(x,7)NSY # @. Then, from
Remark 454, Vr € R, 4, it is false that B (z,7) C S, contradicting the assumption that S is open.

[«<]

Suppose otherwise, i.e., 3z € S such that

VreR,y,B(z,r)NSC # @ (9.33)

Moreover
r€B(x,r)NS#@ (9.34)

But (9.33) and (9.34) imply = € F(5). Since x € S, we would have S NF (S) # &, contradicting the
assumption. =

Proposition 456 S is closed < F (S) C S.
Proof.
S closed « SC open & §¢ NF (59) = B ¢ nF(S) =0 L F () cs

where

(1) follows from Proposition 455;
(2) follows from Remark 376

(3) follows Remark 454. m
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Proposition 457 S is closed < D (S) C S.

Proof. We are going to use Proposition 456, i.e., S is closed < F (S) C S.
=]
Suppose otherwise, i.e.,

Jdx ¢ S such that Vr € Ry 4, (S\{z}) N B (z,7) # &
and since x ¢ S, it is also true that

VTGRJ,_J,_, SOB(IB,T‘) #@ (935)

and
VreRy,, S°NB(x,r)# o (9.36)

From (9.35) and (9.36), it follows that = € F (S), while x ¢ S, which from Proposition 456 contradicts
the assumption that S is closed.

[«<]

Suppose otherwise, i.e., using Proposition 456,

Jx € F(S) such that z ¢ S

Then, by definition of F (S),
VreRy,, B(z,r)NS#0o.

Since x ¢ S, we also have
VTER-F-H B(x7r)m(s\{‘r})7é®7

ie,z € D(S)and x ¢ S, a contradiction. m
Proposition 458 VS, T C X, SCT = D(S)C D(T).
Proof. Take z € D (S). Then
VreRyy, (S\{z})NB(z,r)+#0o. (9.37)

Since S C T, we also have

(T\{z}) N B (z,7) 2 (S\{z}) N B(x,r). (9.38)
From (9.37) and (9.38), we get x € D(T). =m

Proposition 459 SU D (S) is a closed set.

Proof. Take z € (SUD (5)) ic., 2 ¢ S and z ¢ D (S). We want to show that
Ir € Ryy such that B (z,7)N(SUD(Y)) =2,

ie.,

Ir € Ryy such that (B (z,7)NS)U (B (z,r)ND(S5)) =2,
Since x ¢ D (S), 3r € R4, such that B (z,7) N (S\ {z}) = &. Since z ¢ S, we also have that

Ir € Ry such that SN B (z,r) = 2. (9.39)

We are then left with showing that B (z,r) N D (S) = @. If y € B(x,r), then from (9.39), y ¢ S and
B(z,r)NnS\{y} =2, ie,y ¢ D(S),ie, B(z,r)ND(S) =2, as desired. m

Proposition 460 Cl (S)=SUD(S).
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Proof. D]
Since
S CCl(9) (9.40)
from Proposition 458,
D(S)C D(CL (9)). (9.41)

Since Cl (5) is closed, from Proposition 457,

D(Cl (S)) CCl (5) (9.42)
From (9.40), and (9.41), (9.42), we get

SUD(S)CCl(5)

€]

Since, from Proposition 459, S U D (5) is closed and contains S, then by definition of Cl (.59),
Cl (S)CSUD(S).

|
To proceed in our analysis, we need the following result.

Lemma 461 For any metric space (X,d) and any S C X, we have that
1. X =Int SUF(S)Ulnt S, and
2. (Int SUF(9))° =Int 5°.

Proof. If either S = @ or S = X, the results are trivial. Otherwise, observe that either z € S or
zreX\S.

1. If x € Sthen

either 3r € R4 such that B (z,7) C S and then z € Int S,

orVr € Ry, B(z,7)NS® # @ and then = € F (S).

Similarly, if x € X \ S,then

either 3r" € Ry such that B (z,7') C X \ S and then z € Int (X \ 5),

or V' € Riy, B(x,r)NS # & and then z € F(S5).

2. By definition of Interior and Boundary of a set, (Int S U F (S))NInt S¢ = @.

Now, for arbitrary sets A, B C X such that AU B = X and AN B = &, we have what follow:

AuB=X & (AUB)C = X% & AN BY = @, and from Remark 454, B¢ C A;

ANB=g& An(B°) =@ = AC BC.

Therefore we can the desired result. m

Proposition 462 Cl (S) =1Int SUZF(S).
Proof. From Lemma 461, it is enough to show that
(C1 (5))Y = Int S°.

=)
Take x € Int S¢. Then, 3r € R, such that B (X,r) C S¢ and therefore B (z,7) N S = @ and, since
x ¢S,
B (z,r)Nn(S\{z}) = @.
Then z ¢ S and z ¢ D (9), i.e.,
x ¢ SUD(S)=Cl (S)

where last equality follows from Proposition 460. In other words, = € (Cl (S))C.
<]

Take z € (C1 (5))° = (D (S)US)C. Since z ¢ D (S),

Ir € Ryy such that (S\{z})NB(z,r)=© (9.43)
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Since = ¢ S,
Ir € Ry such that SN B(z,r) =92 (9.44)

ie.,

3r € Ry such that B (z,7) C S¢ (9.45)
and 2 € Int S¢. m

Definition 463 x € X is an adherent point for S if Vr e Ry, B(x,r) NS # & and
Ad(S) ={ze X :VreRyy,B(z,r)NS # 2}

Corollary 464 1. Cl (S) = Ad(S).
2. A set S is closed < Ad(S)=S.

Proof. 1.
c]
x € Cl (5)= (xr € IntS or F(5)) and in both cases the desired conclusion is insured.
2]

If x € S, then, by definition of closure, z € Cl (S). If « ¢ S,then S = S\ {z} and, from the assumption,
Vr e Ryy, B(z,r) N (S\{z}) # @, i.e.,, x € D (S) which is contained in Cl (S)from Proposition 460.

2. It follows from 1. above and Proposition 379.2. m

Proposition 465 Let S C R™ be given. Then, F (S) = CL(S) \ Int(S).
Proof. We want to show
(VreRiy,B(z,r)NS#@and B(z,r)NS° 4 ) & (xeCl(S)\IntS ).

From Definition ?? and ??, z € C1(S) \Int (S) iff Vr € Ry, B (z,7)NS # @ and = (3§ > 0 such that B (z,0) C 5),
ie., Vo >0,
B (z,6)N(R™\S) = B (x,0) NR"NS® = B(z,0) NS¢+ @.

Therefore, € C1(S) \Int (S) iff Vr € Ry 4, B (2,7) NS # @ and B (z,6)NS° # @. m
Proposition 466 x € Cl (S) < 3 (xy),cy in S converging to x.

Proof. [=]

From Corollary 464, if z € Cl (S) then Vn € N, we can take z,, € B (z,2) N S. Then d (z,z,) < L and
lim, 400 d (z, 2,) = 0.

[<]

By definition of convergence,

Ve > 0,3n. € N such that ¥n > n., d(z,,x) <eorx, € B(z,¢)

or
Ve >0, B(z,e)NS D {xy,:n>n.}

and
Ve >0, B(z,e)NS #£ o

ie., z € Ad(S), and from the Corollary 464.1, the desired result follows. m

Proposition 467 S is closed < any convergent sequence (Zn),cy With elements in S converges to an
element of S.

Proof. We are going to show that S is closed using Proposition 457, i.e., S is closed < D (S) C S. We
want to show that

(D(S)QS><:><< (%n),cy is such that 1. Vn € Nz, € S, and >:>3:0€S>,

2., — X0



140

CHAPTER 9. METRIC SPACES

Suppose otherwise, i.e., there exists (xn)neN such that 1. Yn € N, z,, € S. and 2.x,, — xg, but z¢ ¢ S.
By definition of convergent sequence, we have

Ve > 0,3ng € N such that Vn > ng, d(z,,z0) <e

and, since Vn € N,z,, € 5,

{n :n>no} C B(mg,¢) N (S\ {z0})

Then,

Ve >0, B (z9,¢) N (S\{zo}) # &

and therefore xg € D (S) while 2 ¢ S, contradicting the fact that S is closed.

[«<]

Suppose otherwise, i.e., 3 g € D (S) and g ¢ S. We are going to construct a convergent sequence
(%n), ey With elements in S which converges to zo (a point not belonging to ).

From the definition of accumulation point,

VneN, (S\{z))NB (x i) £ 0.

Then, we can take z,, € (S\ {z}) N B (z, 1), and since d (z,,,20) < L, we have that d (z,,z9) — 0. ®
Summarizing, the following statements are equivalent:

1.
2.
3.

S is open (i.e., S C Int S)
S¢ is closed,

SNF(S) =2,

and the following statements are equivalent:

1.
2.
3.
4.

S is closed,
S¢ is open,
F(S)CS,
S=Cl(9).
D(S)C S,
Ad(S) =5,

any convergent sequence (m”)neN with elements in S converges to an element of S.

9.8.2 Norms and metrics

In these notes, a field K can be either R or C.

Definition 468 A norm on a vector space E on a field K € {R,C} is a function

-1 E—-R, |

which satisfies the following properties: Vx,y € ENA € K,

1.
2.
3.
4.

llz|| > 0 (non negativity),
|z +yll < [l]| + [lyl| (triangle inequality),
IAz]] = [A] - [|2[| (homogeneity), **

l|z|]| = 0=z =0 (separation).

I21f X € R, |A] is the absolute value of \; if A = (a,b) € C, then |A\| = Va2 + b2.
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Proposition 469 Given a norm ||-|| on E, Vz,y € E
1.2=0=|lz|]|=0
2. |lz =yl = lly — =l
3o |l = TyIDI < [l = yl|.
Proof.
1. Since F is a vector space, Vx € E, Ox = 0. Then

(a) ®
[10]] = [[0z|| = O] - ||| = Offx[| = 0

where (a) follows from property 3 of norm and (b) from the definition of absolute value.

: ()
2. o=yl = [l=y+zl| = Bl —y—(-2)|| = [[(-Dy+(-1)(=2)l| = [[(-D(y—2)|| = |- 1]-ly—=[| = [ly—=]]
where (c) follows from Proposition 136.

3. From the definition of absolute value, we want to show that

=l =yl < llzll = lyll < [l =yl

Indeed,
2|l = llz =y +yll < llz =yl +[lyl],
Le., [|lz =yl = |||l = lyll, and
Wyl =lly — =+ «l] < ly — | + ||l = [l= — yl| + [|=]],
ie., —|lz —y|| <|lz]| - |ly|, as desired.

Proposition 470 If properties 2. and 3. in Definition 468 hold true, then property 1. in the same definition
holds true.

Proof. We want to show that
(e +yll < [+ [[yll AlAz]| = A - [|]])

= (Vz € E,||z|| > 0)

Observe that if © = 0, from Proposition 469.2 (which uses only property 3 of Definition 468) we have ||z|| = 0.
Then

< ||z —z|| < ||z|]| + || — =|| and therefore
>

=zl = =1 = 1] - [l = —[[=].

Now, if ||z|| < 0, we would have a negative number strictly larger than a positive number, which is a
contradiction. m

Definition 471 The pair (E,||-||), where E is a vector space and || - || is a norm, is called a normed vector
space.

Remark 472 Normed spaces are, by definition, vector space.
Definition 473 A seminorm is a function satisfying properties 1, 2 and 3 in Definition 468.

Definition 474 Given a non-empty set X, a function d : X x X — R is called a metric or a distance on
X ifVa,y,z € X,

Byy eV (=1)v = —v and —(—v) = (=1)((=1)v) = (-1)(-D)v=1-v =o.




Definition 475 Given a normed vector space (E,|| - ||), the metric

Proposition 476 Given a normed vector space (E, || -||),

8

3. It follows from Proposition 469.2.
4
[
Proposition 477 If || - || is a norm on a vector space E and

(non negativity),
&z =y (coincidence),

)>0
)=0
) = d(y,x) (symmetry),
)<d

(X,d) is called a metric space.

d:E® = R, (z,y) = [l —yl|

is called the metric induced by the norm || - ||.

d:FExFE—R,

a metric and (E,d) is a metric space.

Proof.

(z,y) = ||z —yl|
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1. It follows from the fact that =,y € £ = x — y € E and property 1 of the norm.

2. It follows from property 1 of the norm and Proposition 469.1.

d:ExFE—R,

then Vx,y,z € E,VYA e K

a. d(z,0) =||z||

b. d(z + z,y + z) = d(z,y) (translation invariance)
c. d(Ax,\y) = |\|d(z,y) (homogeneity).

Proof.

a. d(z,0) = [l — 0[] = [|=|

b d(z +z,y+2) = [[(z+2) = (y+2)

(z,y) = [lz =yl

| = llz —yll = d(=,y)
¢ d(Az, Ay) = [[Az = Ayl| = [[Mz = y)ll = A - [[z =yl = [Mld(z, ).

d(z,2) = [le = 2| = [[(z —y) + (y = | <lz =yl + lly = 2[| = dl(z,y) + d(y, 2).

Proposition 478 Let (E,d) be a metric space such that d satisfies translation invariance and homogeneity.
Then

is a norm and Vz,y € E, n(y — x) = d(z,y).

Proof.

1. n(z) = d(z,0) > 0, where the inequality follows from property 1 in Definition 4,
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2.
a (b)
n(@+y) = d@+,0) 2 dw+y - 4,0~ y) = dla, ~y) < d(,0) + d(0, ~y) =
c d
9 d(a,0) + d(~y,0) L d(0,y) + d(0,) = nly) + n(a),
where (a) follows from translation invariance, (b) from triangle inequality in Definition 474, (¢) from
symmetry in Definition 474 and (d) from homogeneity.
3.
n(Az) = d(Az,0) = [Ad(z,0) = |A|n(z),
4.

n(z) =0=d(z,0) =0=2=0.
It follows that
n(y—z)=dly—z,0)=dly—z+2,0+2) =d(y, z) = d(z,y).
[

Remark 479 The above Proposition suggests that the following statement is false:

Given a metric space (E,d), thenng : E — R,: x — d(x,0) is a norm on E.

The fact that the above statement is false is verified below. Take an arbitrary vector space E with the
discrete metric d,

0 if z=y
L if z#y
First of all, let’s verify that d does not satisfy (translation invariance and homogeneity), otherwise from

Proposition 478, we would contradict the desired result. Indeed homogeneity fails.
Take x # y and A\ = 2 then

d:ExFE—R, d(x,y)_{

dz,y) =1 and dAz,\y)=1
Nd(z,y) =2 £ 1.

Let’s now show that in the case of the discrete metric
n:E—R, z~—d(z0)
1s mot a norm. Take © # 0 and A = 2 then

M| = d(Az,0) = 1
I\d(z,0) = 2.

9.8.3 Distance between sets, diameters and ‘“topological separation”.
Definition 480 Let (X, d) be a metric space. The distance between a point x € X and a non-empty subset
A of X is denoted and defined by
d(z, A) = inf{d(z,a) : a € A}
The distance between two non-empty subsets A and B of X is denoted and defined by
d(A, B) = inf{d(a,b) :a € A,b € B}
Definition 481 The diameter of a non-empty subset A of X is denoted and defined by

d(A) = sup{d(a1,as) : a1,a2 € A}

If the diameter of A is finite, then A is said to be bounded, otherwise A is said to be unbounded.
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Proposition 482 Let A and B be non-empty subsets of a metric space (X,d) and let x € X. Then
1. d(xz, A) and d(A, B) are non-negative real numbers;
2. Ifx € A, then d(z,A) = 0;
3. If ANB # @, then d(A, B) = 0;
4. If A is finite, then d(A) < oo, i.e., A is bounded.

Proof. 1.1t follows directly from Definition 327.
2. Since z € A, we have that

Def 327 Def 480

0 dz,z) € {d(z,a):a€ A} TR,

ANB#@=3J:xsuchthat t € Aand z € B

But, d(x,z) = 0, therefore we can proceed like we did in point 2 above.
4. Since A is finite, d(A) = sup{d(a1, az2) : a1,a2 € A} is the max of a finite set and therefore it is finite.
[ ]

Remark 483 The converses of the statements 2, 8 and 4 in Proposition 482 do not hold true, as verified
below.

1. d(z,A) =0+ z € A:
Consider the euclidean topology on R and take A = (0,1). We have that 0 ¢ A, while d(0,A) = 0.

2. d(A,B)=0+ ANB # @:
Consider the euclidean topology on R and take A = (0,1) and B = [1,2). We have that AN B = &, while
d(A, B) = 0.

3. d(A) < oo A is finite:
Consider the euclidean topology on R and take A =1[0,1]. A is not finite, but we have that d(A) = 1.

Remark 484 For the empty set, the following conventions are adopted:
1. d(z, ) = 4o0;
2. d(A,2) =d(@, A) = +o0;
3. d(&) = —oc0.

Proposition 485 Let x € X with (X, d) metric space. The closure of a subset A of X is equal to the set of
points whose distance from A is zero, i.e.,

Cl(A) ={z:d(z,A) =0}

Proof. From Proposition 368 we know that Cl(A) = AU D(A). We need to show that the points of A
and D(A) have distance zero from A. First, from Proposition 482 point 2, we have that Vo € A, d(x, A) = 0.
Now consider D(A)

Def accumulation point
(A) &

x€eD V G open, such that z € G, (G\ {z}) NA# & =

(X, d) metric space
=

Vr >0, (Bx,a(z,r) \{z}) NA# 2
Now assume that 3 zg € D(A) such that d(zg, A) =& # 0. But then,

Boca (s0.5) 4= o

Therefore zy is not an accumulation point for A. It follows that © € D(A) = d(z, A) = 0. In conclusion,
since all the points of A and D(A) have distance zero from A, we have that the points of Cl(A) = AU D(A)
have distance 0 from A. =

Remark 486 From the previous Proposition, in a metric space (X,d), A C X 1is closed if A ={zx € X :
d(z, A) = 0}.
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Corollary 487 In a metric space (X,d), all finite sets are closed.

145

Proof. From the definition of distance - see Definition 327 - since d(z,y) = 0 < = = y, we have that
the only point with zero distance from a singleton set {z} C X is the point z itself. Hence by the above
proposition we have that, in a metric space, singleton sets are closed. But since by Corollary ??7 any finite

union of closed sets is closed, we have that finite sets are closed as well. m

Corollary 488 Let (X,d) be a metric space. Let A be an (X, d)-closed set, then x ¢ A = d(x,a) > 0.

Proof.
d(z,A) #£0= ¢ Cl(A) "B ¢ A

Proposition 489 (A topological separation property) Let (X,d) be a metric space and A, B closed disjoint

subsets of X. Then there exist open disjoint sets G and H such that A C G and B C H.

Proof. If either A or B is empty, we can take G and H equal to @ and X. Assume now that A and B

are non-empty. Take a € A and b € B. Since A and B are disjoint, i.e., AN B = &,

(ceAanda¢ B) and (b¢ Aandbe B).

From the Corollary 488, 36, > 0 and §, > 0 such that d(a, B) = §, and d(b, A) = §,. For any a € A and

any b € B, define,

1 1
S, =B (a, 35a> and S, =B <b, 35b) .

We want to show that our desired sets G and H are indeed

G=|JS. and H=[]S,.
acA beB

1. G and H are clearly open
2. Clearly, AC G and BC H

3. We are left with showing that G N H = @. Suppose otherwise, i.e., 3z € GN H. Then by definition of

G and H,

da, € A and b, € B such that x € B <az, ;5a> nB (bm, ;51,) .

(9.46)

Since a, € A and b, € B and A and B are disjoint we have that d(a,,b,) = & > 0. Then, by definition

of distance between a point and a set,
d(ag,B) := 0, < e and d(b,, A) := 0y < e.
Moreover, from (9.46),
1 1
d(az,z) < §5‘“ d(b,,x) < géb

Then

(9.48
e:=d(az,by) < d(az,z)+d(bs,x) < géa + 561, <

e, 0<e< %5, a contradiction.

)1 1. (947) 2

Example 490 Consider the metric space (R?,d) and the following two subsets of R?:

A={(z,y): 2y > -1, x < 0}, B={(z,y) :zy > 1, = > 0}.

A and B are both closed and disjoint. However, d(A, B) = 0.

(9.47)

(9.48)
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Lemma 491 Let (X, d) be a metric space and S C X. Then
d(S) = d(CL(9)).
Proof. By applying the definition of diameter, we want to prove that , defined
A :={d(s1,82) : 81,82 € S} and B := {d(s1, $2) : 51,82 € CI(S)} :=sup B,

sup A = sup B.

[<] It follows from the fact that, since S C Cl(S), A C B.
[>] From Proposition 485 we have that C1(S) = {x : d(x, S) = 0}. Therefore V x € F(S), 3 s. € S such that
d(z,s.) = 0. Taken s1,s9 €CI(S), since CI(S) = F(S) U (S), we have three possible cases.

<
>

e Case 1: 51,89 € S. In this case d(s1, s2) € A.

e Case2: 51 € F(S) and so € S. From Proposition 485 mentioned above, it is possible to find s3 € S such
that d(s1,s3) = 0. Hence, from the triangle inequality, d(s1, s2) < d(s1, $3) + d(s3,s2) = d(ss, s2) € A.

e Case 3: s1,52 € F(S). Just like we did for Case 2, we can find s3,s4 € S such that d(sq,s3) = 0 and
d(s2,54) = 0. Therefore d(s1,s2) < d(s1,53) + d(s3,52) < d(s3,54) + d(s4,52) = d(s3, s4) € A.

In all cases we have found that for every element in B it is possible to find an element in A which is
greater or equal, therefore sup A > sup B, as desired. m

Definition 492 Let A be a nonempty set in R™. Then, a function f: A — R™ is said to satisfy a Lipschitz
condition on A, or simply to be Lipschitz continuous on A, if

Js € R such that Yo,y € A, | f(z) — f()] < sllz — vl

Example 493 The norm function satisfies a Lipschitz condition. In fact,

(1)
Il =1yl = Mzl =yl < llz = yll,

where (1) follows from Proposition 7?.3: indeed, the norm function satisfies the Lipschitz condition with
s=1.

Proposition 494 Let A be a nonempty set in R™, and let the function f : A — R™ satisfy a Lipschitz
condition on A. Then, f is continuous on A.

14 Remember that, from Proposition ??, CI(S) = Int(S) U F(S). Since Int(S) C S CCI(S),
F(S)US = CI(S).
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Proof. Let (ay),cy be a sequence of points of A convergent to a € A, i.e., such that

lim |la, —al =0. (9.49)

n—-+oo

Since 3s € R such that || f(a,) — f(a)]] < s|lan — al|, from (9.49),

lim |[f (an) = f(a)l| =0,

n—-+oo
whence the sequence (f (an)), oy converges to f(a). Since this is true Ya € A, f is continuous on A. m
Proposition 495 The distance function is Lipschitz continuous and therefore it is continuous on R™.

Proof. 1st proof. Let z,y € R™ and A be a nonempty set in R™. Then, by definition of distance as inf,
Ve > 0 Ja € A such that
ly —all <da(y) +e. (9.50)

Now,
Def. 77 (9.50)
da(z) < z—al=lz—y+y—al<le—yl+ly—al < lz-yl+daly)+e,

whence, since € > 0 is arbitrary,
da(z) < |z -yl +daly),

da(z) —da(y) < |z =yl

Since the above argument is perfectly symmetric with respect to x and y, we can repeat it interchanging x
with g in order to get

da(y) —da(z) <|ly — ||,

and then, as desired,
[da(z) — da(y)| < llz—yll.

2. (Nguyen (2016)).
Take z,y € A. Then, for any u € A, we have

d(z,A) < flz —ul < llz—yll + lly —ull.
Taking inf of both sides of the above inequalities with respect to u, we get

Def. d(...,A

. )
d(z,A) < |z —ul <[l —yll+inf{lly —ul :ue A} lz =yl +d(y, A),

or

d(z,A) —d(y, A) < [lz -yl (9-51)

Repeating the above argument interchanging x with y, we get
d(y, A) —d(z, A) <[z -yl

and therefore
d(z,A) —d(y,A) > —|lz -yl (9.52)

(9.51) and (9.52) are the desired result. m

9.9 Exercises

Problem sets: 3,4,5,6.

From Lipschutz (1965), starting from page 54: 1, 18, 19, 20, 23, 28 (observe that Lipschutz uses the word
“range” in the place of “image”);

starting from page 120: 1, 3, 6, 7, 25, 29.
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Chapter 10

Functions

10.1 Limits of functions
In what follows we take for given metric spaces (X,d) and (X',d’) and sets S C X and T C X'.
Definition 496 Given xo € D (5) ,i.e., given an accumulation point xo for S, and f: S — T, we write

lim f(z)=1€X’

r—x0

Ve > 0,36 > 0 such that x € (B(X’d) (0,9) N S) \{zo} = f(z) € Bxray(le)

or

Ve > 0,36 > 0 such that{zx € S A 0<d(z,x0) <d)=d (f(z),l)<e
Proposition 497 Given zo € D(S) and f : S — T,
(limg—y, f (z) =1)

<~
< for any sequence (avn)nGN in S such that VYn € N, x,, # x¢ and lim,,_, T, =g, >

limy, oo f (z) = L.
Proof. for the following proof see also Proposition 6.2.4, page 123 in Morris.
=]
Take
a sequence (), .y in S such that Vn € N, x,, # 2¢ and 1151’_1 Ty = Tp.
n—-+oo
We want to show that lim, . f (z,) =1, ie.,
Ve > 0,3np € N such that Vn > ng, d(f (zn),l) <e.
Since lim, ., f (z) =1,

Ve > 0,30 >0suchthat €S A 0<d(z,z0) <d=d(f(z),]) <e.

Since limy, 400 Tn =

¥ > 0,3n € N such that ¥n > ng, 0 < d (2, a0) < 0,

where (x) follows from the fact that Vn € N, z,, # xo.
Therefore, combining the above results, we get

Ve > 0,3ng € N such that Vn > no, d(f (z,),l) <e

as desired.

149
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[«<]
Suppose otherwise, then

Je > 0 such that V6, = 1, ie.,Vn €N, Iz, € S such that

n’

(10.1)
T, €S A0 <d(zy,20) < and d(f (z),1) > e.

Consider (), cy; then, from the above and from Proposition 394, x, — o, and from the above
(specifically the fact that 0 < d(x,,z0)), we also have that ¥n € N, =z, # x9. Then by assumption,
lim,, 100 f (zn) =1, i.e., by definition of limit,

Ve >0, 3IN €N such that if n > N, then |f (z, —1)| <e,
contradicting (10.1). m

Proposition 498 (uniqueness) Given g € D (S) and f: S — T,

<lim flz)=1 and lim f(z) =1, >;»<1112>

T—To Tr—xTQ
Proof. It follows from Proposition 497 and Proposition 398. =
Proposition 499 Given S C X, 2o € D(S) and f,9: S — R, , and

lim f(x)=1and lim g(z)=m
T—xTQ

T—x
1. limy oy f(2) + g (x) =14+ m;
2. limg gz f(2) - g(x)=1-m;

3. ifm#0 andVz € S, g(z) #0, limy_, 4, L) L

g(x) m

Proof. It follows from Proposition 497 and Proposition 396. =

Remark 500 Given f:R? — R, it is false that

thmx—mco f (xvy()) = f (z()vyo) and hmy—>yo f (xO; y) = f (‘TOa yO): then lim(z,y)—v(zo,yo) f (xvy) = f (ZEo,yO).
A desired counterexample is presented below. Let the function f : R? — R,

sz i (zy) #0,
[ (x,y) =
0 if (x,y) =0,

be given. Then,

1.
lim f(z,0) =lim 0=0= f(0,0), lim f(0,y)=1lm0=0= f(0,0);
r—0 z—0 y—0 y—0

2. We want to show
= (Ve > 0,36 > 0 such that (z,y) € B(0,9) = |f (z,y)| <e), ie.,
3 &> 0 such that V6 > 0 3 (Z,7) € R? such that ||(Z,7)|| < and f (T,7) > e.

Take e = L and (z,7) = (z,%) € B(0,6) \ {0}. Then f(%,T) = —2-

1 1 i
= @iEr 2 1 08 desired.

Proposition 501 Let f : S € X — R™, 2o € D(S) and for any j € {1,...,m}, f; : S — R be such that

Vr €S,
f@)=(f; (@),
Then, if either lim,_,,, f (x) =1 € R™ or for any j € {1,...,m}, lim,_,,, f; (z) =1; € R, then

lim f(z)= ( lim f; (x))m .
T—xQ T—To =1

Proof. It follows from Propositions 497 and 399. =
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10.2 Continuous Functions

Definition 502 Given a metric space (X,d) and a set V. C X, an open neighborhood of V is an open set
containing V.

Remark 503 Sometimes, an open neighborhood is simply called a neighborhood.

Definition 504 Take S C (X,d), T C (Y,d'),zp€ S and f: S —T. Then, f is (X,d)— (Y,d') continuous
at xq if
Ve > 0,36 > 0 such that x € (B(X,d) (z0,0) N S) = f(z) € Bixr,ay (f (w0) ,€),

i.e.,
Ve > 0,36 > 0 such that x € S Nd(x,z0) <= d (f(x), f(z0)) <e,
i.e.,
Ve > 0,30 >0, f(Bx.,a (€0,6)NS) C Bixra (f (x0) ),
i.e.,

for any open neighborhood V' of f (x¢),
there exists an open neighborhood U of xog such that f(UNS) CV.

If f is continuous at xqo for every xg in S, f is continuous on S.

Remark 505 If xg is an isolated point of S, f is continuos at xg. If x¢ is an accumulation point for S, f
is continuous at xo if and only if lim, ., f () = f (zo).

Proposition 506 Suppose that Z C X", where (X",d") is a metric space and
[iS T, g:W2f(S)—2

h:S—2Z, hiz)=g(f(z))

If f is continuous at xo € S and g is continuous at f (xg), then h is continuous at .
Proof. Exercise (see Apostol (1974), page 79) or Ok, page 206. m
Proposition 507 Take f,g: S CR® = R. If f and g are continuous, then
1. f+ g is continuous;
2. f-g is continuous;

3. ifVe e s, g(x)#0, 5 is continuous.

Proof. If z( is an isolated point of .S, from Remark 505, we are done. If x( is an accumulation point for
S, the result follows from Remark 505 and Proposition 499. m

Proposition 508 Let f: S C X — R™, and for any j € {1,...,m} f; : S — R be such that Vz € S,
f@)=(f; (@),

Then,
(f is continuous) < (Vj € {1,...,m}, f; is continuous)

Proof. The proof follows the strategy used in Proposition 399. m

Definition 509 Given for any i € {1,...,n}, S; C R, f: xS — R is continuous in each variable
separately if Vi € {1,...,n} and V2? € S;,

fz? : xk#Sk — R, f$(1) ((mk)k#) = f (.’I?l, ..,xi,1,$?,$i+1, ,.’L‘n)

18 continuous.
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Proposition 510 Given for any i € {1,...,n},
f x2S — R is continuous = f is continuous in each variable separately
Proof. Exercise. m
Remark 511 It is false that
f s continuous in each variable separately = f is continuous
To see that consider f : R? —» R,

iz if (zy) #0
[(z,y) =
0 if (z,y9)=0

The following Proposition is useful to show continuity of functions using the results about continuity of
functions from R to R.

Proposition 512 For any k € {1,...,n}, take S, C X, and define S := x}_; S, C X™. Moreover, take
i€ {l,..,n} and let
g:58; =Y, cxy — g (x;)

be a continuous function and
f:5=%, (@) ey = 9 () -

Then f is continuous.
Example 513 An example of the objects described in the above Proposition is the following one.
g:[0,7] = R, g(z)=sinz,
f:[0,7] x [-7,0] = R, f(x,y)=sinz.
Proof. of Proposition 512. We want to show that
Vag € S,Ve >0 36 > 0 such that d (z,z0) < oAz €S =d(f(x),f(x0)) <e
We know that
Vxio € S;,Ve >0 3§ > 0 such that d (z;,xi0) <8 Az €S =d(g(x:),9(zi0)) <¢

Take § = &'. Then d(z,20) < Az € S = d(z;,70) < & ANa; € S and € > d(g(z:),g (i) =
d(f(x), f(z0)), as desired. =

Exercise 514 Show that the following function is continuous.

et + cos (1 - x2)
FiRPSRY, f(mmg) = | o

1+ o

From Proposition 508, it suffices to show that each component function is continuous. We are going to
show that f1: R? —» R,
f1 (z122) = €™ + cos (z1 - x2)

18 continuous, leaving the proof of the continuity of the other component functions to the reader.

1. f11:R? = R, fi1 (z1,22) = €*' is continuous from Proposition 512 and “Calculus 17;

2. h:R2—=R, h (z1,22) = 21 18 continuous from Proposition 512 and “Calculus 17,

hy :R2 =R, hs (z1,22) = 29 is continuous from Proposition 512 and “Calculus 17,

g:R? =R, g(x1,12) = hy (z1,22) - ha (x1,72) = 31 - T is continuous from Proposition 507.2,

¢:R—R, ¢(x) =cosx is continuous from “Calculus 17,

fi2 :R2 =R, fia(x1,72) = (pog) (x1,22) = cos (w1 - x2) is continuous from Proposition 506 (continu-
ity of composition).

3. f1 = fi1 + fi12 is continuous from Proposition 507.1.
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The following Proposition is useful in the proofs of several results.

Proposition 515 Let S,T be arbitrary sets, f : S — T, {A;}—, a family of subsets of S and {B;};_, a
family of subsets of T.Then

1. “inverse image preserves inclusions, unions, intersections and set differences”, i.e.,
a. B C By = f_l (B)1 - f (_lBg),
b. fTH (UL Bi) = U, 1 (Bi),
c. [Ny Bi) =N f (B,
d. f7H(Bi\Bz) = [~ (B)\[ ! (B2),

2. “image preserves inclusions, unions, only”, i.e.,

e. A; C Ay = f(A), C f(Ay),
o f (Ui Ai) = Uis, f (4,
g f(NitiAi) € Niny f (4i), and
if f is one-to-one, then f (NP, A;) =N, f(4;),

h. f (Al\Ag) 2 f (Al) \f (AQ) ,and
if f is one-to-one and onto, then f(A;\A42) = f (A1) \f (42),

3. “relationship between image and inverse image”

i. A C f_l (f (Al)) , and

if f is one-to-one, then A; = f~1 (f (4;)),
l. By 2 f (f_l (Bl)); and

if f is onto, then By = f (ffl (Bl)).

Proof.

g.
(i).y € f(A1NAy) & Jz € A N As such that f(z) =y;
(#7).y € f(A)Nf(A2) ey e f(A) Ay € f(A2) & (Fx1 € A such that f(x1) = y)A(Tze € Ag such that f (z2) =y)
To show that (i) = (i) it is enough to take 1 = x and z3 = x.
. u
Proposition 516 f: X — Y is continuous <
V CY isopen = f1(V)C X is open.

Proof. [=]
Take a point z9 € f~1 (V). We want to show that

3r > 0 such that B (zg,7) C f~1(V)
Define yo = f (z9) € V. Since V C Y is open,
Je > 0 such that B (yg,e) CV (10.2)
Since f is continuous,
Ve > 0,36 > 0, f (B (20,0)) € B(f (z0),¢) = B (yo,¢) (10.3)

Then, taken r = §, we have

Bzor) = B(20.6) © F(F(B(20,8)) © 7 (Byo,e)) © F (V)
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where (1) follows from 3.i in Proposition 515,

(2) follows from 1.a in Proposition 515 and (10.3)

(3) follows from 1.a in Proposition 515 and (10.2).

[<]

Take z¢p € X and define yo = f (z¢); we want to show that f is continuous at xy.
Take € > 0, then B (yo,€) is open and, by assumption,

f~Y(B(yo,e)) C X is open.

Moreover, by definition of yg,
0 € f71 (B (yo,€))
(10.4) and (10.5) imply that

36 > 0 such that B (z0,6) € £~ (B (vo,¢))

Then
F(B0.0) € 1 (7 (B wone) © (B (0,e))

—
—

where
(1) follows from 2.e in Proposition 515 and (10.6),
(2) follows from 2.1 in Proposition 515 m

Proposition 517 f: X — Y is continuous <
V CY closed = f7! (V) C X closed.

Proof. [=]
V closed in Y = Y\V open. Then

FEOV) =)\ 1 V) = X\ fH(V)

where the first equality follows from 1.d in Proposition 515.

Since f is continuous and Y'\V open,then from (10.7) X\ f~! (V) C X is open and therefore f~

closed.
[«<]
We want to show that for every open set V in Y, f~1 (V) is open.

V open = Y\V closed = f~1 (Y\V) closede X\ f~1 (V) closede f~1 (V) open.
[
Definition 518 A function f: X — Y is open if
S C X open = f(S) open;

it is closed if
S C X closed = f(S) closed.

(10.4)

(10.5)

(10.6)

(10.7)

L) is

Exercise 519 Through simple examples show the relationship between open,closed and continuous functions.

We can summarize our discussion on continuous function in the following Proposition.

Proposition 520 Let f be a function between metric spaces (X,d) and (Y,d'). Then the following state-

ments are equivalent:
1. f is continuous;
2. VCYisopen= f~1(V)C X is open;
3. VCY closed = f~1(V)C X closed;

4. Voo € X, V(@) ey € X such that limy, oo T = 20,  lim, oo f(2n) = f(20) .
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10.3 Continuous functions on compact sets

Proposition 521 Given f : X — Y, if S is a compact subset of X and f is continuous, then f(S) is a
compact subset (of Y ).

Proof. Let F be an open covering of f (), so that
£(8) C UnerA. (10.8)
We want to show that F admits an open subcover which covers f (.5). Since f is continuous,
YAeF, f~'(A) isopenin X

Moreover,
@D @ 3) -1
SC T (f(S) C [ (VaerA) = Uaerf™ (A)
where
(1) follows from 3.i in Proposition 515,
(2) follows from 1.a in Proposition 515 and (10.8),
(3) follows from 1.b in Proposition 515.
In other words { ft (A)}Ae}. is an open cover of S. Since S is compact there exists Ay, .., A, € F such
that
SCuUL, fH(A).

Then
) n —1 (2) n —1 (3) n
F(S)C fU (F71(A) S U f(F1(A) € UL A

where
(1) follows from 1.a in Proposition 515,
(2) follows from 2.f in Proposition 515,
(3) follows from 3.1 in Proposition 515. m

Proposition 522 (Extreme Value Theorem) If S a nonempty, compact subset of X and f : S — R is
continuous, then f admits global mazximum and minimum on S, i.e.,

min, Tmax € S such that Ve € S, f(min) < f(2) < f(Tmax) -

Proof. From the previous Proposition f (S) is closed and bounded. Therefore, since f (S) is bounded,
there exists M = sup f (5). By definition of sup,

Ve >0, B(M,e)Nf(S)# @
Then!, Vn € N,take
an€B<M,Tll>ﬂf(S).

Then, (v,),,cy is such that Vn € N, oy, € f(S) and 0 < d (v, M) < L. Therefore, v, — M,and since
f(S)is closed, M € f(S). But M € f(S) means that Ix,ax € S such that f (xmax) = M and the fact that
M =sup f (S) implies that Vz € S, f(z) < f (Zmax). Similar reasoning holds for zp,. ®m

We conclude the section showing a result useful in itself and needed to show the inverse function theorem
- see Section 15.3.

Proposition 523 Let f : X — Y be a function from a metric space (X,d) to another metric space (Y,d').
Assume that f is one-to-one and onto. If X is compact and f is continuous, then the inverse function f—!
18 continuous.

!The fact that M € f (S) can be also proved as follows: from Proposition 464 , M € Cl f (S) = f (), where the last equality
follows from the fact that f (S) is closed.
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Proof. Exercise. m

We are going to use the above result to show that a
solution.

Let the following objects be given.

Price vector p € R, consumption vector z € R", consumer’s wealth w € R, continuous utility
function u : R — R, z — u (). The consumer solves the following problem. For given, p € R , ,w € Ry,
find & which gives the maximum value to the utility function « under the constraint = € C (p, w) defined as

o

well behaved” consumer problem does have a

{x=(2;);_, eR":Vie{l,...,n},z; >0 and pr < w}.

As an application of Propositions 522 and 423, we have to show that for any p € R | ,w € Ry,
C(p,w) # 2,
C (p,w) is bounded, and
C (p,w) is closed,
0eC(pw).
2. Clearly if S C R" then S is bounded iff
S is bounded below, i.e., 3z = (z;);, € R"such that Vo = (2;);_, € S, we have that Vi € {1,...,n},
X Z Ly and
S is bounded above, i.e., 3T = (T;);_, € R"such that Vo = (x;);_, € S, we have that Vi € {1,...,n},
C (p,w) is bounded below by zero, i.e., we can take z = 0. C (p,w) is bounded above because for every
1e€{l,...,n},

— W N =

where the first inequality comes from the fact that px < w, and the second inequality from the fact that

n
}izl'

p € R, and x € R} .Then we can take T = (m,m, ..., m), where m = max {l’_

Pi
3. Define
forie{l,..,n}, ¢;:R" =R, z=(2;)i; — 1z,

and
h:R" >R, z=(z;)]_,—w-—pz.

All the above functions are continuous and clearly,
C(pw)={z=(x;)_, eR":Vie{l,...,n}, g;(x) >0and h(z) > 0}.
Moreover,
C(pw)={x=(2;);_, eR":Vie{l,..,n}, gi(z) € [0,+00) and h(z) € [0,+00)} =

= Miz1g; (10, +00)) N ([0, +00)).

[0,4+00) is a closed set and since for any g; is continuous and A is continuous, from Proposition 520.3,the
following sets are closed
Vie{1,...,n}, g ([0,400)) and A~ ([0, +00)).

Then the desired result follows from the fact that intersection of closed set is closed.

10.4 Exercises

From Lipschutz (1965), starting from page 61: 30, 32, 34; starting from page 106:19,20.



Chapter 11

Correspondence, maximum theorem
and a fixed point theorem

11.1 Continuous Correspondences

Definition 524 Let! two metric spaces (X,dx) and (Y,dy) be given. A correspondence, or set-valued
function, ¢ from X toY is a rule which associates a subset of Y with each element of X, and it is described
by the notation

o X oY, 91z o(a).

Remark 525 In other words, a correspondence p : X —— Y can be identified with a function from X to
2Y (the set of all subsets of Y').
Moreover, if we identify x with {x}, a function from X toY can be thought as a particular correspondence.

Remark 526 Some authors make part of the Definition of correspondence the fact that ¢ is not empty
valued, i.e., that Vo € X, ¢ (z) # @.

In what follows, unless otherwise stated, (X, dx) and (Y, dy) are assumed to be metric spaces and are
denoted by X and Y, respectively.

Definition 527 Given U C X, ¢ (U) = Uzepp (z) ={y €Y : 3z € U such that y € ¢ (z)}.
Definition 528 The graph of ¢ : X —— Y s

graph ¢ := {(z,y) € X x Y :y € ¢ (2)}.

Definition 529 Consider ¢ : X —— Y. ¢ is Upper Hemi-Continuous (UHC) at x € X if

p(x) # 2 and

for every open neighborhood V' of ¢ (x), there exists an open neighborhood U of x such that for every
el o@)CV (orp(lU)CV).

p is UHC if it is UHC at every x € X.

Definition 530 Consider ¢ : X —— Y. ¢ is Lower Hemi-Continuous (LHC) at x € X if

v (x) £ T and
for any open set V in'Y such that ¢ (x) NV # &, there exists an open neighborhood U of x such that for

every ' €U, o (¢')NV # @.
w is LHC if it is LHC at every x € X.

Example 531 Consider X =Ry and Y =[0,1], and

[ o,1] if z=0
991(‘”)_{{0} if x>0

I This chapter is based mainly on McLean (1985), Hildebrand (1974), Hlldebrand and Kirman (1974) and Ok (2007).
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_ [ {0} if x=0
‘p2($)_{[o,1] if x> 0.

wy s UHC and not LHC; ¢, is LHC and not UHC.

Some (partial) intuition about the above definitions can be given as follows.

Upper Hemi-Continuity does not allow ”explosions”. In other words, ¢ is not UHC at x if there exists
a small enough open neighborhood of = such that ¢ does “explode”, i.e., it becomes much bigger in that
neighborhood.

Lower Hemi-Continuity does not allow ”implosions”. In other words, ¢ is not LHC at x if there exists
a small enough open neighborhood of = such that ¢ does “implode”, i.e., it becomes much smaller in that
neighborhood.

In other words, “UHC = no explosion” and “LHC = no implosion” ( or “explosion = not UHC” and
“implosion = not LHC)”. On the other hand, opposite implications are false, i.e.,

it is false that “explosion < not UHC” and “implosion < not LHC”, or, in an equivalent manner,

it is false that “no explosion == UHC” and “no implosion = LHC”.

An example of a correspondence which neither explodes nor explodes and which is not UHC and not
LHC is presented below.

[1,2] if =xze€]0,1)

piR o= R, @“"”HH{ 3,4 if @€/l +o0)

¢ does not implode or explode if you move away from 1 (in a small open neighborhood of 1): on the
right of 1, ¢ does not change; on the left, it changes completely. Clearly, ¢ is neither UHC nor LHC (in 1).
The following correspondence is both UHC and LHC:

p: Ry == R, p:z——[z,z+1]
A, maybe disturbing, example is the following one
v: Ry == R, ypiz—— (z,z+1).

Observe that the graph of the correspondence under consideration “does not implode, does not explode,
does not jump”. In fact, the above correspondence is LHC, but it is not UHC in any x € R, as verified
below. We want to show that

for every neighborhood V of ¢ (),
not < >
there exists a neighborhood U of z such that for every 2’ € U, p (') CV

ie.
< there exists a neighborhood V* of ¢ (z) such that. >
for every neighborhood U of x there exists 2/ € U such that ¢ (') £ V
Just take V' = ¢ (z) = (z,z + 1); then for any open neighborhood U of x and, in fact, Va2’ € U\ {z},
p) L V.
Example 532 The correspondence below

. . [1,2] if x€]0,1]
v: Ry »— R, <,0-x|—>>—>{[3’4} if xe[l,—f—oo)
is UHC, but not LHC.
Definition 533 ¢ : X —— Y is a continuous correspondence if it is both UHC and LHC.

Remark 534 Summarizing the above results, we can maybe say that a correspondence which is both UHC
and LHC, in fact a continuous correspondence, is a correspondence which agrees with our intuition of a graph
without explosions, implosions or jumps.
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Proposition 535 1. If ¢ : X —— Y is either UHC or LHC and it is a function, then it is a continuous
function.
2. If p: X ——Y 1is a continuous function, then it is a UHC and LHC correspondence.

Proof.

1.

Case 1. ¢ is UHC.

First proof. Use the fourth characterization of continuous function in Definition 504.

Second proof. Recall that a function f : X — Y is continuous iff [V open in Y] = [f~ (V) open in X].
Take V open in Y. Consider x € f=1 (V), i.e., x such that f (z) € V. By assumption f is UHC and therefore
3 an open neighborhood U of x such that f(U) C V. Then, U C f~1o f(U) C f~1 (V). Then, for any
x € f~1(V), we have found an open set U which contains x and is contained in f=* (V), i.e., f71 (V) is
open.

Case 2. ¢ is LHC.

See Remark 542 below.

2.

The results follows from the definitions and again from Remark 542 below.

(]

Remark 536 Propositions below partially answer the following question: are Upper and Lower Hemi-
Continuity preserved under set operations?

Proposition 537 Let ¢, : X —— Y be given. If ¢, and py are UHC, then
p: X —>=Y, z0p () Up(2)
is UHC.

Proof. By assumption, for k = 1,2, ¢, is UHC at z, for any z € X. i.e.,

i. ¢ (x) # 2, and
ii. for any open neighborhood Vj of ¢, (), there exists an open neighborhood Uj of x such that

Vay, €Uy ¢(z,) S Vi

We want to show that conditions described in i) and ii) above do hold true for ¢ := p;U .

i’ ¢ (z) = ¢, (z) U, (x) # @ simply because, by assumption, ¢, () # @ and ¢, (z) # .

ii’. We want to show that, taken an open neighborhood V' of ¢, () U ¢, (), then there exists an open
neighborhood U of z such that Va' € U, ¢, (z') U g, (z') C V.

Since V' is open and V' 2 ¢, (x) U ¢y (), then

V is an open neighborhood of ¢, (z) and of ¢, (x). (11.1)
Then, from (11.1) and assumption ii.,
there exists an open neighborhood U; of z, such that, Vx| € Uy, ¢, (2}) C 'V, (11.2)

and

there exists an open neighborhood Us of x, such that, Yz} € Ua, ¢, (25) C V. (11.3)

Taken U = Uy N U,y, we want to show that
Vo' €U, ¢y (2') Up,y (2') C V.

def. intersection def. intersection (14.36)
= z' € Us

Indeed, ' € U ' el (L2 v (@) CVand 2’ €U =y () C

=
V. Then o' € U = ¢ (2') := ¢ (&') Uy (') CV, as desired. =
Proposition 538 Let ¢, : X —— Y be given. If o, and vy are LHC, then
P X ==Y, 09 (3) U,y ()

is LHC.
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Proof. By assumption, for k = 1,2, ¢, is LHC at z, for any = € X, i.e.,

i. ¢, (z) # @ and

ii. for any open set Vi, in Y such that ¢, () NV}, # @, there exists an open neighborhood Uy, of x such
that for every x}, € Uy, ¢y, (z},) N Vi # .

We want to show i) and ii) for ¢; U p,.

i’. Obvious.

ii’. We want to show that taken an open set V in Y such that ¢, (z) NV # &, i.e., such that

(o1 (@) Upy (z))NV # 2, (11.4)

then there exists an open neighborhood U of x such that, for every 2’ € U, (p; (') U,y (2')) NV # @.

From (11.4), we have that (¢ () N V)U(p, () N V) # @. Then, either ¢, ()NV # & or p, (2)NV £ 2.
Without loss of generality, assume that ¢, () NV # @. Then, from assumption ii., we have that there exists
an open neighborhood U; of x such that for every z} € Uy, ¢, (}) NV # @. Then,

(o1 (@) Uy (2)) NV = (@1 (&) NV) U (5 (') N V) # 2,

as desired. m

Proposition 539 Let the correspondence ¢ : X —— Y be given. ¢ is UHC z Cly is UHC.

Proof. [=]
Let ¢ be UHC at € X. Then, by assumption, ¢ () # @ and

for every open neighborhood V of ¢ (),
(11.5)
there exists an open neighborhood U of x such that for every o’ € U, ¢ (z') C V.

We want to show that Cly (x) # @, which follows from the definition of Closure, and
for every open neighborhood V; of Cly (),
there exists an open neighborhood U; of « such that for every z; € Uy, Clp (z1) C V;.

Since Cl (¢ (z)) C Vi, then Cl (¢ (z)) and V€ are closed disjoint sets. Then from Proposition 489 there
exists open sets Hi and Hs such that

a. HHNHy =@, b. Cl(p(z)) C Hy,and c. V¢ C Hy. (11.6)

It then suffices to show that for any x € U, where U is defined in (11.5), we have that Clp (z) C V4.

Since, from (11.6.b.), we have Cl (¢ (z)) C Hj, it suffices to show that H; C V;. Suppose otherwise, i.e.,
(11.6.¢.)
there exists y € Hy NV,C C  Hy, contradicting (11.6.a.).

[«]

Tt is enough to consider ¢ : (0,1) »— R, & +—+ (0,z) (where (0,2) :={z€R:0<z<2z}. =

Very often, checking if a correspondence is UHC or LHC is not easy. We present some related concepts
which are more convenient to use.

Definition 540 ¢ : X —— Y is “sequentially LHC” at v € X if ¢ (z) # & and
for every sequence (xy,),cn € X such that x, — x, and for every y € p (z),
there exists a sequence (Yn), ey € Y such thatV n € N, y, € ¢ (x,) and y, — y.
 is "sequentially LHC” if it is ”sequentially LHC” at every x € X.

Proposition 541 2Let ¢ : X —— Y be given. o is LHC at x € X < ¢ is LHC in terms of sequences at
reX.

2See Proposition 4 page 229 in Ok (2007).
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Proof. [=]
Take
(Tn),en € X such that z, — 2z and y € ¢ (). (11.7)

We want to find (y,) € Y*° such that Vn € N, y,, € ¢ (z,,) and y,, — y.
Since, from (11.7), y € ¢ (), then for any k € N, we have B (y, +) N (z) # @. Since, by assumption, ¢
is LHC , then

1
Vk € N, 365, > 0 such that Vo, € B (z,d;), we have B (y, k) N (z) # 2. (11.8)

We now construct a strictly increasing sequence (ny),cy of natural numbers as follows. Since, from
(11.7), &, — z, we have that

for k = 1, there exists ny € N such that Vn > ny > 1, we have z,, € B (x,61) and ny > 1.

For k = 2, there exists ny, € N such that Yn > n), we have z,, € B(z,d2); we can then choose
nya€{ni+1,n+2,..}, ng >nhandng >ny +1>2.

Then, it is easy to show by an induction argument that:

For arbitrary k € N, we then have that Inj € {ng_1 + 1,nk11 +2,...} € N such that Vn > ny, we have
ZTp € B(x,0k) and ng > ng—1 +1 > k.

Then, we have constructed a strictly increasing sequence (1), of natural numbers such that

Vk € N, 3ny € N such that ¥n € {ng,ni +1,...,n541 — 1}, z, € B(x,0%). (11.9)

Then, from (11.9) and (11.8), we have that
1
Vk € N 3ny, € N such that Vn € {ng,ny +1,...,n441 — 1}, B (y, k) N (z,) # .
Then

1
Vk € N 3ny € N such that Vn € {ng,nr + 1,...,nk41 — 1}, we can take y, € B (y, k) Ny (z,). (11.10)

We have then constructed a sequence (yn), oy € Y such that Vn € N, y,, € ¢ (z,,) - observe that, by
construction, Ugen {nk, ni + 1,...,np41 + 1} = N because, as we have shown above, for any k& € N, we do
have n; > k.

To conclude the proof we are left with showing that

Yn — 1. (11.11)

i.e., that Ve > 0 3k* € N such that ¥n > k*, y,, € B (y,¢).

Observe that from (11.10), we have that

if k =1, then for any n € {ny; > 1,...,n9 — 1}, we have that y,, € B (y, %),

if k = 2, then for any n € {ny > 1,...,n3 — 1}, we have that y, € B (y, %) CB (y, l),

and

for arbitrary k € N, for any n € {ny > 1,...,ng4+1 — 1}, we have that y, € B (y, %) CB (y, ﬁ) C
B (y, 1)-

Therefore,

1
Vk € N dng € N such that Vn > ny, we have y,, € B <y, k> .

Then, taken k* € N and k* > %, we have that there exists ng« € N such that Vn > ng-, we have
Yn € B(y, ) € B(y,¢), as desired.

[«<]

Assume otherwise, i.e., there exists an open set V such that

pl)NV #£o (11.12)

and such that for any open neighborhood U of z, there exists xyy € U such that ¢ (xy) NV = 2.
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Consider the following family of open neighborhood of x

{5 () imer).

Then Vn e N, 3z, € B (a:, %), and therefore x,, — x, such that
plz,) NV =2. (11.13)
From (11.12), we can take y € o (z) NV. By assumption, we know that there exists a sequence (y,),,cy € Y™

such that Vn € N, y,, € ¢ (z,) and y,, — y. Since V is open and y € V, 37 such that n > 7 implies that
Yn € V. Therefore, for any n > n,

y € @(zy)NV. (11.14)

But (11.14) contradicts (11.13). m
Thanks to the above Proposition from now on we talk simply of Lower Hemi-Continuous correspondences.

Remark 542 If o : X —— Y is LHC and it is a function, then it is a continuous function. The result fol-
lows from the characterization of Lower Hemi-Continuity in terms of sequences and from the characterization
of continuous functions presented in Proposition 520.

Proposition 543 For any i € {1,..,n}, let ¢, : X —=— Y be LHC at x € X. Then

1) the correspondence x —— Y - @, (z) : X -—Y is LHC at z.

2) the correspondence x —+— XD 1, () : X -— Y x ... x Y, is LHC at z.
Proof. See Hlldebrand and Kirman (1976), pages 197-198. m

Definition 544 Given a set A C R", the convex hull of A is denoted by convA and it is defined as follows.?

{Z)\iai cR":meNand, foric{l,..,m},a" € A\ ZO,Z/\i—l}.

=1 i=1

Proposition 545 Let the correspondence p : X —— R™ be LHC at x. Then the correspondence convex
hull of v, i.e., © —— convy (z) : X -— R™, is LHC at x.

Proof. See Hildenbrand and Kirman (1976), pages 197-198. =

Definition 546 ¢ : X —— Y is closed, or "sequentially UHC", at x € X if ¢ (z) # & and

for every sequence (), cy € X such that x,, — x, and for every sequence (yn) € Y such that
Yn € ¢ () and yn — y,

it is the case that y € ¢ ().

@ is closed if it is closed at every x € X.

neN

Proposition 547 Let ¢, : X ——Y, x > @, (z) fori e {1,....,k} be given. If v, is LHC at z € X, then
the following correspondences are LHC as well.
1.

X 5= YF oz xE o (x).

2. Assume that'Y is a vector space.

k
Y:X 5>, 1:b—>l—>Z<p,;(x),
i=1

conv () : X =— R™,  x+— conv (¢ (z)).

3For a discussion of the concept of convex hull and related concepts see Villanacci, A., (in progress), Basic Convex Analysis,
mimeo, Universita degli Studi di Firenze, and the references listed there.
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Proof. See Proposition 8, page 27, Proposition 9, page 28 and Proposition 10, page 28, respectively, in
Hildenbrand (1974). m

Proposition 548 ¢ is closed < graph ¢ is a closed set in X x Y. *

Proof. An equivalent way of stating the Definition of closed correspondence is the following one: for
every sequence (Zn,Yn),eny € (X X Y)™ such that Vn € N, (2,,y,) € graph ¢ and (z,,yn) — (x,y), it is
the case that (z,y) € graph ¢. Then, from the characterization of closed sets in terms of sequences, i.e.,
Proposition 403, the desired result follows. m

Remark 549 Because of the above result, many author use the expression “p has closed graph” in the place
of “p is closed”.

Remark 550 The definition of closed correspondence does NOT reduce to continuity in the case of functions,
as the following example shows.

p3: Ry —-— R, 903(@:{ {{(1)}} i}c :f>:(§)

x

p 1s a closed correspondence, but it is not a continuous function.

y 5T

3757

257

| | |
t t t t
0 125 25 375 5

X

Definition 551 A set C' C R™ is convex if V1, x5 € C and VA € [0,1], (1 — Nz + Az € C.

Definition 552 ¢ : X —— Y is closed (non-empty, convex, compact ...) valued if for every v € X, ¢ (x)
is a closed (non-empty, convex, compact ...) set.

Proposition 553 Let p: X —— Y be given. ¢ closed z @ closed valued.

Proof. [=]

We want to show that given x € X, if (y,),cy is a sequence of elements in ¢ (x) which converges to y,
then y € ¢ (z). Setting for any n € N, x,, = x, we get &, — x, yn € ¢ (zn), yn — y. Then, since ¢ is
closed, y € ¢ (x), as desired.

[«]

(5 in Example 531 is closed valued, but not closed. m

Remark 554 Let ¢ : X —— Y be given. ¢ is UHC z @ 15 closed.
(]
v, Ry 5= R, ¢, () =[0,1)
is UHC and not closed.
[«]
s 0 Remark 550 is closed and not UHC, simply because it is not a continuous “function”.

(X xY),d*) with d* ((z,2'), (y,9")) := max {d (z,2"),d’ (y,v')} is a metric space.
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Proposition 555 Let a closed correspondence ¢ : X —— Y and a compact set K C X be given. Then
¢ (K) is closed.

Proof. Given (y,),cy € (¢ (K))™ such that y, — y € Y, we want to show that y € ¢ (K).

Since for any n € N, we have y, € ¢ (K), then there exists x,, € K such that y, € ¢ (z,). Since K is
compact by assumption, the sequence (), € K> admits a subsequence (), such that z, — z € K.
Then, we have that z, € K C X, y, — y, ¥, — x. Then since ¢ is closed y € ¢ () C K, as desired. m

Proposition 556 Let p: X —— Y be given. If ¢ is UHC (at ) and closed valued (at x), then ¢ is closed
(at x).

Proof. Take an arbitrary x € X. We want to show that ¢ is closed at x, i.e., given (z,,), .y € X, if z,, —
x, Yn € p(x,)and y, — y, then y € ¢ (x). Since ¢ (x) is a closed set, it suffices to show that y € Cl (¢ (x)),
ie.,’ Ve >0, B(y,e)Nep(z) # 2.

Consider {B (z,£) : z € ¢ (x)}. Then, U,ep(z)B (2, §) := V is open and contains ¢ (z) . Since ¢ is UHC
at x, then there exists an open neighborhood U of x such that

e(U)CV. (11.15)

Since x, — = € U, 3n € N such that ¥n > n, =, € U, and, from (11.15), ¢ (z,,) C V. Since y,, € ¢ (zy),

Vi >0, yn €V = UscpwB (z %) . (11.16)

From (11.16), Vn > 7, 3z € ¢ (x) such that y, € B (z};,5) and then

o €
d(yn, 2n) < - (11.17)
Since y,, — y, In* such that Vn > n*,
d(Yn,y) < % (11.18)
From (11.17) and (11.18),¥n > max{n,n*}, 2z} € ¢ (z) and d(y,2*) < d(y,yn) + d(yn,2*) < €, ie.,

z: € B(y,e) Ny (x) and then for any € > 0, B (y,€) Ny (z) # &, as desired. m

Proposition 557 Let o : X —— Y be given. If ¢ is closed and there exists a compact set K CY such that
¢ (X)C K, then ¢ is UHC.
Therefore, in simpler terms, if ¢ is closed (at x)and Y is compact, then ¢ is UHC (at x).

Proof. Assume that there exists £ € X such that ¢ is not UHC at = € X, i.e., there exist an open
neighborhood V' of ¢ (z) such that for every open neighborhood U, of z, ¢ (U,) N VY # @. In particular,
VneN, ¢ (B (z, %)) N VY # . Therefore, we can construct a sequence (Tn), ey € X such that z,, —
and for any n € N, ¢ (2,)NVC # @. Now, take y,, € ¢ (z,)NV Y. Since y, € ¢ (X) C K and K is compact,
and therefore sequentially compact, up to a subsequence, y,, — y € K. Moreover, since Vn € N, y,, € V¢
and V¢ is closed,

ye Ve, (11.19)

Since ¢ is closed and x,, — x, yn € ¢ (zn), Yyn — Yy, we have that y € ¢ (z). Since, by assumption,
¢ (z) CV, we have that
yeV. (11.20)

But (11.20) contradicts (11.19). =
None of the Assumptions of the above Proposition can be dispensed of. All the examples below show
correspondences which are not UHC.

Example 558 1.
if xe€]0,2]

Y =[0,1], but ¢ is not closed.

5See Corollary 464.
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2.
0 7 z=0
p: Ry ——R, <P($)={ %1}} z{c x> 0.
@ 1is closed, but o (X) =R, which is closed, but not bounded.
3.

0 :[0,1] =—[0,1), p(z) = { %0%}} z; ii[loyl)

@ is closed (in'Y ), but Y = [0,1) is not compact. Observe that if you consider

ot 01t [0 i el
esp-—ble@={ 19 20

2

then ¢ is not closed.

Proposition 559 For anyi € {1,...,n}, let the correspondences ¢, : X ——Y be compact valued and UHC
at x € X. Then

1. The correspondence : X —— Y™, x> X ¢, (x) :s compact valued and UHC at x.

2. If Y is a vector space, then the correspondence : X —— Y, : x +—— > 1" | @, (x) is compact valued
and UHC at x.

Proof. See Propositions 4 and 5, page 25 in Hildenbrand (1974). m

Proposition 560 Let the correspondence ¢ : X —— R™ be compact valued and UHC at x € X. Then the
convex hull of ¢, x —+—convp (z) : X —— R™, is compact valued and UHC at x.

Proof. See Hildenbrand (1974), page 26. m

Proposition 561 Let ¢,y : X —— Y be given. Assume that o, (x)Npq (z) # S. If @1 is compact-valued
and UHC and @4 is closed then

v: X —5—=Y, such that, x — @ () Ny (z), is UHC and compact-valued.

Proof. See Hildenbrand and Kirman (1976), page 195. =
In Proposition 570 below, we present a characterization of UHC correspondences in the case of compact
valued correspondences (in the proof of that result, Proposition 568 below is needed).

Definition 562 Consider ¢ : X —— Y, V CY.
The strong inverse image of V' via ¢ is

o (V) i={zeX :p(x) CV};

The weak inverse image of V via ¢ is
Yol (V)y:={z e X :p@)NV #a}.

Remark 563 1. YV CY, So~ 1 (V) C Yo ! (V).

2. If ¢ is a function, the usual definition of inverse image coincides with both above definitions.

Proposition 564 Consider ¢ : X ——Y.
1.1. ¢ is UHC < for every open set V in'Y, o=t (V) is open in X;
1.2. ¢ is UHC < for every closed set V in'Y, Y=t (V) is closed in X;
2.1. ¢ is LHC < for every open set V. in'Y, o=t (V) is open in X;
2.2. ¢ is LHC & for every closed set V inY, =1 (V) is closed in X.°

6Part 2.2 of the Proposition will be used in the proof of the Maximum Theorem.
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Proof.

[1.1.,=] Consider V open in Y. Take xg € *¢p~ 1 (V); by definition of ¢!, ¢ (z9) C V. By definition
of UHC correspondence, 3 an open neighborhood U of zy such that Vo € U, ¢ (z) € V. Then o € U C
s, ,—1
e (V).

[1.1., <] Take an arbitrary xp € X and an open neighborhood V of ¢ (x). Then o € o~ ! (V) and
$o~1 (V) is open by assumption. Therefore (just identifying U with *p~! (V)), we have proved that ¢ is
UHC.

To show 1.2, preliminarily, observe that
_ c . _
(Mot (V)T = et (V). (11.21)

(To see that, simply observe that (“¢~* (V))C ={reX:p@)nV=gland®p! (V) :={z e X:p(x) SV}

[1.2.,=] V closed < V¢ open Assurgy (1) sp~1 (V) (L2 (vt (V))C open < Yo~ (V) closed.
[1.2., <]
From (1.1.), it suffices to show that V open set V in Y, *¢~! (V) is open in X. Then,

V open < V¢ closed*24™" e 1 (VY) closed & (Yot (VC))C (11:21) So~1 (V) open.

2.1 =]

Let V be an open set in Y, we want to show that Y~ (V) is open in X. If Yo~ (V) = @ we are done.
Assume then that Yo~ ! (V) # @ and take 9 € “p~! (V).Then by definition of “¢ =1 (V) we have that
¢ (29) NV # @ and from the assumption that ¢ is LHC, we have that

there exists an open neighborhood Uy, of o such that Vo € Uy, ¢ () NV # &; (11.22)

Summarizing, we have shown that for any o € Y1 (V), we have there exists an open neighborhood
Uz, of zo such that Uy, C¥ ¢~ 1(V), as desired.

[2.1 <]

We want to show that Vz € X and any open set V such that ¢ (x) NV # &, there exists an open
neighborhood U, of x such that Vz’' € U,,, ¢ (¢/) NV # @.

Since ¢ (z) NV # @, then x € “p~! (V). By assumption, “p~1 (V) is open; then there exists an open
neighborhood U, of z, such that U, C¥ ¢~ (V), i.e., Vo' € U,, ¢ (z') NV # & as desired.

[2.2 =]

V closed & V¢ open

[2.2 <]

From 2.1 it suffices to show that for any open set V in Y, “o~! (V) is open in X.

V open < VC closed “Z™ sp™! (VE) closed ¢ (Tpt (Vc))c (1121) v~ (V) open.

|

assum.,(2.1) C (11.21) 8@71

Wt (VY) is open & (wsﬁﬂ (V) (V') is closed.

Remark 565 Observe that ¢ is UHC z for every closed set V in'Y, *p=1 (V) is closed in X.

[+]
Consider
. _J 02 dif  xel01]
piRy == R, @(x)_{ 0,1 if x>1

¢ is UHC and [0,1] is closed, but *p=1 ([0,1]) := {z € Ry : ¢ (x) C [0,1]} = (1,+00) is not closed.
[«]
Consider

1 ; -
¢:Ry -— Ry, @(iﬂ)—{ [[(())7,12]U{1} zj“t i>8.

For any closed set in Y := R, , o1 (V) can be only one of the following set, and each of them is closed:
{0}, R, @. On the other hand, ¢ is not UHC in 0.
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Definition 566 Let the vector spaces (X,dx), (Y,dy) and (Z,dz) and the correspondences ¢ : X ——
Y, v :Y —— Z be given. The composition of ¢ with v is
Yvop: X —-— 7,

(Vo) (x) :=Uyep@)¥ (y) ={2z € Z: 3w € X such that z € ¢ (¢ (x))}

Proposition 567 Consider ¢ : X —— Y, ¥ :Y —— Z. If ¢ and b are UHC, then 1 o p is UHC.

Proof.
Step 1. * (o) (V) = * ! (¢~ (V).

*Wop) (V) ={zeX:y(p@)CVi={zec X :Vycp(@), ¢y CV}=

={zeX:Wep(@),yec W ' (V)}={zeX:p@)C W ' (V)} =1 (V)).

Step 2. Desired result.

Take V open in Z. From Theorem 564, we want to show that * (¢ o)~ ' (V) is open in X. From
step 1, we have that * (¢ o 1/))71 (V)= sp1t (Sw_l (V)) . Now, *1)~* (V) is open because 1 is UHC, and
sp~1 (51/)_1 (V)) is open because ¢ is UHC.

|

Proposition 568 Consider ¢ : X —— Y. If ¢ is UHC and compact valued, and A C X is a compact set,
then ¢ (A) is compact.

Proof.

Consider an arbitrary open cover {Cq},; for ¢ (A). Since ¢ (A) := Uzeap () and ¢ is compact valued,
there exists a finite set N, C I such that

¢ (x) C Uaen, Co = Gy (11.23)

Since for every a € N,, C, is open, then G, is open. Since ¢ is UHC, *p~! (G,) is open. Moreover,
z € ¢ 1 (G,): this is the case because, by definition, z € *p~1 (G,) iff ¢ (z) C G, which is just (11.23).
Therefore, {390_1 (Gm)}IGA is an open cover of A. Since, by assumption, A is compact, there exists a finite
set {z;};~, C A such that A C U™, (*¢7! (G,,)) . Finally,

(€]

(2)
® (A) g (Uinél (Swil (Grl))) g U?;IQD (S‘pil (GI7)) g U;’;lei = U;‘Zl UO&Gin COH

14

and {{Ca}aeN” }:il is a finite subcover of {Cy} ;. We are left with showing (1) and (2) above.

(1). In general, it is the case that ¢ (U",S;) C U™, 0 (S;).

y € p(U,S;) & Jx € UL, S, such that y € ¢ (z) = Fi such that y € ¢ (z) C ¢ (S;) =y € U ,0(S:).

(2). In general, it is the case that ¢ (¢! (A)) C A.

y € o(Ppt(A) = 3z € *p ' (A) such that y € ¢ (z). But, by definition of *¢~'(A), and since
xz € S~ 1(A), it follows that ¢ (z) C A and therefore y € A.

[

Remark 569 Observe that the assumptions in the above Proposition cannot be dispensed of, as verified
below.

Consider ¢ : R —— R, ¢ (z) =[0,1). Observe that ¢ is UHC and bounded valued but not closed valued
, and ¢ ([0,1]) = [0,1) is not compact.

Consider ¢ : Ry —— R, ¢ (z) = Ry. Observe that ¢ is UHC and closed valued, but not bounded valued,
and ¢ ([0,1]) = R4 is not compact.

Consider ¢ : Ry —— Ry, ¢ (z) = { }g}} z; i 7_é } Observe that ¢ is not UHC and ¢ ([0, 1]) =
[0,1) is not compact.



168CHAPTER 11. CORRESPONDENCE, MAXIMUM THEOREM AND A FIXED POINT THEOREM

Proposition 570 Let a compact valued correspondence ¢ : X —— Y be given. Then

p it is UHC at x

=

i. (x)# 3, and

i. for every (wn),cy € X°° such that x,, — x and for every (yn), ey € Y such that y, € ¢ (v,), there
exists a subsequence (Y,), ey Of (Un)pen, Such that y, — y € ¢ (z).

Proof. [=]

Since z, — z, then K := {x,, : n € N} is a compact set (just use the definition of compact sets in terms
of open sets or the characterization of compactness in terms of sequential compactness). Since ¢ is UHC
and compact valued by assumption and since K is compact, then from Proposition 568, we have that ¢ (K)
is compact. Since for any n € N, y,, € ¢ (z,,) C ¢ (K), then {y, : n € N} C ¢ (K) and therefore it admits a
subsequence (y,,), ¢y such that y, — y € ¢ (K). We are left with showing that y € ¢ (). Since ¢ is compact
valued, then it is closed valued and therefore since ¢ is UHC, then from Proposition 556, ¢ is closed at
z.Then since z, — x, y, — y and for any v € N, y, € ¢ (z,), we have that y € ¢ (z), as desired.

(<]

Suppose otherwise, i.e., ¢ is not UHC at = € X, i.e.,

there exists an open neighborhood V of ¢ (x) such that for any open neighborhood U of z,
(11.24)
there exists 2’ € U such that ¢ (2/) N VY # 2.

Then, for any n € N, there exists «/, € B (z, 1) such that ¢ (2,) NV # @. Therefore, ), — x and

there exists a sequence (y,),,cy such that for any n € N, y,, € ¢ (2,) N VC. (11.25)
By assumption, there exists a subsequence (y,),cy of (¥n),cn, such that
(11.24)
w—oycp < W (11.26)

Then, from (11.24), for any v € N, we have y, € V¢, a closed set and, therefore, since y,, — ¥y, then we do
have y € VY, contradicting (11.26). m

Remark 571 Below, we summarize some facts we showed in the present Section, in a somehow informal
manner.

((if ¢ is a fen., it is cnt.) < (¢ is UHC) z (p is sequentially UHC,i.e., closed) z ((if ¢ is a fen., it is cnt.)
((if o is a fen, it is continuous) < (p is LHC) < (¢ is sequentially LHC)

(¢ UHC and closed valued at z) = (p is closed at z)

(p UHC at ¢ ) < (p is closed at x and Im ¢ contained in a compact set)

11.2 The Maximum Theorem

Theorem 572 (Mazimum Theorem) Let the metric spaces (I, dr), (X,dx), the correspondence 8 : 11 ——
X and a function u: X x II — R be given.” Define

1T -— X,
E(m)={z€p(m): Ve ef(n),u(z,m)>u(x,m)}=argmax,ecs u(z,7),

Assume that
B is non-empty valued, compact valued and continuous,

"Obviously, 8 stands for “budget correspondence” and u for “utility function”.
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u 18 continuous.

Then
1. & is non-empty valued, compact valued, UHC and closed,and
2.
v:II—->R, v:7m+— max u(z, 7).
z€p(m)

18 continuous.
Proof.
¢ is non-empty valued.

It is a consequence of the fact that 5 is non-empty valued and compact valued and of the Extreme Value
Theorem - see Proposition 522.

¢ is compact valued.

We are going to show that for any = € II, £ (7) is a sequentially compact set. Consider a sequence
(Tn)peny € X°° such that {z, :n € N} C (7). Since {(7) C (7)) and B (m) is compact by assumption,
without loss of generality, up to a subsequence, x,, — xo € 3 (7). We are left with showing that xy € £ (7).
Take an arbitrary z € 8 (7). Since {x,, : n € N} C £ (), we have that u (z,,7) > u(z,7). By continuity of
u, taking limits with respect to n of both sides, we get u (xg,7) > u(z,7), i.e., g € £ (7), as desired.

¢ is UHC.

From Proposition 564, it suffices to show that given an arbitrary closed set V in X, w¢* (V) =
{mell: £(m)NV # @} is closed in II. Consider an arbitrary sequence (Tn)pen such that {m, :n € N} C
w¢e=! (V) and such that 7,, — my. We have to show that 7o € “&~* (V).

Take a sequence (x,,), oy € X such that for every n, z, € (7,) NV # @. Since { (7,) C B (my), it
follows that z,, € 8 (7). We can now show the following

Claim. There exists a subsequence (zn,),, ey f (Tn),cy such that x,, — zo and xo € B (7o) .

Proof of the Claim.

Since {7, : n € N} U {mg} is a compact set (Show it), and since, by assumption, 8 is UHC and compact
valued, from Proposition 568, 5 ({7, : n € N} U{mg}) is compact. Since {z,}, € B ({mn}U{mo}), there
exists a subsequence (7, ), oy Of (#n),cy Which converges to some xo. Since 3 is compact valued, it is
closed valued, too. Then, 8 is UHC and closed valued and from Proposition 556, 3 is closed. Since

7Tnk - 7707 xnk e ﬂ (ﬂ-nk) ) ‘Tnk - xOv

the fact that 3 is closed implies that zg € 3 (7).

End of the Proof of the Claim.

Choose an arbitrary element zo such that zg € 8 (mp). Since we assumed that 7, — 7o and since 5 is
LHC, there exists a sequence (2,),,cy € X such that z, € 3 (7,) and z, — 2.

Summarizing, and taking the subsequences of () and (2p),,cy corresponding to (zy,)
for any ng,

we have

neN nr€eN?

7777,;6 — To,
Tpy, = To; Ty, € g(ﬂnk) , To€P (770) ,
an - ZOa an E B (ﬂ-nk)a ZO G 5 (7‘(’0) *

Then for any ny, we have that u (z,,,7n,) > 6 (2n,,Tn, ). Since u is continuous, taking limits, we get
that u (xo, 7o) > u (20, 7o) -Since the choice of zy in 5 (7m) was arbitrary, we have then z¢ € & (7).

Finally, since (:cnk)nkeN € V>®, x,, — xoand V is closed, zg € V. Then zg € {(mp) NV and 7 €
{rell: &(m)NV # @} := “e 1 (V), which was the desired result.

¢ is closed.

¢ is UHC and compact valued, and therefore closed valued. Then, from Proposition 556, it is closed, too.
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v is a continuous function.

The basic idea of the proof is that v is a function and “it is equal to” the composition of UHC
correspondences; therefore, it is a continuous function. A precise argument goes as follows.

Let the following correspondences be given:

(€id) : TT—— X x T, 7 & (m) x {7},

f: X xII—-—R, (x,7) — {u(x,m)}.
Then, from Definition 566,

(B0 (& id)) (7) = U,mee(m xx} {u (2, m)}.
By definition of &,

Vr ell,Vz € f(ﬂ') s U(mﬁﬂ)eg(ﬂ)x{ﬁ} {u (CC,W)} = {u (f, 7T)} R

and

Vrell, (Bo(&id)(r)={u(@ m)}={v(r)}. (11.27)

Now, (§,id) is UHC, and since u is a continuous function, § is UHC as well. From Proposition 567,
Bo (&, id) is UHC and, from 11.27, v is a continuous function.

]
A sometimes more useful version of the Maximum Theorem is one which does not use the fact that 3 is
UHC.

Theorem 573 (Mazimum Theorem) Consider the correspondence B : II —— X and the function u :
X xII = R defined in Theorem 572 and 11, X FEuclidean spaces.

Assume that

B is non-empty valued, compact valued, conver valued, closed and LHC.

U 18 continuous.

Then

1. € is a non-empty valued, compact valued, closed and UHC correspondence;

2. v is a continuous function.

Proof.
The desired result follows from next Proposition.
]

Proposition 574 Assume that ¢ : X —— Y is non-empty valued, compact valued, convex valued, closed
and LHC. Then ¢ is UHC.

Proof.

Since® by assumption, ¢ is compact valued, we can apply Proposition 570, and therefore it suffices to
show that for every (x,),cy € X°° such that x, — = and for every (y,),cy € Y*° such that y, € ¢ (z,),
there exists a subsequence (), cy Of (Yn), ey Such that y, — y € ¢ (z).

Indeed, it suffices to show that (y,),y is bounded: if that is the case, then it admits a convergent
subsequence, i.e., there exists a subsequence (y,/), <y of (yu),cy such that y,, — y. Moreover, for any
vV eN, y € ¢(x,/) and z,» — x. Therefore, since ¢ is closed by assumption, we do have that y € ¢ (x)
and our proof is complete. Therefore, below we prove that (y,),y is bounded.

Since, by assumption, ¢ is LHC, then, from Proposition 541, for every sequence (), € X*° such
that x,, — x, and for every z € ¢ (z),

there exists a sequence (2,),cy € Y such that Vn € N, z, € ¢ (z,) and z, — z. Since for any n € N,
Yn € ¢ (x,) and since ¢ is convex valued by assumption, we have that for any n € N, [y,, z,] C ¢ (zn),
where [yn, 2n] = {(1 = N) yn + Azy, : X € [0, 1]} is the segment from y,, to z,.

8The proof is taken from Hildenbrand (1974), Lemma 1, page 33. I added some details which should be carefully
checked.
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Now, suppose our claim is false, i.e., (yn),,cy is unbounded.

Claim 1. For any € > 0, there exists N. € N such that for any n > N, there exists y), € [yn, 2»] such
that d (y,,, ¢ (z)) =e.

Proof of Claim 1.

Define B (¢ (z),e) = {weY :d(w,p(x)) <e} which is a bounded and convex set containing the
(bounded, convex) set ¢ (x). Since, by assumption, (y,),cy is unbounded and z, — z € ¢ (z), then
IN. € N such that Vn > N., y, ¢ B(p(z),¢) and 2, € B(p(z),e). Then, (exercise)? there exists
Yy € [Yn,zn) N F (B (o (x),€)), where F (S) is the boundary or frontier of the set S. We are left with
showing that ¥n > N, d (v, ¢ (z)) = €,which is done below.

Suppose d (y,, ¢ (z)) < e. Since d(,¢(z)) : X — R is a continuous function - from Proposition 495 -
then B (¢ (x),¢) is open and then y,, € B (¢ (z),e) = Int (B (¢ (z),¢)), contradicting the fact that y] €
F(B(p(x),e)).

Suppose that d (y),, ¢ (z)) > . Since d(, ¢ (z)) : X — R is a continuous function, then there exists r > 0
such that Vw € B (y),,7), d(w,p (x)) > ¢,ie,y, €Int ({u €Y : d(u,p(x)) >¢e}) =Int ({u €Y :d(u,p(x) < 5}0) C

Int ({u €Y d(u,p(x) < E}C) = Int (B (p(x) ,E)C), again contradicting the fact that y/, € F (B (¢ (z),¢)).

End of the proof of Claim 1.

Claim 2. (y,,),,cy is bounded.

Proof of Claim 2.

We want to show that there exists M’ € R, such that Vn,m € N, d (y,,,y.,) < M'.

From Proposition 351 in villanacci, Convex Analysis, mimeo, or Proposition 1.9.1 in Webster (1994) , we
have the following result.

Let A be a nonempty closed set in R™ and let 2 € R™. Then Ja” € A such that d(z, A) = ||z — a"||.

Then, since ¢ (x) is compact and therefore closed, we have that for any n,m € N, there exists z,, z,, €
¢ (x) such that

Claim 1 Claim 1
3 = =

d (Y, @ () = d(y,, 2n) and & d (Y0 () = d (Y 2m) -

Then,
d Y Yr) < A Yy 2n) +d(2n, 2m) +d (2m, Yy,) =€+ M + ¢,

as desired.

End of the proof of Claim 2.

We are now ready to get the desired contradiction. From Claim 2, up to a subsequence, we have that
yr, — ¥, and since from Claim 1, for any n > N, d(y,,,¢ (z)) = ¢, and d(,¢ (z)) : X — R is a continuous
function, we do have d (7, ¢ (z)) = & > 0 and therefore

y¢o). (11.28)

Observe also that we have found
(%), ey € X such that x, — x and (y;,),cy € Y such that y;, € [yn, 2] € @ (2,) and y;, — ¥.
Since, by assumption, ¢ is closed, then
yeep(x),
contradicting (11.28), as desired.
]

The following result allows to substitute the requirement “g is LHC” with the easier to check requirement
“ClB is LHC”.

Proposition 575 Consider the correspondence ¢ : 1l —— X. ¢ is LHC < Cl¢ is LHC.

Proof.

Preliminary Claim.

V open set, ,Clp (m)NV £ = o (m)NV # .

Proof of the Preliminary Claim.

Take z € Clp(m) NV # @. Since V is open, 3¢ > 0 such that B(z,e) C V. Since z € Cl¢ (),
3{z,} C ¢ (m) such that z, — z. But then In. such that n > n. = z, € B(z,6) C V. But z, € V and
Zn € @ (m) implies that ¢ (7)) NV # @.

9That result is used to show that a bounded set is Peano measurable iff its boundary is Peano measurable.
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End of the Proof of the Preliminary Claim.

[=]

Take an open set V such that Cl¢ (r) NV # @&. We want to show that there exists an open set U*
such that = € U* and V¢ € U*, Cl¢ () NV # &. From the preliminary remark, it must be the case that
© (m)NV # @. Then, since ¢ is LHC, there exists an open set U such that 7 € U and V€ € U*, ¢ (m)NV # @.
Since Cl¢ (7) 2 p (7), we also have Cl¢ () NV # &. Choosing U* = U, we are done.

[«<]

Since ¢ (m) NV # @, then Cl¢ (7) NV # &, and, by assumption, 3 open set U’ such that 7 € U’ and
Ve e U, Clg () NV # &. Then, from the preliminary remark, it must be the case that

p(m)NV #a.

]

Remark 576 In some economic models, a convenient strategy to show that a correspondence (3 is LHC
is the following one. Introduce a correspondence 5, show that B 18 LHC; show that CI B B. Then from
the above Proposition 575, the desired result follows - see, for example, point 5 the proof of Proposition 591
below.

We can summarize what said above in the following result.

Theorem 577 (Mazimum Theorem: summary) Let the metric spaces (IL,dn) , (X,dx), the correspondence
B:11 =— X and a function v : X x II — R be given.'® Define

&1l —-— X,
§(m)={zep(n):Veep(n),ulzm)=>u(rn)}=argmaXeesx) v (2, T),

Assume that

1. B is non-empty valued, compact valued and either
a. continuous,

b. convex valued, closed and LHC, or

c. convex valued, closed and such that Cl(p) is LHC,
2. u 18 continuous.

Then
1. £ is non-empty valued, compact valued, usc and closed,and
2.
v:II—-R, wv:7m+— max u(z,m).
z€P(m)

18 continuous.

Proof. We list precise references for the proof of cases a., b. and ¢ of Assumption 1.
Assumption 1la.

Theorem 572.

Assumption 1b.

Theorem 573.

Assumption lc.

It follows from Proposition 573. m

Remark 578 There are other version of the maximum theorems; in a footnote on page 306, Ok (2007)
points out the existence of two more general versions of the theorem by Walker (1979) and by Leininger

(1984).
11.3 Fixed point theorems
A thorough analysis of the many versions of fixed point theorems existing in the literature is outside the

scope of this notes. Below, we present a useful relatively general version of fixed point theorems both in the
case of functions and correspondences.

10Obviously, 8 stands for “budget correspondence” and u for “utility function”.
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Theorem 579 (The Brouwer Fized Point Theorem)
For anyn € N, let S be a nonempty, compact, convex subset of R™. If f : S — S is a continuous function,
then 3x € S such that f (z) = z.

Proof. For a (not self-contained) proof, see Ok (2007), page 279. m
Just to try to avoid having a Section without a proof, let’s show the following extremely simple version
of that theorem.

Proposition 580 If f : [0,1] — [0, 1] is a continuous function, then Iz € [0,1] such that f (x) = x.

Proof. If f(0) =0 or f (1) =1, the result is true. Then suppose otherwise, i.e., f (0) # 0 and f (1) # 1,
i.e., since the domain of f is [0, 1], suppose that f(0) > 0 and f (1) < 1. Define

g:10,1] = R, cx—ax— f(x).

Clearly, g is continuous, ¢ (0) = —f (0) <0 and g (1) =1 — f (1) > 0. Then, from the intermediate value
for continuous functions, 3x € [0, 1] such that g (z) =z — f () =0, i.e., z = f (), as desired. =

Theorem 581 (Kakutani’s Fized Point Theorem) For any n € N, if
1. X is a nonempty, compact, convex subset of R", and

if p: X ->— X s a nonempty and conver valued,and

closed correspondence, or

closed valued and usc, or

. closed valued and lsc,

then 3z € X such that ¢ (z) 2 =.

SRS

Proof. We list precise references for the proof of cases a., b. and ¢ of Assumption 2.
Assumption 2a.

See Ok (2007), page 331, or Hildebrand (1974) page 39)

Assumption 2b.

From Proposition 556, or Proposition 3b, page 295, Ok (2007),

(¢ usc and closed valued at x) = (p is closed at z)
Assumption 2c.

See Ok (2007), Corollary 1, page 337. ®

11.4 Application of the maximum theorem to the consumer prob-
lem

Definition 582 (Mas Colell (1996), page 17) Commodities are goods and services available for purchases
in the market.

We assume the number of commodities is finite and equal to C. Commodities are indexed by superscript
c=1,..,C.

Definition 583 A commodity vector is an element of the commodity space RC.

Definition 584 (almost Mas Colell(1996), page 18) A consumption set is a subset of the commodity
space RC. It is denoted by X. Its elements are the vector of commodities the individual can conceivably
consume given the physical or institutional constraints imposed by the environment.

Example 585 See Mas colell pages 18, 19.

Common assumptions on X are that it is convex,bounded below and unbounded. Unless otherwise stated,
we make the following stronger

Assumption 1 X = RE = {33 €ERC:z> O} .
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Definition 586 p € RY is the vector of commodity prices.

Households’ choices are limited also by an economic constraint: they cannot buy goods whose value is
bigger than their wealth, i.e., it must be the case that px < w, where w is household’s wealth.

Remark 587 w can take different specifications. For example, we can have w = pe, where e € RC is the
vector of goods owned by the household, i.e., her endowments.

Assumption 2 All commodities are traded in markets at publicly observable prices, expressed in monetary
unit terms.

Assumption 3 All commodities are assumed to be strictly goods (and not "bad”), i.e., p € REJF.

Assumption 4 Households behave as if they cannot influence prices.

Definition 588 The budget set is

B(p.w) i= {w € R s po < w}

With some abuse of notation we define the budget correspondence as
B:R$+ x Riy —— RY, ﬁ(p,w):{zGRg:ngw}.
Definition 589 The utility function is
u: X - R, x — u(x)
Definition 590 The Utility Maximization Problem (UMP) is

max,cpe U (z) st. pr<w, orx € f(p,w).

E:RY, xRyp »— RO, £ (p,w) = argmax (UMP) is the demand correspondence.
Theorem 591 £ is a non-empty valued, compact valued, closed and UHC correspondence and
v:RY, xRy —» R, v:(p,w)— max (UMP),
i.e., the indirect utility function, is a continuous function.

Proof.

As an application of the (second version of) the Maximum Theorem, i.e., Theorem 573, we have to show
that S is non-empty valued, compact valued, convex valued, closed and LHC.

1. B is non-empty valued.

c
2= () _ €B(pw) (or, simpler, 0 €  (p, w)).
c=
2. [ is compact valued.
B (p,w) is closed because is the intersection of the inverse image of closed sets via continuous functions.
B (p,w) is bounded below by zero.

’ ’
w—> . P x°
pe

B (p,w) is bounded above because for every ¢, 2¢ < < 1%’ where the first inequality comes

from the fact that px < w, and the second inequality from the fact that p € IR{E L and z € RE.

3. [ is convex valued.

To see that, simply, observe that (1 — A) pz’ + Apz” < (1 —A)w + Iw = w.

4. [ is closed.

We want to show that for every sequence {(pn,wy)},, C Rg 4+ X Ry such that

(Prswn) — (pyw), T € B(Pn,Wn), Tn — T,

it is the case that z € g (p,w).

Since , € B (pn,wn), we have that p,z, < w, and z, > 0. Taking limits of both sides of both
inequalities, we get px < w and x > 0,i.e., z € 5 (p,w).

5. B is LHC.

We proceed as follows: a. Int 8 is LHC; b. Cl Int 8 = 5. Then, from Proposition 575 the result follows.
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a. Observe that Int S (p,w) := {x € Rg x>0 and px < w} and that Int 8 (p,w) # @, since xz =
c
(%’pc)c:l € Int 3 (p, w) . We want to show that the following is true.

For every sequence (pn,wn), € (R, x Ry4)” such that (p,,w,) — (p,w) and for any z € IntS (p, w),

there exists a sequence {z,}, C Rg such that Vn, z, € Int 8 (p,,w,) and z, — .

Pn® — wy, — pr —w < 0 (where the strict inequality follows from the fact that = € Int S (p,w). Then,
dN such that n > N = p,z — w, <0.

For n < N, choose an arbitrary x,, € Int 8 (pn,w,) # <. Since p,z —w < 0, for every n > N, there exists
€n > 0 such that z € B (z,e,) = ppz — w, < 0.

For any n > N, choose z,, = = + %min {%", %} -1. Then,

d (@, @) = (c (\/15111111{62”711})2>

ie., z, € B(z,¢e,) and therefore

M
I
z.
=
—N
L)
w‘z
SEES
——
AN
L)
S

DnTn —wy <0 (1).

Since x, > x, we also have

T, >0 (2).

(1) and (2) imply that z,, € Int 8 (p,, wy) . Moreover, since x,, > z, we have 0 < lim,, 4o (z, — 2) =
lim,, — o0 % - min {%”, %} -1 £ limy, oo %% ‘1=0,ie., lim, . oz, = 2.t

b.

It follows from the fact that the budget correspondence is the intersection of the inverse images of half
spaces via continuous functions.

2.

It follows from Proposition 592, part (4), and the Maximum Theorem.

]

Proposition 592 For every (p,w) € REJF xRy,
(1) Va € Ry, & (ap, aw) = £ (p,w);
(2) if u is LNS, Vx GRE, xz € &(p,w) = pr = w;
(3) if u is quasi-concave'?, £ is convex valued;
(4) if u is strictly quasi-concave,'® & is single valued, i.e., it is a function.

Proof.

(1)

It simply follows from the fact that Va € R4 8 (ap, aw) = 8 (p,w) .

)

Suppose otherwise, then Iz’ € RE such that z’ € £ (p,w) and pz’ < w. Therefore,3e’ > 0 such that
B(z',¢") C B(p,w) (take ¢’ = d (2', H (p,w))). Then, from the fact that u is LNS, there exists z* such that
z* € B(2',¢") C B (p,w) and u (z*) > u ('), i.e., 2’ ¢ £ (p,w), a contradiction.

3)

1 Or simply

1
0< lim d(z,zpn) < lim — =0.
n—00

n—oo n
12 A continuous function f is quasi-concave iff Va', 2" € X, V A € [0, 1],
F((1 =Nz +x2”) > min {f ('), f(=")}.
13

Definition 593 f is strictly quasi-concave
iff V2! 2" € X, such that ' # 2", andV X € (0,1), we have that

F((@ =Xz +Xx2”) > min {f ('), f(=")}.
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Assume there exist 2/, 2" such that 2/, " € ¢ (p,w). We want to show that VA € [0,1], 2 := (1 — \) 2’ +
Az’ € & (p,w). Observe that u (2) = u (2) := u*. From the quasi-concavity of u, we have u (z*) > u*. We
are therefore left with showing that 2* € 8 (p,w), i.e., B is convex valued. To see that, simply, observe that
pr = (1 —A)pa’ + Apz” < (1 — N w+ \w = w.

(4) Assume otherwise. Following exactly the same argument as above we have z’,z"” € £ (p,w), and

pr* < w. Since u is strictly quasi concave, we also have that u (z*) > u(z') = u(2”) := u*, which
contradicts the fact that =/, z” € £ (p,w) .
[

Proposition 594 If u is a continuous LNS utility function, then the indirect utility function has the follow-
ing properties.

For every (p,w) € RY | x Ry,

(1) Va € R++,U (Oép, OL’LU) =0 (pa w) ;

(2) Strictly increasing in w and for every ¢, non increasing in p%;

(3) for every v € R, {(p,w) : v (p,w) < T} is convex.

(4) continuous.

Proof.

(1) It follows from Proposition 592 (2).

2)

If w increases, say by Aw, then, from Proposition 592 (2), px (p,w) < w + Aw. Define z (p,w) := .
Then,3e’ > 0 such that B (z/,¢’) C 8 (p,w + Aw) (take ¢/ = d(2', H (p,w + Aw))). Then, from the fact
that u is LNS, there exists z* such that z* € B(2/,¢') C 8 (p,w + Aw) and w(z*) > u(z'). The result
follows observing that v (p,w + Aw) > u (z*).

Similar proof applies to the case of a decrease in p. Assume Ap¢ < 0. Define A := (Ac)f=1 € R® with
A¢=0iff ¢c # ¢ and A = Apcl. Then,

(<0)

P (p,w) = w = (p+ A) @ (p,w) = pa (p,w) + Apa® (p,w) —

= w+ Ap°® z2¢ (p,w) < w. The remaining part of the proof is the same as in the case of an increase of w.

(3) Take (p/,w') , (p",w") € {(p,w) : v (p,w) < v} := 5 (V). We want to show that VA € [0,1], (p*,w?) :=
(1=, w)+ X" w")eS@)),ie, z € (pw')=u(z)>m0.

T ef(p/\,wk) splr<wr e (1-N)p + 2" < (1 -Nw' + .

Then, either p’'x < w’ or p”x < w”. If p'z < w’, then u (x) < v (p/,w’) <o. Similarly, if p”"z < w” .

(4)

It was proved in Theorem 591.

[
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Chapter 12

Partial derivatives and directional
derivatives

12.1 Partial Derivatives

The® concept of partial derivative is not that different from the concept of “standard” derivative of a function
from R to R, in fact we are going to see that partial derivatives of a function f : R™ — R are just standard
derivatives of a naturally associated function from R to R.

Recall that for any &k € {1,...,n}, ef = (0,..,1,...,0) is the k — th vector in the canonical basis of R".

Definition 595 Let a set S C R”, a point zg = (l'ok)Z:1 € Int S and a function f : S — R be given. If
the following limit exists and it is finite

lim f (w0 + hek) — f (z0) (he=ay—wo,.) lim f (w0 + (zr — o) €F) — f (z0)

12.1
h—0 h Tk —Tok T — Tok ’ ( )

then it is called the partial derivative of f with respect to the k — th coordinate computed in xy and it is
denoted by any of the following symbols

Dy f(w0), Dif(zo), 2L(m), %2

oxy, |lz=x¢ :

Remark 596 As said above, partial derivatives are not really a new concept. We are just treating f as a
function of one variable at the time, keeping the other variables fized. In other words, for simplicity taking
S =R" and using the notation of the above definition, we can define

gk :R—=R, gi (k) = f (w0 + (xr — mox) €
a function of only one variable, and

gk (@) =gk (20, ) @)

/ @
9k (o) = limg, a0, Tl —Tok

f(wot(w—wo, Jelt) = (wo+(wo, —z0, )eh) _ (12.2)

=lim,, .
Tk —T0k Tp—Tok

f(w0+(Ik*$0k)€f;)*f($0) (i)

Tk —Tok

Da:k.f ($0) :

= limg,, .z,

where
(1) follows from the definition of derivative of a function from R to R,
(2) from the definition of the function gy ,
(3) from the definition of partial derivative.

!Tn this Part, I follow closely Section 5.14 and chapters 12 and 13 in Apostol (1974).
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Example 597 Given f: R?> — R,

f (1,22, 23) = €Y cosz + sinyz

we have
D, f(x) — (sinz) e®¥ 4+ y (cosx) e*¥
D,,f(x) = | zcosyz+ x(cosz)e®?
D,,f(x) 1 COS Y2

Remark 598 Loosely speaking, we can give the following geometrical interpretation of partial derivatives.
Given f : R? — R admitting partial derivatives, %ﬂi") is the slope of the graph of the function obtained
cutting the graph of f with a plane which is

orthogonal to the x1 — x2 plane, and

going through the line parallel to the x1 axis and passing through the point xq, line to which we have given
the same orientation as the x1 awis.

Definition 599 Given an open subset S in R™ and a function f : S — R, if Yk € {1,...,n}, the limit in
(12.1) ewists, we call the gradient of f in xo the following vector

(Drf (20)) 1

and we denote it by

Df (wo)

Remark 600 The existence of the gradient for f in xy does not imply continuity of the function in xzq, as
the following example shows.

0 if either x1 =0 or 2 =0
" e, (21,22) € ({0} x R) U (R x {0})

f:R* >R, f(z1,12) =
1 otherwise
BERT f(xlao)_f(070)_ _
D,f(0) = a:lllgo pra— = xlllgo 0 0

and similarly
Dy f(0) = 0.

[ is not continuous in 0: we want to show that 3e > 0 such that V6 > 0 there exists (z1,x2) € R?such
that (z1,22) € B(0,6) and |f (z1,22) — f(0,0)] > e. Take e = 3 and any (z1,32) € B(0,6) such that

z1 # 0 and z2 # O(for ezample, T1 = x5 = & then ||(z1,22)| = %+% = \/% = %5 < ¢). Then
|f (z1,22) = f(0,0) =1 >e.

12.2 Directional Derivatives

A first generalization of the concept of partial derivative of a function is presented in Definition 602 below.

Definition 601 Given
f:SCR" - R™, x— f(x),

Vi € {1,..,m,}, the function
fi: SCR" =R, x +— i —th component of f (x).
is called the i — th component function of f.

Therefore,

VeelS, f(z)=(fi(z)),. (12.3)
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Definition 602 Given m,n € N, a set S C R", zg € Int S, u € R", h € R such that xo + hu € S,
f:8 —=R"™ we call the directional derivative of f at xo in the direction u, denoted by the symbol

f/ (':U07 u’) )
the limit £ (0 4 ) — £ (z0)
. i) u) — i)
i n (124)

if it exists and it is componentwise finite.

Remark 603 Assume that the limit in (12.4) exists and it is finite. Then, from (12.3) and using Proposition

501,
. f(@o + hu) — f(x0) - fi(wo + hu) = fi (z0) \™ m
/ . _ _ _ ! . '
f (m07u) - }ILE)I%) h - }ILEIB h i1 - (f’L (.’L'(),U)),LZI .
If u=el, the j — th element of the canonical basis in R™, we then have
. . fi Ty + he{l — fz (370) " ymo (%) m
L = (7 ooty 2 (Do fi @)y o= D f o) (125)
i=1

where equality (x) follows from (12.2).
We can then construct a matriz whose n columns are the above vectors, a matriz which involves all partial
deriwative of all component functions of f. That matriz is formally defined below.

Definition 604 Assume that f = (f;)i~, : S C R™ — R™ admits all partial derivatives in xo. The Jacobian
matriz of f at xq is denoted by Df (xo) and is the following m x n matriz:

Dy, fi(z0) ... Da;fi(wo) ... Dag,f1(20)
Dmljél(ﬂﬁo) Dz,-Jé.(on) Dwnfz (zo) | =
Dafn (20) o Dafn (20) . Da fin (0)

= [ Dxlf(ilfo) ijf(lio) Dxnf(l‘o) ] =

= [ (@€l o £ (o) o f o) ).

Remark 605 (How to easily write the Jacobian matriz of a function.)
To compute the Jacobian of f is convenient to construct a table as follows.

1. In the first column, write the m vector component functions f1, ..., fi, ..., fin of f.
2. In the first row, write the subvectors z1, ..., x;, ..., x, of x.

3. For each i and j, write the partial Jacobian matrix D, f; () in the entry at the intersection of the
i — th row and j — th column.

We then obtain the following table,

fi [ Dufis)  Dufite)  Dafi(e) ]
i | bus D, f: (x) Dosi@ |
i L Datne) Diyfu(@) Doy fula) |

where the Jacobian matrix is the part of the table between square brackets.
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Example 606 Given f:R* — R5,

Byt
e.’E
flay,zt) =] =&
r+y+z+t
2% 4 12
its Jacobian matriz is
2

wl;{u — 20k w0 0

oty & & 0

tyZ te s trk xys —toys

1 1 1 1

2z 0 0 2t 5xd

Remark 607 From Remark 603,
Vu € R™, f'(xo;u) exists = Df (xg) exists (12.6)

On the other hand, the opposite implication does not hold true. Consider the example in Remark 600.

There, we have seen that
D.f (0) = D, f (0) = 0.

But if u = (u1,ua) with uy # 0 and ug # 0, we have

limf(()Jrhu)ff(O)_. 1-0
h—0 h h—0 h

does not exist .

Remark 608 Again loosely speaking, we can give the following geometrical interpretation of directional
derivatives. Take f : R? — R admitting directional derivatives. f (xo;u) with |u|| =1 is the slope the graph
of the function obtained cutting the graph of f with a plane which is

orthogonal to the x1 — x2 plane, and

going through the line going through the points xo and xo + u, line to which we have given the same
orientation as u.

Example 609 Take
fiR" SR, z—z-z=|z|

Then, the existence of f' (xo;u) can be checked computing the following limit.

= limy, o

limy, o f(zo +h7;1)*f(900)

(zo+hu)(zo+hu)—zoTn __
3 =

zozo+hrouthurg+hiuu—zozo _

= limy .o

2hzquth’uu
h

= limy, ¢ = limy,_.g 2zou + huu = 2xqu

Remark 610 Given S CR", a function f: S — R"™ and a point x¢ € Int S
£ (@o; —u) = —f' (w05 u).
Proof.

f (z0; —u) = limp,_o f(wo-‘rh(—};u))—f(ﬂfo) = limj,_o f(wo—h’l}il)—f(ﬁvo) —

= —limy_o f(wo+(*ﬁ)u)*f(fﬂo) ki=—h _ limy_o f(fEOJrkI;C)*f(mo) =—f ($O§ u) )
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Remark 611 It is not the case that

Vu € R™, f'(zo;u) exists = [ is continuous in xg (12.7)

as the following example shows. Consider

e if x40
fiRP =R, f(zy) =
0 if x=0,4e,(z,y) {0} xR

Let’s compute f' (0;u). If up # 0.

. f(O+hu)—f(0) ) huy - h?u3 ) uy - U3 u3
hm = hm 5 1 = lim 1 =
h—0 h h—0 (h2ui + h*u3)h  h—0ui + h2u5  wy

If uy = 0,we have

1m
h—0 h h—0 h h—0 h

On the other hand, if x = y* and x,y # 0, i.e., along the graph of the parabola x = y* except the origin,
we have
4
A S A
flzy) = f(y*y) = i
while
f(0,0) =0.
To prove that f is not continuous in 0 we have to show that Ie > 0 such that Y6 > 0 there exists (ZT,y) €

R2such that (z,7) € B(0,6) and |f (z,7) — f(0,0)| = % > e. Take € = 1/4 and consistently with the
5

2
above argument yp, = + and T, = %. Then

S
=1

N | =

V’I’LEN, |f(i‘n7yn)| Zf(ﬂi,fn) =
We are left with showing that In € N such that

(fmgn) €B (0,5),i.e., || (fmgn) H < 4.

g ot o et
” (mnayn) H - \/; and nh—{go \/; =0

Then, by definition of limit, ¥6 > 0, In € N such that || (Zn,Tn) || < I, as desired.

Indeed

Remark 612 Roughly speaking, the existence of partial derivatives in a given point in all directions implies
“continuity along straight lines” through that point; it does not imply “ continuity along all possible curves
through that point”, as in the case of the parabola in the picture above.

Remark 613 We are now left with two problems:
1. Is there a definition of derivative whose existence implies continuity?
2. Is there any “easy” way to compute the directional derivative?

Appendix (to be corrected)

There are other definitions of directional derivatives used in the literature.

Let the following objects be given: m,n € N, aset S C R", zg € Int S, u € R", h € R such that
zo+hues, f:5—R"
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Definition 614 (our definition following Apostol (1974)) We call the directional derivative of f at xy in
the direction u according to Apostol, denoted by the symbol

fia (zosu),
the limit L
h—0 h

if it exists and it is finite.

Definition 615 (Girsanov (1972)) We call the directional derivative of f at xqo in the direction u according
to Girsanov, denoted by the symbol

16 (@osu),

the limit

h—0t h

(12.9)
if it exists and it is finite.

Definition 616 (Wikipedia) Take u € R™such that ||u|| = 1. We call the directional derivative of f at xq in
the direction u according to Wikipedia, denoted by the symbol

fI//V (xO; u) ’
the limit L
h—0+ h
if it exists and it is finite.
Fact 1. For given zyp € S,u € R"
A= G=W,

while the opposite implications do not hold true. In particular, to see way A <= G, just take f: R — R,
0 if z<0
f (@)= :
1 if >0

and observe that while the right derivative in 0 is

. (hy—f(©) . 1-1
hlgg+ h n hlirgf ho 0
while the left derivative is
lim 701) A0 = lim 70 —1 = 400
h—0— h h—0— h

Fact 2. For given 2o € S,
fiy (z,u) exists = fi (x,v) exists for any v = au and o € Ry 4.
Proof.

f(zo+hv)—f(zo) f(zothau)—f(xo) k=ah>0
o+ h 0+ =

= ozlimh_> oh

f& (z,v) = limy,_,

= alimy,_,g+ 7“90%%)7“10) =afly (z,u).

Fact 3. Assume that u # 0 and zg € R™. Then the following implications are true:

Vu € R", f)) (x,u) exists < VYu e R", fl,(z,u) exists << VYu € R" such that |[ul| =1, f{; (z,u) exists.
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Proof.

From Fact 1, we are left with showing just two implications.
G= A

We want to show that

f(xo + hu) — f (z0)
h

f(xo+ hv) — f (z0)
h

Vu € R™, lim € R=Vv € R", lim eR.
h—0t h—0

Therefore, it suffices to show that [ := limj,_,o- w € R.Take u = —v. Then,

= lim [ (@o — hu) — f (wo) — _ lim f (zo — hu) — f (20) k==h _ f(xo+ ku) — f(x0)

h—0— h h—0— —h k—0+ k

W =dG.
The proof of this implication is basically the proof of Fact 2.We want to show that

f (o + hu) — f (x0)

eR.

f(xo+ hv) — f (z9)

Vu € R" such that [[ul| = 1, lim, - €R =¥o € R™\ {0}, 1:= lim 3 eR.
In fact,
I (mo+ Rl ) = f (o)
l:= lim €R,
h—0+ h
simply because H”%“H =1.

Remark 617 We can give the following geometrical interpretation of directional derivatives. First of all
observe that from Proposition 620,

[ (zosu) := }1113%] f (o + hz;l) — f (20)

= dfy, (u).

If f : R — R, we then have
f (@oiu) = ' (o) - u.
Therefore, if u =1, we have
f (zo;u) = f' (20)
and if u > 0, we have
sign ' (z0;w) = sign f (zo).

Take now f : R? — R admitting directional derivatives. Then,
I (zo;u) = Df (mo) -u with |ul| =1

is the slope the graph of the function obtained cutting the graph of f with a plane which is
orthogonal to the x1 — x2 plane, and
along the line going through the points o and xo + w, in the direction from xg to xg + u.
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Chapter 13

Differentiability

13.1 Total Derivative and Differentiability
If f:R — R, we say that f is differentiable in z¢, if the following limit exists and it is finite

lim fxo+h)— f(z0)
h—0 h

and we write
f (w0 +h) — f(z0)
h

/ I 1
[ (z0) = }lllgb

or, in equivalent manner,

fn ; =0
and
f(@o+h) = (f (zo) + [ (z0) - ) =r (h)
where .
r
fim 5 =
or

flzo+h)=f(zo0) + f (xo) h+7(h),
or using what said in Section 6.1,

f(xo+h)=f(x0) + s (h) +7(h)

where lf/(z,) € L(R,R)

and limp_.q @ =0

Definition 618 Given a set S CR", xg € Int S, f: S — R™, we say that f is differentiable at xo if
there exists
a linear function dfy, : R" — R™

such that for any u € R™ u # 0, such that xo +u € S,

lim {200 =S (@) Z ey (W) _ (13.1)
u=0 [l

In that case, the linear function dfy, is called the total derivative or the differential or simply the derivative
of f at xy.

187
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Remark 619 Obviously, given the condition of the previous Definition, we can say that f is differentiable
at xo if there exists a linear function dfz, : R™ — R™ such that Yu € R™ such that zo +u € S

r (u)

f (w0 + 6) = £ (20) + dfsy () + Il - Euy (1), with lim By, (1) =0 (1.3

The above equations are called the first-order Taylor formula (of f at xq in the direction u). Condition
(13.3) is the most convenient one to use in many instances.

Proposition 620 Assume that f : S — R™ is differentiable at xq , then

Yu € R"™, I (zo;u) = dfa, (u).

Proof.
. f(xo+hu) — f(z0) (1)
Pl o)) o (L)
' (o w) = limn . 2
o) o ey () [l By () = £ (50) (@) (. hfe (u) + [A] 0] - By ()
h—0 h h—0 h

= lim df,, (u) + lim sign (h) - |ju] - Ez, (hu) D afo (w) + [lul Jim sign (h) - Ea, (hu) 9 af.. (w),

where

(1) follows from (13.3) with hu in the place of u,

(2) from the fact that df,, is linear, and from a property of a norm,
(3) from the fact that % = sign (h), !

(4) from the fact that h — 0 implies that hu — 0,

(5) from the assumption that f is differentiable in zo. m

Remark 621 The above Proposition implies that if the differential exists, then it is unique - from the fact
that the limit is unique, if it exists.

Proposition 622 If f : S — R™ is differentiable at xg, then f is continuous at xg.

Proof. We have to prove that
iin%f(wo +u) = f(20) =0

i.e., from (13.3), it suffices to show that
. (1) .
Vi dfy, () + ] - B, () 2 df, (0) + lim ] - 2, () 2 0
where

(1) follows from the fact that df,, is linear and therefore continuous, which is shown in Lemma 623 below.
(2) follows from the fact again that dfy, is linear, and therefore df, (0) =0, and from (13.3). =

Lsign is the function defined as follows:

-1 4if =<0
sign : R — {-1,04+1}, z~— 0 if =x=0
+1 if x>0.
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Lemma 623 If df,, is linear, then it is continuous.

Proof. 1st proof.

Since dfy, s linear, then there exist A € Ml (m,n) such that for any u € R™, df,, (u) = A-u. Then, the
desired result follows from Remark 514.

2nd proof.

We have to show that Vg € R™, Ve > 0 3§ > 0 such that ||x — x| < § = ||l (x) — 1 (z0)]| < &. Defined
[[] = A, we have that

[1(x) = L (zo)|| = [|A -z — @0l =

/(R (A) - (&~ 20) s B™ (A) - (2 — 20))]| € 4 [R (A) - (2 — w0)| © (13.4)

<Y [REA)]] - Nz = 2ol < me- (maxieqr,.my ][R (A)][}) - 2 =20l

where (1) follows from Remark 56, and (2) from Proposition 53.4, i.e., Cauchy-Schwarz inequality. Take

m - (maxieq, . my (R (A)})

6:

Then we have that ||z — xo| < & implies that m- (max;eq1,. my {R (A)}) ||z — 0|l < &, and from (13.4),
[l (z) = l(zo)|| <&, as desired. m

Remark 624 The above Proposition is the answer to Question 1 in Remark 613. We still do not have a
answer to Question 2 and another question naturally arises at this point:
3. Is there an “easy” way of checking differentiability?

13.2 Total Derivatives in terms of Partial Derivatives.

In Remark 626 below, we will answer question 2 in Remark 613: Is there any “easy” way to compute the
directional derivative?

Proposition 625 Assume that f = (fj);n:1 : S CR™ — R™ is differentiable in xo. The matrix associated
with dfy, with respect to the canonical bases of R™ and R™ is the Jacobian matriz D f (xo), i.e.,

[dfzo] = Df (20),

i.e.,

Vo e R", dfzo () = Df (zg) - . (13.5)
Proof. From Definitiion 269,
[dfz,] = [ dfz, (e}l) e dfwy (eﬁl) e dfg, (€7) ]an

From Proposition 620,
Vi€ {l,..,n}, dfs (¢') = f (z0;€),
and from (12.5)
f' (zose’) = (Da, fj (x0))]L, -
Then
[dfmo] = [ (D:clfj (5170))3'11 (Docifj ($0));":1 (Dxlfj (550));”:1 ]

as desired. m

mxn’

Remark 626 From Proposition 620, part 1, and the above Proposition 625, we have that if f is differentiable
in g, then Yu € R™
Yu € R™, I (zo;u) = Df (z0) - u.
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Remark 627 From (13.5), we get
1) & 2) &
dfz ()]l = I1Df (20)],y, @ll < D IDfs (o) -2l < Y IDfj (o)l - ]
j=1 j=1

where

(1) follows from Remark 56, and

(2) from Cauchy-Schwarz inequality in Proposition 53.
Therefore, defined o := 37", ||D fj (o)l ;we have that

[ dfzo (@) < - ]

and
lim [, ()] = 0

Remark 628 We have seen that

f differentiable in xy = f admits directional derivative in xgy = Df (x¢) exists
<

[} (not }) (not |})
f continuous in x, f continuous in x, f continuous in x,
Therefore

f differentiable in o <= Df (xo) ewists

and
[ differentiable in xy <= [ admits directional derivative in xg

We still do not have an answer to question 8 in Remark 624: Is there an easy way of checking differen-
tiability? We will provide an answer in Proposition 661.



Chapter 14

Some Theorems

We first introduce some needed definitions.
Definition 629 Given an open S C R",
FiSoRY wi= (m), e f (@) = (i @)
ICA{l,...,m} and JC{l,..,n},

the partial Jacobian of (f;),c; with respect to () in xg € S is the following (#I) x (#J) submatriz
of Df (x0)

jedJ

)

[&fi (550)}
Ox; icl, jeJ
and it is denoted by
D)), (f)ier (xo)

Example 630 Take:

S an open subset of R™, with generic element ' = (z;)"'2

=1
T an open subset of R"2, with generic element z' = (xy)2, and
[:SxT —R™ (22")— f(2',2")

Then, defined n = nq + n1, we have

Dy, fi(x0) o Da, fi(20)
Dof(@o) = | Darfi(@o) o Da fi(wo)
Do fn @) oo Day f o) |,
o simlert Dy oifi(@0) oo Dafi(20)
f(z0) = Dxm'l”fi(xo) Dznﬁ'(wo)
D%ﬁ;}m(xo) Daan;'r.r.L(xO) s

and therefore
Df (.’L‘Q) = [ D.’l:’f(‘TO) Dm”f(xo) ]mxn

Definition 631 Given an open set S C R™ and f : S — R, assume that Vx € S, Df (z) := (af(f?)>
exists. Then, ¥j € {1,...,n}, we define the j — th partial derivative function as

ﬁ:S—>R, m’_)af(x)
8zj 8xj

191
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Assuming that the above function has partial derivative with respect to xy, for k € {1,...,n}, we define it
as the mized second order partial derivative of f with respect to x; and xy and we write

Pf(x) 0B
ijc‘)mk T &vk

Definition 632 Given f: S CR"™ — R, the Hessian matrix of f at xg is the n X n matrizc

O f
O0x;0xy, (:co)}

D?f (w0) = [

J,k=1,...,n
Remark 633 D?f () is the Jacobian matriz of the gradient function of f.
Example 634 Compute the Hessian function of f : R?’H — R,

fzyy,2) = (ez cosy + 22 + z?logy + log z + log z + 2tlogt)

We first compute the gradient:
1
2zIny + (cos y)2e“’ +
— (siny)e” + =
2z + %
2Ilnt + 2

and then the Hessian matrix

2Iny + (cosy)e® — & —(siny)e$+2§ 0
— (siny)e” + 2% —(cosy)e” = %3 0
0 0 -%+2 0
0 0 0 2

14.1 The chain rule
Proposition 635 (Chain Rule) Given S CR™, T C R™,
f:SCR" - R™

such that Im fCT
g: T CR™ —RP,

assume that f and g are differentiable in xo and yo = f (x0), respectively. Then
h:SCR" -=RP,  h(z)=(gof)(x)

1s differentiable in xo and
dha, = dgf(zo) 0 dfy,.

Proof. We want to show that there exists a linear function dh,, : R" — R? such that
h(xo 4 u) = h(x0) + dhe, (w) + |Jul| - B, (u), with lim E; (u) =0,

and dh, = dg sy © dfas-
Taking u sufficiently small (in order to have zg + u € S), we have

h(zo +u) = h(wo) = g[f (xo +u)] = g[f (w0)] = g[f (xo +u)] — g (v0)

and defined
v=f(zo+u)—yo
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we get
h(zo +u) —h(z0) = g (yo +v) — g (o) -
Since f is differentiable in xg, we get

v =dfz, (u) + |lul| - By (u), with lim E,, (u) =0. (14.1)

u—0

Since g is differentiable in yo = f (x0), we get
9 (50 + ) — 9 (y0) = dgy (0) + o] - Eyy (0) with lm B, (1) =0. (14
Inserting (14.1) in (14.2), we get

9 (yo +v)=g (Yo) = dgy, (dfz, (w) + l|ull - Ezy (w)+|v]|-Ey, (v) = dgy, (dgay (w))+{ull-dgy, (Ez, (w)+[0]l-Ey, (v)
Defined
0 if u=0
B (1) 1= ol ’
dfyo (Emo (u)) + Tl Eyo (U) it w 7& 0
we are left with showing that
lirrb E., (u) =0.
Observe that
lim df, (Ezy (u)) = 0
since linear functions are continuous and from (14.1). Moreover, since lim,, o v = lim, o (f (x0 + ©) — yo) =
0, from (14.2), we get
limO E,, (v)=0.

Finally, we have to show that lim,_.q vl 5 bounded. Now, from the definition of u and from (627),

[l
defined a := Y- [ D (o),
loll = lldfzy () + llull - By @)l < Ny ()| + lfull | By )| < (@ + [ Ezy @) - lul

and

el
lim v < 1 E, =a,
Jm g S lim (a4 1Bz (w)]) = @

as desired. m

Remark 636 From Proposition 625 and Proposition 281, or simply (7.10), we also have

Dh (mo)an =Dy (f (x()))pxm -Df (xU)mxn )
Dyh (z0) = Dyg (y)|y:f(_7;o) Dy f (20) ,

Observe that Dg (f (xo)) is obtained computing Dg (y) and then substituting f (xo) in the place of y. We
therefore also write Dg (f (x0)) = Dg (y)

ly=f(z0)"

Example 637 Take

fiR—RY  zw (3z,42 +2?) (14.3)
and

g:R?> >R, (z1,22) — 1 + Z2.
Then

hiR—R z—3z+4z+2°="Tx+ 2>

and

h ({Eo) =174 2xg (144)
Therefore, from Remark 636,

3

Dh(20); 0 = Dg (f (£0))1x2 - Df (0)g,q = [15 1] [ 4+ 2z

] =3+ 44 2m9 =T+ 2x,.
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Example 638 Sometimes we have to solve (not very well formulated) problems as the following one. “Given

the function
u (gl (l) y oy Gn (l) ; l) s

what is the effect of a change in 1 on the value of u?”
Below, 1. we formulate the problem in a rigorous way;
2. applying the Chain Rule Proposition, we answer the question.
1. Let the following functions be given

w:R"™ SR (zq,..20,0) = u((21,...0,1))
g :R—R, l—gi(l) foranyie{l,.,n},
@5R—>R”+17 l'_)(gl (D::gn (l)vl)

viR=R, I (o) (D)= ulg(1)sega(l).D)

Assume that any function defined above is differentiable.
2. First of all, we identify the symbols in the Proposition with the symbols in the case we are analyzing
consistently with the following table.

Chain Rule Proposition Zo f g Y h n m P

Ezample under analysis l © U (z1,...p, 1) v 1 n+1 1

Then, we have that
Dh (xo)pxn =Dg(f (xo))pxm -Df (wo)mxn

or
Dyh(z0) = Dyg (y)|y:f(%) Dy f (20) ,
becomes
Du (1), = Du(yp (l))lx(n+1) Dy (l)(n+1)><1
or
Dv(l) = Dgy,.onyt (@15 20, 1) 2y 1y=p1) - Do (1) -
Since
Dip(l) = (g1 (), .9, (D), 1)
and
Dyy,..zn (71, "'xn?l)|(x1,...mn,l):go(l) = (Dgu(.)y., Dy u(...),Diu ("'))\(11,-..zn,l):<p(l) ,
then,

Dv (1), =
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Definition 639 Given f: SCR" —-R™ ¢g:S CR" — R™2,
(f,9) : R® — Rmtm2, (f.9) (@) = (f (2),9(2))

Remark 640 Clearly,

Example 641 Given

f:R—R? :x — (sinz, cosx)
g:R? = R% :(y1,y2) = (g1 + 2,51 Y2)
h=gof:R—R?  :xw (sinz+cosz,sinz-cosz)

verify the conclusion of the Chain Rule Proposition.

prer=[ 3. |
Dy (y) = { y12 yll ]

cosr sinz

D9 ) = | e sne |

1 1 cosT . cosx —sinx
| cos?z —sin“x

cosz singz —sinz 2 2 }—Dh(x)

mumwwu%[

Example 642 Take

g:RF S R", it g(t)
FiR"xRF S R™ o (2,t) > f(2,1)
hiRFE—R™ it f(g(t),t)
Then
G:= (g idgs) :RF S R* xR*, s (g(t),1)
and

h:foﬁ:fo(g,ide,)

Therefore, assuming that f,g,h are differentiable,

[Dh (to)]mxk = [Df (g (tO) 7t0)]m><(n+k) ’ |: Dg[(tO)

:| (n+k)xk

[Dg (to)],x } _
T xk

= [[Dxf (9 (t0) s t0)]scn | [Def (9 (t0) t0)] ] - {

[D$f (g (to) 7t0)]7n><n ' [Dg (to)]nxk + [th (g (to) ’to)]mxk

In the case k =n =m =1, the above expression

df (x=9(t).t) _ 0f(g(t).t)dg(t)  Of(g(t).1)
dt ox dt ot

or
Bl _9f @t gl , 9f w1
dt 0% ja—g(t) dt Ot Jo=g(t)
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14.2 Mean value theorem

Proposition 643 (Mean Value Theorem) Let S be an open subset of R™ and f : S — R™ a differentiable
function. Let x,y € S be such that the line segment joining them is contained in S, i.e.,

L(z,y):={2z€R":3IX€[0,1] such that z=(1—-N)z+ Ay} CS.
Then
VaeR™, JzeL(zy) such that  a- [f(y)— f(z)]=0a-[Df(2) (y — )]
Remark 644 Under the assumptions of the above theorem, the following conclusion is false:
3z € L(x,y) such that f(y) — f(x) =Df (2) - (y — z).

But if f: S — R™=L, then setting a € R™=! equal to 1, we get that the above statement is indeed true.

Example 645 Let f : R — R?, t +— (cost,sint). Then
Df(t)-u=wu(—sint,cost)
for every real u. The Mean-Value formula
fy)=f@)=Df(z) (y—x)

cannot hold when x = 0 and y = 27, since the left member is zero and the right member is a vector of length
27.

Proof. of Proposition 643
Define v = y — x. Since S is open and L (x,y) € S, 3§ > 0 such that V¢ € (—4,1+ d) such that
x+tu=(1l—t)z+ty €S. Taken a € R™, define

FI(—(S,I—F(S)—)R, tHa’f(x—i_tu):Z;ﬁrlaJf](x+tu)
Then

m
F/ (t) = Zaj : [Df_] (Z‘ + tu)hxﬂ cUpx1l = Q1xm * [Df (Z‘ + tu’)]an cUnpx1
Jj+1
and F' is continuous on [0, 1] and differentiable on (0, 1); then, we can apply “Calculus 1”7 Mean Value
Theorem and conclude that

30 € (0,1) such that F (1) — F(0) = F' (9),
and by definition of F' and u,
30 € (0,1) such that f(y) — f(z)=a-Df (x + 0u) - (y — x)
which choosing z = x + Gu gives the desired result. m

Remark 646 Using the results we have seen on directional derivatives, the conclusion of the above theorem
can be rewritten as follows.

3z € L(x,y) such that f(y) — f(x) = f'(z;y — x)

As in the case of real functions of real variables, the Mean Value Theorem allows to give a simple
relationship between the sign of the derivative and monotonicity of the function.

Definition 647 A set C C R™ is convez if V1, xo € C and YA € [0,1], (1 — A)z1 + Azg € C.

Proposition 648 Let S be an open and convex subset of R™ and f : S — R™ a differentiable function. If
Ve € S, df, =0, then f is constant on S.
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Proof. Take arbitrary z,y € S. Then since S is convex and f is differential, from the Mean Value
Theorem, we have that

Va e R™, 3JzeL(x,y) suchthat a [f(y)—f(x)]=a[Df(2) - (y—2x)]=0.

Taken a = f (y) — f (), we get that
If ()= f(@)]=0

and therefore

as desired. m
Definition 649 Given z := (z;);—_,,y == (y;);—, € R",
x>y means Vi€ {l,..n}, x; >y;
x>y mewns >y N xFuy;
x>y means Vi€ {l,..n}, x;>y;.

Definition 650 f:S CR"™ — R is increasing if Ve,y € S, z >y = f(x) > [ (y).
f s strictly increasing if Ve, y € S, x >y = f(x) > f(y).

Proposition 651 Take an open, convex subset S of R™, and f : S — R differentiable.
1. IfVz € S, Df () > 0, then f is increasing;
2. IfVx € S, Df () >> 0, then f is strictly increasing.

Proof. 1. Take y > x. Since S is convex, L (z,y) C S. Then from the Mean Value Theorem,
32 € L(w,y) such that f(y) — f (z) = Df (=) - (y — v)

Since y —x > 0 and Df (z) > 0, the result follows.
2. Take = > y. Since S is convex, L (x,y) C S. Then from the Mean Value Theorem,

Jze L(x,y) such that f (y) — f(z) =Df (2)  (y — x) (14.5)
Since y —x > 0 and Df (z) >> 0, the result follows. m

Remark 652 The statement “If Vx € S, Df (x) > 0, then f is strictly increasing”is false as verified below.
We want to find f : S CR"™ — R such that Vo € S, Df (x) > 0 and f is not strictly increasing. Take

f R — R, (331,.732) = X. (146)
Then
Df (z) = (1,0) > (0,0). (14.7)
Now we want to to show that is false that f is strictly increasing, i.e., we want to show that we can have
= (2], 2h) > (o), 2h) =2" and f(2') < f(2") (14.8)
Take
' =1(0,2) and 2" =(0,1) (14.9)
Then
F@)=0=f(") (14.10)
as desired.

Corollary 653 Take an open, convex subset S of R", and f € C* (S,R). If 3xg € S and u € R™\ {0} such
that f' (wo,u) > 0, then 3T € Ry such that Vt € [0,7),

[ (o +tu) > f(z0).
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Proof. Since f is C! and f’ (x,u) = Df (x¢) - u > 0, Ir > 0 such that

Vz € B(xo,7), f'(z,u)>0.

Then Vt € (=7, 1), ||zo + mtu — :COH =t < r, and therefore

t
f (zg + u,u) >0
[l

Then, from the Mean Value Theorem, Vit € [0, %],

f(zo +tu) — f(xo) = f' (w0 + tu,u) > 0.
]
Definition 654 Given a function f: S CR" — R, xg € S is a point of local maximum for f if
36 > 0 such that Vo € B (x0,9), f(z0) > f(2);
g s a point of global maximum for f if
Ve e S, f(xo)>f(x).
xg € S is a point of strict local mazimum for f if
36 > 0 such that Vo € B (x0,9), f(z0) > f(2);
o 48 a point of strict global mazximum for f if
Ve e S, f(xo)> f(x).
Local, global, strict minima are defined in obvious manner

Proposition 655 If S C R™, f: S — R admits all partial derivatives in xog € Int S and xg is a point of
local maximum or minimum, then Df (xq) = 0.

Proof. Since z( is a point of local maximum, 36 > 0 such that Vo € B (z0,0), f(x0) > f(z). Asin
Remark 596, for any k € {1,...,n}, define

g R—R,  g(zx) = f (vo+ (v — zox) k).
Then g has a local maximum point at zgg. Then from Calculus 1,

gy, (zor) =0

Since, again from Remark 596, we have
Dif (z0) = gj (x0).-

the result follows. m

14.3 A sufficient condition for differentiability
Proofs in the present and next section have to be carefully read (see also my handwritten notes).

Definition 656 f = (f;);", : S C R™ — R™ is continuously differentiable on A C S, or f is C! on S, or
feCAR™ ifvie{l,..,m},je{l,...,n},

D, fi: A—R, x> Dy, fi (v) is continuous.
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Definition 657 f : S C R" — R is twice continuously differentiable on A C S, or f is C? on S, or
feC?(AR™) ifVj ke {l,..,n},

2 2
o/ :A— R, T of

— T 1S continuous.
0z 0z, O0x 0z,

The proof of the main result of the section, i.e., Proposition 661, requires some Lemmas.

Lemma 658 If L is a linear function from R™ to R™, then L is differentiable.
Proof. We want to show that there exists a linear function Ty, : R™ — R™ such that if v € B (x9,¢) C S,
then

L(xo+v)=L(xg)+ Ty (v) + ||v||- Egy (v)  with lir% E,, (v)=0 (14.11)
Take
Ty, = L. (14.12)
Then by the definition of linear function
L(xg+v)=L(xo)+ L (v)=L(xg)+ Ty, (v) (14.13)
and taken
Efr() = 0’

we get the desired result. m
Lemma 659 The projection function
TR =R, T (Y1, e Yy ey Yn) Y (14.14)

is differentiable. _
Proof. The claim is true because of Lemma 658 and because ' is linear as shown below. Given x,y
€ R™ and a € R, then

m(xt+y)=z;+y =m () +7(y) and 7 (ax)=az; = ar’ (2) (14.15)
||

Lemma 660 Given f : R — R™, f = (f1,.... fj, .., fm), then f is differentiable if and only if f; is
differentiable for any j € {1,...,m} .

Proof. [=] Observe that f; = n/ o f, where 7 is the projection function. Since 7 is differentiable
from Lemma 659, and f is differentiable by assumption, from the Chain Rule, i.e. Proposition 635, f; is
differentiable.

[<] By assumption

fi (zo +v) = fj (wo) + Dfj (zo) - v + |lvll - B, (v) (14.16)
with ‘
32% El (v)=0 (14.17)
for any j. Therefore
Eg, (v)
f (xo + U)mxn =f (wo)mxl +Df (-'L'O)an “Unx1 + HUH : (14'18)
E;’(l) (U) mxn
with )
£z, (v)
lin% . =0, (14.19)
E;YCL) (v) mXn

as desired m
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Proposition 661 If f : S CR™ — R™ is C' in an open neighborhood of xg, then it is differentiable in xg.
Proof. By assumption 3§ > 0 such that f is C* in B (x¢,d). Since, by definition,
f is C' & for any je{l,..m}, f; is C*
and since, from Lemma 660,
[ is dif ferentiable < for any je€{l,...,m}, f; is dif ferentiable,

then it is enough to show that for any j € {1,...,m}, f; is differentiable. For simplicity of notation- dropping
the subscript j- we have to show that f:.S — R is differentiable at x.
Take an arbitrary v € R™ \ {0} such that zo + v € B (z0, ) and therefore

5
Joll < 5- (14.20)

Then recalling that ef := (0,...,1,...,0) € R", define

A= v, Y= ﬁ, and then y = \v, (14.21)
and
vo =0, v1 = yie, = (y1,0,...,0)
vy = y1ey, + yoer, = v1 + y2e = (y1,92,0,...,0),
Uk = Sy ynel = vie1 + yrel = (Y1, 2, o Yy 0,1, 0
Un = Doho1 Ynh =Y
Therefore,

>opet Lf (@o + Av) = f (zo + Avg—1)] =
= f(zo + A1) — f(zo + o) + [ (zo + M2) — f(zo + Avr) + .. + f (o + Avp) — f (20 + Avp1) =

= f(xo+ Avy) — f(xo+ Mvg) = f(xo+ Ay) — f (20 +0) = f(xg+v)— f(x0).
(14.22)
For any k € {1,...,m}, define by, = xo + Avg_1, i.e.,

b = 2o + Ak—1 = (o, + AY1, s To,k—1 + ANYk—1, T0,k» -, TO,n)

and
k
brt1 = br + Ayrey = (To, + AY1, -y T0k—1 + AYk—1, T0.k + AT0 ks TO k415 -, TOn) -

Therefore
flxo+ k) —f (o + Avg—1) = f (mo + M1 + )\ykeﬁ) —f(zo+ Avg_1) = f (b;C + )\ykeﬁ) —f(b) (14.23)

From (14.22) and (14.23) we get

[M]=

f(wo+v) = f(mo) =) [f (b + Ayrel) — f (be)] - (14.24)

k

1

Observe that the k — th term in the sum in (14.24) is

£ (b + Ayel) = f (b)) = f (b + (0, .., AYk, .., 0)) — £ (br) -

Moreover, if
lzk| < 2X|yl, (14.25)



14.3. A SUFFICIENT CONDITION FOR DIFFERENTIABILITY

then ol
v
and also b b
br + xkefb CZ o+ M1 + a:ke,,kL =0+ (A\y1, -, \Yk—1, 2k, 0, ..., 0)

is such that

SIS

—
—
o
[ V)
ot

N3

b + zrel — 2ol = [ Ay1, -y Ayr—1, Tk, 0, ..., 0] < A (Z#k () + (%)2) <

1
2\ 2 (14.21) (14.20)
A (S (22)7) = bl 20 2 L7,

Summarizing, if |z| < 2\ |yk|, then
b + ek € B (x0,9).
Now, define for any k € {1,...,m},

gt (=2XM k], +20 [ye)) = R, 2k = gi (z1) = f (br + ziel) .

Then using the same trick used in Remark 596 we have that for any =, € (=2 |yx|, +2X |ykl),

i 9 (g + h) — gk (xx) — lim f (b + wpek + hek) — f (b + zpek)
h—0 h h—0 h

= Da:kf (bk + mkeﬁ) ,

201

(14.26)

(14.27)

i.e., gx is differentiable. Then we can use the Intermediate Value Theorem for differentiable functions

from subsets of R to R applying it to g : [0, \yx] € (—2A|yk|, +2A|yx]) — R or to g :

[)‘yka 0} g

(—2X |yk|, +2X lyx|) — R to conclude that there exists 5, € (0, Ayx) such that g, (Ayx) — gx (0) = ¢’ (B) -
(Ayg), or, there exists v, € (Ayx,0) such that gi (0) — g (Ayx) = ¢' (Vi) - (—Ayg), i-e., —gx (0) + gr Ayr) =

9" (i) - (M) -
Summarizing,

for any k € {1,...,m} there exists ay € (0, Adyx) or o € (Ayg,0) such that
gk (Ayk) = gk (0) = ¢ (ax) - (M),
and

for any k € {1,...,m} there exists aj := by + ayer € L (bk, by, + )\ykeﬁ) such that

f (bk + Ayrer) = f (bk) = Da, f (ak) - Ayi.

e )\*)O:iak —0

Now, limy_.g ay del_ax limy_,q (bk + akeﬁ) del._br limy_q (mo + Avg_1 + akeﬁ)
fis C1, we do have limy_q Dy, f (ax) = Dy, f (z¢) and also

for any k € {1,...,m}, lim Dyf (o) = }\LH%)Dkf (o) = Dif (x0)

& —X0

we have
for any k € {1,....,m}, D f(ar) = Dif (xo) + Er(\) with )l\ir%Ek (A) =0.
Inserting (14.29) in (14.28), we get

f(bk + Aywel) = f (br) = My D f (z0) + Ay B (A)
Inserting (14.30) in (20.3), we get

f(@o+v) = f (o) =AY ykDif (z0) + A Y yeBr (V) = Df (o) - Ay + |[v]] - Exy (v)
k=1 k=1

(14.28)

Zg. Then, since

(14.29)

(14.30)

(14.31)
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where .
Epy () 1= yeEr (M)
k=1
Then from (14.29), we have
lim Ey, (v) = lim l; yeEr (\) = 0. (14.32)
(14.31) and (14.32) are the definition of differentiability. m
Example 662 Consider f : R? — R2, f:(x,y) — (sinzy,coszy). The Jacobian of f is

YCcosxTy X CoSTY
—ysinxy —xsinxy

So it is clear that f is C* on R? because each partial derivative exists and is continuous for any (z,y) € R?
and therefore f is differentiable and its derivative is its Jacobian.

Remark 663 The above result is the answer to Question 8 in Remark 624. To show that f : R™ — R™ is
differentiable, it is enough to verify that all its partial derivatives, i.e., the entries of the Jacobian matrix,
are continuous functions.

14.4 A sufficient condition for equality of mixed partial derivatives

Remark 664 We may have

0% f 0% f
0x;0xL (o) # 0z10x; (o),
as shown below.
Consider
wy(127y2)

T 212 ] 9 0
R m fay=q] o Y7

0 if (zy)=
We want to check that o f o f
Indeed,
if )20, Ly) = [y (30— 0?) (22 +47) — 20 (6 — w?) ] (22 +7) 2 =
or
—y ($4 gt 4m2y2) (x2 + yz)*?7
d
" ﬁ(() 0) = lim £ (h,0) = f(0.0) im 7}1.2?2 —0_ lim 0 = 0;
gz ) T Ao h = o h e g
therefore
o (U2 o (0,1) — % (0,0) 5
x T Oz ) Oz ) BT ; _
gy (00) = fim D = T
Similarly, we have that
. 0 -2
if ()20, iz = [(z (2% = %) = 2y (2w)) («® +9°) = 2y (zy) («® = *)] (&> +¢%)
dy
d
" OF (0.0) — i FOMN =7 0.0 W0
oy = Al h = Aso h Tl
9 (21(=y) 9 (h.0) — 2£ (0.0 5
(*5 >(0,0)—lim oy (0 = 5y OO0 e L

Ox h—0 h h—0 h®
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The following Proposition gives a sufficient condition to avoid the above nuisance.

Proposition 665 Given f: S CR™ — R and z¢ € Int (S), if, for any i,k € 1,...,n,
1. a‘% and % exist on B (x9,0) C S, and
2. they are differentiable in xq, then
o*f

_ o
o 8xk8xz

(o) (o) (14.33)
Proof. Since we are considering only two variables (x; and xy) with respect to which we differentiate,
and we are keeping the other variables fized, without loss of generality, we can restrict ourselves to a function
f:RZ =R, (z,y)~ f(z,y). Finally, for computational simplicity, we consider xo = (0,0). Therefore we
have to prove that
0% f 0% f
0,0) = 0,0
azay( 0) 6y3m( 0)
Consider h sufficiently small so that (h,h),(h,0),(0,h) € B(0,d). Define

A<h):f(h’h)_f(h’0>_f(0vh)+f(070)

and
¢:(=0,6) =R, ¢(x)=f(x,h)— f(2,0)
Then
A(h) = ¢ (h) — ¢ (0)

and since, by Assumption 1., % exists on B (0,0) C S
of af
o @)= wmy— L 0). (14:34)

Since, by Assumption 2., ¢ is differentiable on (—9,0), we can apply the "One-dimensional Mean Value
Theorem" to ¢ on [0, h] therefore, 301 := 01h with 61 € (0,1) such that

A(h)=¢(h)—¢(0) = (h—0)¢ (01h) =h % (61h, h) — % (611,0)] . (14.35)
Define
g:(=hh) =R, g(y)= %i (01h,y), (14.36)
so that )
9 (y) = ;Tafy (01h,y) . (14.37)
Then
hig(h) — g (0) "V n % (01h, h) — % (0:5,0)| "7 A () (14.38)

Now we apply the "One dimensional Mean Value Theorem” to g(y) on [0,h], so that 305 = O2h with
02 € (0,1) such that

h-g' (62h) = g(h) —g(0) (14.39)
and )
Ah) (14.38),(14.39) h2gr (02h) (14.37) ;2 68555; (01h,020) . (14.40)

We might have started by expressing A (h) as follows

A(h) =19 (h) = (0)

with
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Now we can follow the same procedure above to show a needed result similar to the one in (14.40). Define
A(h) = f(hah) 7f(h30) 7f(07h) +f(ovo)
and
77[15(—5’5)—’[& ¢(y)=f(hay)—f(07y)
Then
A(h) =1 (h) =9 (0)

and since, by assumption 1., %5 exists on B (0,8) C S
/ of of
= - 14.41
V) = G (ho) = 5 (0.9). (14.41)

Since, by assumption 2., 1 is differentiable on (—4,9), we can apply the "One-dimensional Mean Value
Theorem" to 1 on [0, h] so that 303 := O3h with 03 € (0,1) such that

A (h) =1 (h) = (0) = (h—0)y' (63h) = h % (h,03h) — gf (0,03h)] . (14.42)
Define o
g:(=h,h) =R, g(z)= a (z,03h), (14.43)
so that 52
g (z) = ng (2,03h). (14.44)
Then 5 5
hlg(h) —g(0)] =7 h / (h,03h) — / (0,05h)| "7 A (n) (14.45)

Ay Ay

Now we apply the "One dimensional Mean Value Theorem" to g(x) on [0,h], so that 305 = O4h with
04 € (0,1) such that

b (0ah) = g (h) — 9 (0) (14.46)
and o2
A (h) UL o s gy B 2 5 8f (04h, 03h) (14.47)
Yyox
From (14.40) and (14.47) we get
0% f 0% f
8"]382/ (alh‘ve?h) - ayax (94h793h)

Taking the limits for h — 0, we have 6;h — 0 fori=1,2,3,4 and then by the continuity of 8815; and aayafw

i.e., Assumption 2., we get 8zt9y (0,0) = 6y8:1: (0,0), as desired m

14.5 Taylor’s theorem for real valued functions

To get Taylor’s theorem for a function f : R™ — R, we introduce some notation in line with the definition
of directional derivative, i.e., f' (z,u) = > 1 | Dy, f (z) - u

Definition 666 Assume S is an open subset of R™, the function f : S — R admits partial derivatives at
least up to order m, x € S, u € R™. Then

n n

u) 1= ZzDi,jf () - u; - uy,

i=1 j=1

n n n

/// ZZZDJ,kf S U

1=1 j=1 k=1

and similar definition applies to f™ (x,u).
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Proposition 667 (Taylor’s formula) Assume S is an open subset of R™, the function f : S — R admits
partial derivatives at least up to order m, x € S, u € R™. Assume also that all its partial derivative of order
< m are differentiable. If y and x are such that L (y,z) C S, then there exists z € L (y,x) such that

m—1
FW =7 @+ 3 W @y =)+ (zy 7).
k=1

Proof. . Since S is open and L (z,y) C S, 3§ > 0 such that V¢ € (—0,1+0) we have z +t (y — ) € S.
Define g: (—=0,1+9) = R
gt)=fz+t(y—=)).

From standard “Calculus 1”7 Taylor’s theorem, we have that 30 € (0, 1) such that

F@)~F@)=g()—gO)= 3 9% (0) + g™ (6).

: m!:
k=1

Moreover,

JW)=Df(@+tly—a)-(y—2)=) Duf(et+tly—a) (yi—z)=f(z+t(y—2),y—2),

=1

9" O=3" Doyufx+ty—2) (g — ) (g — ;) = f' (x+t(y—2),y—2)

i=1 j=1

and similarly
g (1) = ' (x +t(y —2),y — )

Then the desired result follow substituting 0 in the place of ¢ where needed and choosing z = z+0 (y — x).
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Chapter 15

Implicit function theorem

15.1 Some intuition
Below, we present an informal discussion of the Implicit Function Theorem. Assume that
f:R* SR, (z,t) — f (1)
is at least C'. The basic goal is to study the nonlinear equation
f(z,t) =0,

where z can be interpreted as an endogenous variable and ¢ as a parameter (or an exogenous variable).
Assume that
3 (xo,to) € R? such that f (:co,to) =0

and for some € > 0
Ja C' function g: (t° —£,t° +e) > Rt g (t)

such that
flg(t),t)=0 (15.1)
We can then say that g describes the solution to the equation
f(z,t) =0,

in the unknown variable z and parameter ¢, in an open neighborhood of t°. Therefore, using the Chain
Rule - and in fact, Remark 642 - applied to both sides of (15.1), we get

of @) dg()  fwt)  _
0r  |e=g(t) dt at  |z=g(t)
and 5
t
assuming that M #0
0 |z=g(t)
we have
dg(t) g
_ t z=g(t
T 11X (15.2)
or  |z=g(t)

The above expression is the derivative of the function implicitly defined by (15.1) close by to the value
t%. In other words, it is the slope of the level curve f (z,t) = 0 at the point (¢, g (¢)).
For example, taken
R =R, (z,t)—2?+t>—-1

f (z,t) = 0 describes the circle with center in the origin and radius equal to 1. Putting ¢ on the horizontal
axis and x on the vertical axis, we have the following picture.

207
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Clearly
f((0,1))=0
Aslong ast € (—1,1), g (t) = V1 — 2 is such that
flg),t)=0 (15.3)

Observe that

and
Of(z,t)
3 5F le=g() 2t __ 1
Of (x,t) T2 le=g(t) N )
oz |z=g(t)
1
7z

=—1.

1
For example for t = oL g @) =- ;

Let’s try to present a more detailed geometrical interpretation'. Consider the set [{ (x,t) €R?: f(w,t) = 0}]
presented in the following picture.

Insert picture a., page 80 in Sydsaeter (1981).

In this case, does equation

ﬁ

f(z,t)=0 (15.4)

define x as a function of ¢? Certainly, the curve presented in the picture is not the graph of a function
with = as dependent variable and ¢ as an independent variable for all values of ¢ in R. In fact,

1. if t € (—o0, t1], there is only one value of = which satisfies equation (15.4);

2. if t € (t1,t2), there are two values of x for which f (z,t) = 0;

3. if t € (t2,+00), there are no values satisfying the equation.

If we consider t belonging to an interval contained in (¢1,t2), we have to to restrict the admissible range
of variation of x in order to conclude that equation (15.4) defines x as a function of ¢ in that interval. For
example, we see that if the rectangle R is as indicated in the picture , the given equation defines x as a
function of ¢, for well chosen domain and codomain - naturally associated with R. The graph of that function
is indicated in the figure below.

Insert picture b., page 80 in Sydsaeter (1981).

The size of R is limited by the fact that we need to define a function and therefore one and only one value
has to be associated with ¢. Similar rectangles and associated solutions to the equation can be constructed
for all other points on the curve, except one: (ta,x2). Irrespectively of how small we choose the rectangle
around that point, there will be values of ¢ close to to, say t’, such that there are two values of z, say z’
and 2, with the property that both (¢',2') and (¥, ") satisfy the equation and lie inside the rectangle.
Therefore, equation (15.4) does not define z as a function of ¢ in an open neighborhood of the point (g, x3).
In fact, there the slope of the tangent to the curve is infinite. If you try to use expression (15.2) to compute
the slope of the curve defined by x? +t?> = 1 in the point (1,0), you get an expression with zero in the
denominator.

On the basis of the above discussion, we see that it is crucial to require the condition

of (z,t)

Or  Ju=g(t)

to insure the possibility of locally writing = as a solution (to (15.4)) function of ¢.
We can informally, summarize what we said as follow.

If fis C', f(xo,t0) =0 and afc,(’i’t)m £y (20.,1) # 0, then f (z,t) = 0 define x as a C! function g of ¢ in
af(x,t)
an open neighborhood of t°, and ¢’ (t) = — 572+ .
s |a=g(t)

Next sections provide a formal statement and proof of the Implicit Function Theorem. Some work is
needed.

I This discussion is taken from Sydsaeter (1981), page 80-81.
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15.2 Functions with full rank square Jacobian

This section gives some properties of function with nonzero Jacobian determinant at certain points. These
results will be used later in the proof of the implicit function theorem.

Proposition 668 Taken a € R™, r € R, assume that
1. f:=(fi)i_, : R" = R" is continuous on Cl (B (a,r));
2. ¥Yx € B(a,r), [Df (2)],, erists and det Df (z) # 0;

3. Vo € F(B(a,r)), f(x) # f(a).
Then, 36 € Ry such that

f(B(a,r)) 2 B(f(a),0),
i.e., f(a) € Intf (B (a,r)).

Proof. Define B := B (a,r) and
g:F(B) =R, z|f(x)-f(a)l.

From Assumption 3, Vo € F (B), g (z) > 0. Moreover, since g is continuos and F (B) is compact, then g
attains a global minimum value m > 0 on F (B). Taken § = ; we want to show that T := B (f (a),d) C
f(B),ie,YyeT, ye f(B). Define

h:Cl(B) =R, z—|f(z)=yl.
Since h is continuous and Cl (B) is compact, h attains a global minimum in a point ¢ € Cl (B).
Claim 669 c € Int (B).
Proof of the Claim Since CI (S) = Int (S) U F (S) it suffices to show that ¢ ¢ F. Observe that, since
yeT =B(f(a),6 =7%), then

m
ha) = [If (@) =yl < 5 (15.5)
Therefore, since ¢ is a global minimum point for A, it must be the case that h (c) < h(a) < F. Now take

x € F (B); then

~
—~
[
Z

()l
a1

v

h(z) =|f(z) =yl =If () = f(a) = (y -
2

3
2|f (@) = f@l—lly—f(all zg(@) -+ =
where (1) follows from Remark 54, (2) from (15.5) and (3) from the fact that ¢ has minimum value
equal to m. Therefore, [Vz € F(B), h(xz) > h(a)] and h does not attain its minimum on F (B), therefore
c ¢ F(B).
End of Proof the Claim
Then h and h? get their minimum at ¢ € B 2. Since

,\
—
o] 3

)

5.5
% <" h(a),

n

H(z):= 0 (2) = |If (2) —yl* =D (fi(2) — )

i=1

from Proposition 655, DH (¢) =0, i.e.,
n
Vke{1,...n}, 2> Dy fi(e)-(fi(c)—y:) =0
i=1

- IDF ()] - (f (¢) — ) = 0.

Then, from Assumption 2 and from the Claim above, D f (¢) has full rank and therefore

fle)=y,

i.e., since c € B, y € f(B), ad desired. m

The following pictures show a case where the hypothesis and the conclusion of the above Proposition are
satisfied and some cases in which some hypothesis are not satisfied and the conclusion of the theorem is not
true. The numbers under each picture indicate the hypothesis which are not satisfied.

2For any € Cl(B), h(z) >0, c € B and h(z) > h(c) > 0. Therefore, h? (z) > h2 (c).
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Definition 670 Given a set X C R" and a set Y C R™, a function f : X — Y is an open function if ¥V
open subset U of X, f(U) is open inY.

Now we are going to present some conditions for openness of a function.

Proposition 671 (1st sufficient condition for openness of a function)
Let an open set A CR™ and a function f: A — R™ be given. If
1. f is continuous,
2. f is one-to-one,
3. Vx e A, Df (x) exists and det D f (x) # 0,
then f (A) is open.

Proof. Taken b € f (A), there exists a € A such that f (a) = b. Since A is open, there exists r € R,
such that B := B (a,r) € A. Moreover, since f is one-to-one and since a ¢ F (B), Vo € F (B), f(x) #
f (a) .Then?, for sufficiently small r, C1(B (a,r)) C A, and the assumptions of Proposition 668 are satisfied
and there exists § € Ry such that

f(A) 2 f(CL(B(a,7))) 2 B(f(a),0),
as desired. m

Definition 672 Given f: S — T, and A C S, the function f| is defined as follows

flla:A— f(A), fia (@) = f(x).

Proposition 673 Let an open set A C R" and a function f: A — R"™ be given. If
1. fis C,
2. Ja € A such that det Df (a) # 0,
then 3r € Ry | such that f is one-to-one on B (a,r), and, therefore, f||p(a,r) is invertible.

Proof. Consider (R™")" with generic element z := (zi)?zl, where Vi € {1,...,n}, z* € R, and define
Dfi(2")
h:RY — R, (z7):l:1 — det sz(z’)
D, (27)

Observe that h is continuous because f is C' and the determinant function is continuous in its entries.

Moreover, from Assumption 2,
h(ay...,a,..,a) =det Df (a) # 0.

Therefore, Ir € R, such that

Defined

B= {(zi)?:1 ER™ :Vie {1, .,n}, 2 = zl},

observe that B* := B ((a, ...,a,...,a) ,nr) N B+o.

Defined also ‘
proj : (R™)" — R™ proj : (z’):;l 2t

3Simply observe that Vr € Ry, Cl(B) (z, %) € B(a,r).
4We distinguish between /1) defined above and f|4 defined as follows:

flatA—=T, fla(z) = f(z).
Then Fj 4 is by definition onto, while f| 4 in not necessarly so.
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observe that proj (B*) = B(a,r) C B" and Vi € {1,...n} ¥z € B(a,r), (!,...2"...2") € B 7 and

therefore h( 2tz ) # 0, or, summarizing,

Ir € Ry such that Vi € {1,..,n},Vz; € B(a,7), h (zl, ey 2

We now want to show that f is one-to-one on B (a,r). Suppose otherwise, i.e.,

given z,y € B(a,r),

f(z) = f(y), but © # y. We can now apply the Mean Value Theorem (see Remark 644) to f! for any

i €{1,...,n} on the segment L (x,y) C B (a,r). Therefore,

Vi e {1,..,n},32" € L(x,y) such that 0 = f; (z) — fi (y) = Df (z’) (y —x)

ie.,

Df1 (Zl)
Dfi () |- =

Dy (")

Observe that 2* € B (a,r) Vi, and therefore (z’);l € B((a,...,a,...,a),nr)from (15.8) in the previous

footnote and therefore

Df1 (21)
det | Dfi (1) | = (()7,) #0
YNED

and therefore y = x, a contradiction. m

Corollary 674 Let an open subset A CR™ and a function f: A — R"™ be given. If:

1. fis Ct,
2. there exists a € A such that det Df (a) # 0,
then 3r* € Ry such that fip(a,r~) s an open function.

Proof. From continuity of the determinant with respect to the entries of the matrixz, 3 r1 > 0 such that

Va € B(a,r1), det Df () # 0. From Proposition 673, 3 ro > 0 such that f is one-to-one on B (a,rs).

Taken

r* =min {ry, 72}, all the assumption of Proposition 671 are satisfied with respect to fp, -~y and therefore it

is open. W

Corollary 675 Under the Assumption of Corollary 674, for any open neighborhood N, of a, there exists an

open neighborhood Ny, of f (a) such that f (Na) 2 Ny(a)-
Proof. Since N, is open, then there exists r1 such that

B ((1,7"1) g Na~

From Corollary 674, there exists 12 > 0 such that f|p(a,r,) i an open function.

5
(2*€B(a,r))

. . (G) i
1)y = (@) =11 (2" —a)iy | < D 1I2* —al SO
i=1

where (1) follows from what said below.
Given (zl, ..,,z”) € R"”,

n n n
2. 112
(=) 1P ZZ = IR
i=1j=1 i=1
Moreover,

(ilzw) lezll\z +2ZZ 1201 112711 > zz\lzzll2

i=1j5=1

- e (15.6) | 0 1B TS
ZH(Z)izlﬂ =", ZHZ”P < ZHZHv
i=1 i=1 i=1

and then

as desidered.

(15.9)

(15.6)

(15.7)

(15.8)
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Defined r = min {ry,r2}, then f (B (a,r)) is open and, obviously, f (a) € f (B (a,r)).
Then

3 >0 such that Ny :=B(f(a).e) C f(B(a,r) C f(B(ar)) N TOAY (15.10)

as desired m

Remark 676 The result contained in Proposition 72 is not a global result, i.e., it is false that if f is C!
and its Jacobian has full rank everywhere in the domain, then f is one-to-one. Just take the function tan.
The next result gives a global property (in terms of openness of the function).

Proposition 677 (2nd sufficient condition for openness of a function) Let an open set A C R™ and a
function f: A — R"™ be given. If

1. fis Ct,

2.Vx e A, det Df (x) #0,

then f is an open function.

Proof. Take an open set S C A. From Proposition 673,V € S there exists r, € Ry such that f is
one-to-one on B (z,7,). Moreover, for any x € S, 3r/, > 0 such that B (x,7,) C S. Take r% := min {r,, . }.
Then, from Proposition 671, f (B (z,7%)) is open in R™. Since S is open, we can then write S = U,csB (z,7})
and

f(8) = f(UsesB (z,73)) = Uses f (B (z,77))
where the second equality follows from Proposition 515 506.2..f ), and then f (S) is an open set. m

15.3 The inverse function theorem

Proposition 673 shows that a C' function with full rank square Jacobian in a point a has a local inverse in
an open neighborhood of a. The inverse function theorem give local differentiability properties of that local
inverse function.

Lemma 678 Let X and Y be subsets of Fuclidean spaces. If g is the inverse function of f : X — Y and
A C X, then g|yca) is the inverse of f||a, and
if g is the inverse function of f : X —Y and B CY, then g is the inverse of f||4(B)-

Proof. Proof below to be reviewed carefully.
By assumption
XY x- f(x)

and, from Definition 672
flatA—=fA4), z~ flalz)=f(2).

Since f is invertible by assumption, then f}4 is invertible: f is one-to-one and a fortiori f}|4 is one-to-one;
furthermore f||4 is also onto by definition. So the inverse function of fj 4 is

JE T = A y=f@ e [ ) = (@) = (15.11)
By assumption g is the inverse function of f and therefore it is defined as

g:Y =X, y=f(@)—gly)=9(f(2)=2
and
gy s fA) —g(f(A), y=Ff(@) =g W) =9l =g9(f(z) ==z (15.12)
Moreover,
g(f(4)) =4, (15.13)

and therefore (15.11), (15.12) and (15.13) prove the first statement.
Now let’s move on the second statement, whose proof is almost identical to the above one.
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By assumption
fiX—Y, aef(2)

and, from Definition 672

Ty 1 9(B) — f(g(B)), T fllgm () = f(z).

Since f is invertible by assumption, then f,(p) is invertible: f is one-to-one and a fortiori f}|4(p) is one-to-
one; furthermore f| 4(p) is also onto by definition. So the inverse function of f| 4(p) is

Fite i faB)—g(B) y=f@) ' )=F"(f@) =2 (15.14)
By assumption g is the inverse function of f and therefore it is defined as

g:Y =X, y=f@)—gy)=9(f(x)=2

and
gB:B—=9(B), y=f@ =gy =9W=9((z)=2 (15.15)
Then,
flg(B)) =B (15.16)

and therefore (15.14), (15.15) and (15.16) prove the second statement. m

Proposition 679 Let f: X — Y be a function from a metric space (X,d) to another metric space (Y, d').
Assume that f is one-to-one and onto. If X is compact and f is continuous, then the inverse function f~!
18 continuous.

Proof. It is sufficient to show that for any closed set S in X, (ffl)f1 (S) = f(95) is closed in Y. Take
S closed set in X. Then, from Proposition 409, S is compact. But, being f continuous, from Proposition
521, f(S) is compact and therefore it is closed from Proposition 415. m

Proposition 680 (ITnverse function Theorem) Let an open set S CR™ and a function f : S — R™ be given.
If

1. fis Ct, and

2. da € S, such that det Df (a) # 0,

then there exist two open sets X C S and Y C f(S) and a unique function g such that

l.aeX and f(a) €Y,

2 Y = f(X),

3. f is one-to-one on X,

4. 9:Y — X is the inverse of f|x (and X =g(Y))

5. g is CL.

Proof. Since f is C!, 3r; € Ry, such that Vo € B(a,71), det Df (z) # 0. Then, from Proposition
673, f is one-to-one on B (a,r1). Then take ro € (0,71), and define B := B (a,72). Observe that Cl (B)
C B(a,r) .Using the fact that f is one-to-one on B (a,r1) and therefore on B (a,r2), we get that Assumption
3 in Proposition 668 is satisfied - while the other two are trivially satisfied. Then, 3§ € R, such that

f(B)2 B(f(a),d):=Y.

Define also
X:=fYY)nB, (15.17)

an open set because Y and B are open sets and f is continuous. Since f is one-to-one and continuous
on the compact set Cl (B) , from Proposition 78, there exists a unique continuous inverse function g :
Jf(Cl (B)) — Cl (B) of fici (). From definition of Y,

Y Cf(B)C f(Cl (B)). (15.18)
From definition of X,

f(X)=Ynf(B) =Y. (15.19)
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Then, from Lemma 678,
g:= gy 1is the inverse function of fjx, (15.20)

15.20 15.19
Then, X "2V ¢ (1 (x)) "2V g (v).

The above results show conclusions 2-4 of the Proposition. About conclusion 1, observe that a €
[ (B(f(a,9)))NB(a,r2) = X and f(a) € f(X) =Y.

We are then left with proving condition 5.

Following what already said in the proof of Proposition 673, we can define

Dfy ()
heRY SR, (2] det Dy, (<)
D, ()
and get that, from Assumption 2,
h(ay...,a,..,a) =det Df (a) # 0,
and- see the proof of Proposition 673 for details-
Ir € Ry such that Vi € {1,..,n},Vz; € B(a,r), h(z' ... 2".,2") £0, (15.21)
and trivially also
Ir € Ry such that Vz € B(a,r), h(z,..,z...,2) =det Df (z) #0. (15.22)
Assuming, without loss of generality that 1 < r, we have that

Cl (B):=Cl ((B)(a,r2)) € B(a,m) C B(a,r). (15.23)

n

Then,Vz?, ..., 2" € Cl (B) , h(zl,...,zi...,z") # 0. Writing g = (gi)l,zl, we want to prove that Vi €
{1,..,n}, ¢" is C*. We go through the following two steps: 1. Vy € Y, Vi, k € {1,..,n}, Dy, ¢" (y) exists, and
2. it is continuous.

Step 1.

We want to show that the following limit exists and it is finite

i heb) — o
i 9 (y+hef) —yg (y).

h—0 h
Define .
v = ()i, = g(y) € X CCl (B)
(15.24)
o = (zi), =g (y+hek) € X CCl (B)
Then
f(@') = f(x) = (y+hey) —y = hey. (15.25)

We can now apply the Mean Value Theorem to f* for i € {1,..,n}: 32* € L (z,2") C Cl (B) , where the
inclusion follows from the fact that z,2’ € Cl (B) a convex set, such that

i)~ J' @) _ D) @ — )

) 1,.. 15.2
Vie{1,..,n}, - " (15.26)
and therefore, from (15.25) and (15.26)
Dfi(z)
o 1
Dfi (%) 7 (' —x) = ek, (15.27)

Df, (")
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Define
Df1 (Zl)
Dfn (Zn) mxm
Then, from (15.21), (15.27) admits a unique solution,
L) 0320 9 (y+her) —g@) _ o, 2")
h h h(zl,...,2z")

where , from the Cramer rules, ¢ takes values which are determinants of a matrix involving entries of A
(and therefore they are continuous). We are left with showing that

P (zl, . z”)
ilzlino h(z',...,2™)

exists and it is finite, i.e., the limit of the numerator exists and its finite and the limit of the denominator
exists is finite and nonzero.

Then, if h — 0, y + he® — g, and, being g continuous, 2’ — x and, since z* € L (z,2'), z* — x for any
i. Then, h(2',...,2") — h(z,...,x) # 0, because, from 15.24, z € Cl (B) and from (15.22) and (15.23).
Moreover, ¢ (21,...,2") — ¢ (@, ..., z).

Step 2.

Since

i (y+ hek) — gt
g S WA hen) —g' (@) _ (@)
h—0 h h(z,..,x)

and ¢ and h are continuous functions, the desired result follows. m

15.4 The implicit function theorem

Theorem 681 Given open sets S CR™ and T C R* and a function
f:SxT —=R" :(x,t)— f(z,1),

assume that

1. fis CY, and
there exists (xg,t9) € S x T such that

2. f(zo,t0) =0,
3. Dy f (z0,t0),,4, is invertible.
Then there exists N(to) C T open neighborhood of ty and a unique function
g:N(to) = R"
such that
1. gis C,
2. g(to) = o
3. {(z,t) e R" X N(to) : f(z,t) =0} = {(z,t) € R® x N(to) : x = g(t)} := graph g.

Proof. Proof below to be reviewed carefully.
The main idea to prove the theorem is as follows:

1. Apply the Inverse Function Theorem to F (z,t) = (f (z,t),t) around (zg,to);
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2. Define G = F~! with F/(A) = B and G (B) = 4;

3. Define N (to) = {t € T: (0,t) € B}, g (t) = v (0,1).

We want to apply the Inverse Function Theorem to the following function
F:SxT —=R"™  F:(x,t)— (f(z,1),1).

Observe that

Dz f (2,1) Dyf(z,t) Dif (z,1)
_ (z,t) ) _ x s s
[ Do F @) ] iy wmin = [ Dzt } - { 0 I

Therefore det D, 4 F (x,t) = det D, f (x,t) and in particular,
det D(m,t)F (Io, to) = detDmf (LE(), to) 7£ 0. (1528)

Moreover,
)
F (z0,t0) = (f (0, t0) , to) = (0, t0)
where

(1) follows from Assumption 2.

Because f is C!' by Assumption 1 and the function id : R¥ — R*, ¢ t is C' as a function, because
it is linear, F' is C* on S x T. Therefore we can apply the Inverse Function Theorem to F around (zg,to)
where det D, ) F' (xo,t0) # 0 from 15.28, i.e., there exist two open sets A C S x T and B C F' (S x T') and
a unique function G such that

—_

. (x0,t0) € A and F (z9,t0) = (0,t) € B,

2. B=F(A),

3. F is one-to one on A,

4. G : B — Ais the inverse function of Fjj4 and A = G (B),
5. Gis C' on B.

Being G : B — A and A, B C R”*k, we can define v : B —» S C R" and w : B — T C R* such that
G = (v,w). Therefore,
(1) = G (F (z,t) = (v(F (z,1),w (F (2,1)))

ie.,

v(F(x,t) == (15.29)

and
w(F (x,t) =t (15.30)

Being F restricted to A onto and one-to-one, for any (x,t) € B, 3l (¢/, ') € A such that [F (¢/,t') = (x,t)],
then,by definition of F', we have that ¢’ = t, i.e., shortly,

V(z,t)e B 3(a';t) € A  such that (z,t)=F(2',t). (15.31)

Therefore applying v to the both side of the equality in (15.31), we get

V(z,t)eB, vzt =v(F @) L) (15.32)
Now since from 1. above (0,tg) € B, v (0,tg) is well defined. Moreover,
v (0, o) M (F (20, t0)) "2 2. (15.33)
We also get that
Fo(t),0) "= Py "2 (@
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Summarizing,
V(z,t) € B, F(v(x,t),t)=(x,t). (15.34)

Now we can define N (ty), and g of the conclusion of the theorem as follows:
N (to) ={t €T :(0,t) € B},
which is open in R* because B is open in R***; see Lemma 682 below.
g: N (o) = R", g:t—v(0,1)
is C! because v are components of G which is C! on Y D {0} x N (to). Moreover

(15.33)

g(to) =v(0,t0) =" mo,
moreover,
Ve t)eB  (f(v(zt), ) =F (v (zt),t) "2 (2,1,
f(zt),t)== (15.35)

But then since N (tg) := {t € T': (0,t) € B} we have that

Ve N (to), f (v(0,8),£) =0

g (t),t) = 0. The only thing left to prove is that g is unique. Take any
(t),t) Yt € N (tp). But being f one-to-one (because F' is one-to-one),

and finally by definition of g, I
other h such that f(h(t),t) = f(g
this implies h (t) = g (t). m

Lemma 682 Defined
T XxY =X, (z,y)—x

m: X XY =Y, (z,y)—y.

1.5Both m and o are continuous and open function;
2. For any open set O C X x Y, and for any T € X, Oz :={y €Y : (z,y) € 0} = m (ON 7' ({2})):
3. Oz is open.

Proof. 1. We prove the result only for 71, the proof for w5 being almost identical.
a. 7 is continuous.
We have to prove that

V(zo,y0) € X xY, Ve>0 36 >0 such that || (z,y) — (zo,%0) || < = ||z — 0] <€

Indeed take § = . Then
|z — 2ol < || (z,9) — (z0,90) || <6 =&

b. 71 is open.
We have to prove that S open in X XY = m, (s) open in X. Take y € 71 (S), we have to find € > 0
such that B (y,e) C w1 (S5), i.e., we want to find € > 0 such that
ly —yll = v € m (9), ie., (x,9') € S. (15.36)
Since y € 71 (S), then, by definition of 71, (x,y) € S and since S is open then
36 > 0 such that B ((z,y),d) C S, (15.37)

Take
e=4>0. (15.38)

6Point 1. is not used to show the implicit function theorem.
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Then
, , (??)
I (z,y") = (@y) |l =lly —yll < e

Then from (15.38) and (15.37), (x,y’) € S as desired.

2. y € 7T2(Oﬁ71'1 {x} ) & El (z',y") € ONayt(x) such that m (2/,y') = y < 3(2',y) € O and
(' y) € 77t () == {(z",y") € X x Y : 2" = 2} such that 7o (2/,y') = y « I(2',y') € O and such that
x'zxy’:yEYc)yEY (z,y) €O &y e O,.

3. We want to show that if § € Oz, then

36 > 0 such that B (4,06) C Oz. (15.39)
Since g € Oz, then by definition of Oz, (Z,9) € O, and since O is open, there exists » > 0 such that

B((z,9),r) €O. (15.40)
Now take 6 = r; to show (15.39) we are going to show that

ly =9l <r=ye€O0s.

Indeed,
ly—gl <r=|[(@y) -(@@-9 <r=
= (z,y) € B((z,9),r)Nmy ' (7) CONmy ! (7) =
=y ="79(Z,y) € mo (Oﬂﬂ'l_l (7)) =0z
[

Remark 683 Conclusion 2. in the statement of Theorem 681 can be rewritten as
Vte N(to), f(g(t),t)=0 (15.41)
Computing the Jacobian of both sides of (15.41), using Remark 642, we get
VEE N (f0). 0=[Daf (0(8). D + DG (O] + [Def (9(0). 1)) (15.42)
and using Assumption 3 of the Implicit Function Theorem, we get
VEE N (to),  [Dg(Duus == Duf (9(8),O)nn - [Def (9(8), 0],
Observe that (15.42) can be rewritten as the following k systems of equations: Vi € {1, ..., k},

[Daf (g @) Dl psn = [Prig O)nsr = = [Deif (9 (), D)4

Example 684 " Discuss the application of the Implicit Function Theorem to f : R® — R2

2e™1 4 xot; — 4ty + 3
Tocosxy — 6z + 2t — i3

fz1, 2o, t1,t2,t3) — (

at (2°,t°) =(0,1,3,2,7).
Let’s check that each assumption of the Theorem is verified.

1. f(zo,to) =0 . Obvious.

"The example is taken from Rudin (1976), pages 227-228.
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2. fis CL.

We have to compute the Jacobian of the function and check that each entry is a continuous function.

X1 T2 t1  to t3
2e™1 + xoty — 4to + 3 2e™1 tq zo —4 0
Tocosxy — 6Ty + 2t — t3 —x9sinzy — 6 cosxy 2 0 -1
3. [Dyf (zo,t0)),,x, 18 tnvertible.
2e*t tl

2 3
Do f (o, t0)] = . =
[Da f (0, t0)] { —x9sinx; — 6 coszy }(07173)277) [ -6 1 }

whose determinant is 20.

Therefore, we can apply the Implicit Function Theorem and compute the Jacobian of g : N (tg) C R? —
N (II,’()) Q RSJ

-1
_ 2e™ tl To —4 0 o
Dg(t)——[ —Zosinxzy — 6 cosxy ] [ 2 0 -1 } -

1 [ 2t1 — Ty COS X1 4 cos T —t }

- 6t1 + 2 (coswy) e¥t + tyxosinzy | —6x2 — 4e™ — x% sinxy 4xosinzy + 24 2e™t

Exercise 685 Given the utility functionu : RY — Ry, (z,y) — u(z,y) satisfying the following properties
i wis C?, ii. V(z,y) € R, Du(z,y) >> 0,iii. Y(z,y) € Ri,, Dypu(z,y) < 0,Dyyu(z,y) <
0, Dy (a,y) > 0,
compute the Marginal Rate of Substitution in (xo,y0) and say if the graph of each indifference curve is
concave.

3757

257

1257

0 1.25 25 3.75 5

15.5 Some geometrical remarks on the gradient

In what follows we make some geometrical, not rigorous remarks on the meaning of the gradient, using the
implicit function theorem. Consider an open subset X of R?, a C! function

[+ X—-R, (zy) = f(z,y)
where a € R. Assume that set

L(a) ={(z,y) € X : f(2,y) = a}
is such that V (z,y) € X, %@’w # 0 and W # 0, then
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1. L(a) is the graph of a C* function from a subset of R to R;

2. (z*,y*) € L (a) = the line going through the origin and the point D f (z*,y*) is orthogonal to the line
going through the origin and parallel to the tangent line to L (a) at (z*,y*) ;or the line tangent to the
curve L (a) in (z*,y*) is orthogonal to the line to which the gradient belongs to.

3. (z*,y*) € L(a) = the directional derivative of f at (z*,y*) in the the direction u such that |lu|| =1

. e, Df(a"y")
is the largest one if u = BIGERIE

1. It follows from the Implicit Function Theorem.
2. The slope of the line going through the origin and the vector D f (x*,y*) is
of (-”C{)*,y*)
Yy
o7 ) (15.43)

Ox
Again from the Implicit Function Theorem, the slope of the tangent line to L (a) in (z*,y*) is
af(ﬂg*,y*)
Oz
CTD] (15.44)
dy

The product between the expressions in (15.43) and (15.44) is equal to —1.
3. the directional derivative of f at (z*,y*) in the the direction w is

@ y")u) = Df (2%,y") -u=|Df (", y")| - [|ull - cos

where 6 is an angle in between the two vectors. Then the above quantity is the greatest possible iff cos§ = 1,

. . . . k) s _ Df@"y)
i.e., u is colinear with Df (z*,y*), i.e.,, u = BHGERIE

15.6 Extremum problems with equality constraints.

Given the open set X C R", consider the C' functions

f: X =R, fraxw f(x),

g: X —R™, gz g(z):= (gj(x));nzl

with m < n. Consider also the following “maximization problem”:

(P) maxzex [ (2) subject to g(z)=0 (15.45)

The set
C:={reX:g(z)=0}

is called the constraint set associated with problem (15.45).
Definition 686 The solution set to problem (15.45) is the set
{zreC:ve el f(z") = f(a)},
and it is denoted by arg max (15.45).
The function

L:XxR™ =R, L:(z,))— f(z)+ 2 g(x)

is called Lagrange function associated with problem (15.45).
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Theorem 687 Given the open set X C R™ and the C' functions

frX =R, frazef(r), g: X R gizeg(a)=(g; (@)

j=1"
assume that
1. f and g are C'functions,
2. g is a solution to problem (15.45),% and
3. rank [Dg (20)],, %, = M-
Then, there exists \g € R™, such that, DL (xg, \o) =0, i.e.,
Df (x0) + AoDg (w0) = 0
15.46
{ g(zo) =0 ( )
Proof. Define z’ := (z;)~, € R™ and ¢t = (zym4k)py € R"™™ and therefore z = (2/,¢). From
Assumption 3, without loss of generality,
det [Dyr g (20)],,,50m 7 0- (15.47)
We want to show that there exists A\g € R™ which is a solution to the system
[Df (xo)]lxn + )\1><’"L [Dg (xO)]an = O (1548)

We can rewrite (15.48) as follows

[ Do f(20)1xm | Def (@0)1x(nm) | +Xixm [ D9 (@0) s | Dtg (20)sinomy ] =0

or

[ Dz’f(-'L'O)le ] +)‘1><m [ Dw’g (xO)me ] =0 (1)
(15.49)
[ th (mo)lx(n—m) ] + )\1><7n [ Dtg (‘TO)mX(n_m) ] =0 (2)

From (15.47), there exists a unique solution Ag to subsystem (1) in (15.49). If n = m, we are done.
Assume now that n > m. We have now to verify that Ag is a solution to subsystem (2) in (15.49), as well.
To get the desired result, we are going to use the Implicit Function Theorem. Summarizing, observe that

1. gis CY, 2. g(xp,to) =0, 3. det [Dy g (zh,t0)],0sm # 0,

i.e., all the assumption of the Implicit Function Theorem are verified. Then we can conclude that there
exist N(zg) C R™ open neighborhood of x{, and a unique function ¢ : N(tg) — R" ™such that

1. ¢ is C1, 2. p(ty) =y , 3. VteN(t), g(p(),t)=0. (15.50)
Define now
F:N(to) CR"™™ >R, i f(e(t),1),
and
G : N(tg) CR™™ — R™, it g(e(t),t).
Then, from (15.50) and from Remark 683, we have that ¥t € N (tg),

Since’, from (15.50), Vt € N (to), g (¢ (t),t) =0 and since

, 15.50
20 = (2, t0) "= (¢ (to) , to) (15.52)

is a solution to problem (15.45), we have that f (xo) = F (tg) > F (¢), i.e., briefly,

Vte N(to), F(to)=F(t).

8The result does apply to the case in which zg is a local maximum for Problem (15.45). Obviously the result apply to the
case of (local) minima, as well.
9The only place where the proof has to be slightly changed to get the result for local maxima is here.
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Then, from Proposition 655, DF (ty) = 0. Then, from the definition of F and the Chain Rule, we have
[Dar (¢ (t0) s t0)]1 xm  [D® ()]s x (n—m)y + [Def (¢ (t0) s 20)]1 x -y = O- (15.53)
Premultiplying (15.51) by ), we get
Ascm = [Darg (0 (8) )]s = [DP ()]s (n—my + Arxm = [Dig (9 () 8)] s (n—my = 0- (15.54)
Adding up (15.53) and (15.54) ,computed at t = o, get
([Dar f (0 (to) , t0)] + A~ [Darg (¢ (to) s 0)]) - [Dep (t0)] + [Def (¢ (to) , t0)] + +A - [Deg (¢ (o) , t0)] = 0,
and from (15.52),
(1D f (20)] + A+ [Darg (@0)]) - [Dp (t0)] + [D1f (w0)] + A - [Dyg (w0)] = 0. (15.55)

Then, from the definition of Ay as the unique solution to (1) in (15.49) ,we have that [D, f (x0)] + Ao -
[Dy g (z0)] = 0, and then from (15.55) computed at A = Ao, we have

[Dif (z0)] + Ao - [Deg (z0)] = 0,

ie., (2) in (15.49), the desired result. m

15.7 Exercises on part III

Problem sets: all of the problems on part ITI.
See Tito Pietra’s file (available on line): Exercises 1 — 14 (excluding exercises 3, 5, 15).
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Chapter 16

Convex sets

16.1 Definition
Definition 688 A set C C R™ is convex if V1, x2 € C and VA € [0,1], (1 — ANz + Az € C.

Definition 689 A set C C R™ is strictly conver if Va1, xo € C such that 1 # xza, and YA € (0,1),
(I =Xz + Ao € Int C.

Remark 690 If C is strictly convex, then C' is convex, but not vice-versa.
Proposition 691 The intersection of an arbitrary family of convex sets is convez.
Proof. We want to show that given a family {C;};cs of convex sets, if x,y € C := N;crC; then (1 — \) z+
Ay € C. z,y € C implies that z,y € C;, Vi € I. Since C; is convex, Vi € I, VA € [0,1], (1 =Nz + \y € C;,
and VA€ [0,1] (1-Nz+lyeC. =
Exercise 692 Vn € N,Vi € {1,...,n}, I; is an interval in R, then
Xi—1Ii

18 a conver set.

16.2 Separation of convex sets
Definition 693 Let H be a set in R™. Then,
( H is a hyperplane ) <
& (Jep € R, (¢i)iq € R"\ {0} such that H = {(z;)_; € R" : co + 121 + ... + ¢y, =0} ).

Definition 694 Let A and B be subsets of R™, and let H := {x € R" : ¢ox + ¢- x = 0} be a hyperplane in
R™.! Then, H is said to

1. separate A and B if
ACH ={ze€R":cg+c-2<0} and BCH;:={xe€R":¢y+c-z>0},

i.e.,
Vae A, YVbeB, c¢y+c-a<0<c¢y+c-b,

i.e.,
Vae A, Vbe B, c-a<—c<c-b

2. separate A and B properly if it separates them and AU B ¢ H;

I'When we introduce a hyperplane by equation cg + cx = 0, consistently with the definition of hyperplane, we assume c # 0.

225



226 CHAPTER 16. CONVEX SETS

3. separate A and B strictly if

AC{zeR":cp+c-z<0} and BC{xeR":¢p+c-z>0}.

Example 695 The convex sets {(x,y) eER?2:zx < 0} and {(m,y) ER?:2>0,y > %} in R? cannot be strictly
separated, but they are properly separated by the y-axis.

Clearly, it is not always possible to separate two convex sets by a hyperplane. For instance, there is no
line in R? separating the set {0} and the closed unit disc {(z,y) € R? : z* + y* < 1}.

Remark 696 Let A, B be two sets in R™ such that at least one of them is nonempty. If they can be strictly
separated, then they can also be properly separated.

Remark 697 Let H be a hyperplane in R™, and let A and B be two subsets of H. Then, H separates A
and B, but does not separate them properly.

Proposition 698 Let a hyperplane H := {x € R" : ¢ + c¢- & = 0} be given. Then,2.
( H separates properly A and B ) < ( H separates properly C1(A) and C1(B) ).

Proof. [<]
Obvious.
=]
We first present two proofs of the fact H separates Cl(A) and Cl(B), and then we show that the
separation is proper.
1st proof.
(ACH )= (Cl(A)CCI(H ) =H.),

where we used the fact that H_ is closed.

Similarly, B g H+ = Cl (H+) . g H+

2nd proof.

Take (a*,b*) € C1(A) x C1(B). Then there exists sequences (an),,cny € A and (by),,cy € B> such that
a, — a* and b, — b*. By assumption,

YneN, cgt+c-a,<0<cy+c-b,.
Taking limits for n — +o00, we get
cotc-a*<0<cy+c-b",

as desired.
We now show that the separation is proper:,

SCCI(S)
AUB¢ H=AUBNHY # 2 = Cl(A)UCL(B) N HY # .

[ ]

The following three Propositions are presented without proofs. Detailed, self-contained proofs of those
results are contained, for example, in Villanacci, A., (in progress), Basic Convex Analysis, mimeo, Universita
degli Studi di Firenze.

Proposition 699 Let A be a closed nonemptly convex set in R™ such that 0 ¢ A. Then, there exists a
hyperplane in R™ that strictly separates A and {0}.

Corollary 700 Let B be a closed nonempty conver set in R™ such that w ¢ B. Then, there exists a
hyperplane in R™ that strictly separates B and {w}.

Proof. Exercise. m

Proposition 701 Let A be a nonempty convex set in R™ such that 0 ¢ A. Then, there exists a hyperplane
H in R™ such that AC H_ and {0} C H,.
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Proposition 702 Let A be a nonempty convex set in R™ such that 0 ¢ Int(A). Then, there exists a
hyperplane H in R™ such that A C H_ and {0} C H,.

Proposition 703 Let A and B be nonempty convex sets in R™. If one of the following conditions holds,
then there exists a hyperplane H such that AC H_ and B C H,:

1.0¢ A-B;
2. 0¢ Int(A— B);
3. IntB # & and 0 ¢ A — Int(B).

Proof. 1.
Since A and B are convex, we show that A— B is convex. Let z,y € A— B where x = a1 — b1, y = as —ba,
and a1,as € A,by,by € B. Let A € [0,1]. Then,

(1 — )\)l’ + Ay = (1 — )\)(al — bl) + )\(ag — bg) = [(1 — )\)al + /\CLQ] — [(1 — )\)bl + /\bg] cA—-B

by convexity of A and B.
Hence, from our assumption and Lemma ?7?, there exists a hyperplane H = {z € R" : ¢- & = ¢p} that
separates {0} and A — B. Without loss of generality, A — B C H, and ¢y = 0. Then, Va € A,b € B,

c-(a—b)>0&=c-a>c-b.
Hence, there must exists H' = {&’ € R" : ¢- 2’ = ¢1} such that
c-a>c>c-b,

i.e., such that B C H' and A C H/,.

2.

From our assumption and 702, there exists a hyperplane that separates {0} and A — B, whence, following
the Proof of point 1 above, we are done.

3.

From our assumption and point 1 above, there exists a hyperplane H that separates A and In¢(B). From
Remark 698, H separates Cl(A) and Cl(Int (B)) = Cl(B), where last equality follows from the Assumption
that Int(B) # @ and Proposition 691.7. Then since the closure of a set contains the set, the desired result
follows. m

Proposition 704 Let A and B be subsets of R™. Then
0¢ A-B< ANB=g.

Proof.
0¢A—-B &

-(0e A-B) &
—(Ja € A,3b € B such that a — b= 0) &
Ya e A,VbeE B, a#b &

ANB=g.

Proposition 705 Let A and B be nonempty convex sets in R™. If one of the following conditions holds
true, then there exists a hyperplane H such that AC H_ and B C H,.

1. AnNB=g;

2. IntB # & and ANInti(B) = @.
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16.3 Farkas’ Lemma

Proposition 706 If
1. vi,..., vy, w € R, and
2. 11z <0,..,0pr <0 =wzr <0,
then

I\ = ()‘i);il e RY such that w = ZAivzW
i=1

Proof. Define
m
C = {y cR" - Z%’Ui with (y;)%, € RT} .
i=1

Observe that since 0 € R, then
0eC, (16.1)

and
VA € Ry and Vy € C, we have Ay € C. (16.2)

We want to show that w € C.

Claim 1. C is a convex, nonempty and closed set.

Proof of Claim 1.

The fact that C' is a convex and nonempty is obvious. Let’s check closedness. Take (x),cy € C* such
that z, — x. We want to show that z € C. Indeed, z;, € C means that there exists (7,,);~, such that

T = Z’Vik”i — . (16.3)
i=1
Then
Ve >0 3N. €N such that Vk > N, (Y v, — || <e.
i=1
Now, in general, we have that ||z|| = ||z — y + y|| < [z —y| + ||y, i-e.,
el = Iyl < llz = yll-
Therefore,
Z%‘k“i —Jlz|| < Z’yikvi —zx| <e, (16.4)
i=1 i=1
and
0< | vavi| < llzll +e. (16.5)
i=1

Then, as verified below, ((7;5)i21 )5y 18 @ bounded sequence. Suppose otherwise; then, since by assump-
tion, for any ¢ € {1,...,m} and any k € N, v,, > 0, we have that there exists ¢* € {1,...,m} such that
Yip+ — +00. Then,

m

m
kEIJ?oo Z’kai - kETOOZVZk ||UZ|| = too,
i=1 i=1
violating (16.5).
Then, up to a subsequence,
Vi = (Vin)ies — 7 € RY. (16.6)

Then,

m

m

i ~ i (16:3)
St — 3 4825,
i=1 i=1

2In this Section, I follow very closely Section 8.1.2 in Montrucchio (1998).
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and, then, from (16.6), = € C, as desired.

End of the Proof of Claim 1.

Suppose now our Claim is false, i.e., w ¢ C. We can then apply Corollary 699 to conclude that there
exist @ € R™\ {0} and « € R such that

Ve e O, aw >y > a. (16.7)
From (16.1), 0 € C and then from (16.7), we have
Ve e C, aw >~ >0. (16.8)

Claim 2.
Ve e C, ax <0.

Proof of Claim 2.
Suppose otherwise, i.e., 3z* € C such that

ar® > 0.

From (16.2), and the fact that * € C, we have that for any A > 0, \x* € C. Then, from (16.7), we get

(=0) (>0)
YA>0, v>alt" = X (az”) >0,

which is clearly false: if A =2-1- > 0, we get v > 2-L-az*, i.e., 1 > 2.

ar* ar*
End of the Proof of Claim 2.
Summarizing, we have shown that
Jda € R™\ {0} such that Vz € C, az <0 and aw > 0.
Since vy, va, ..., vy € C, we have that
av1 <0,...,av,, <0 and aw > 0,
contradicting the assumption. m

Proposition 707 (A version of Farkas Lemma) Given A € M(m,n), b € R,

either 1. dx € R™ such that Ax <0 and bz > 0,
or 2. dy € R™ such that yA =10 and y > 0,
but not both.

Proof. We want to show that either

1.
Az <0
(16.9)
bx >0
has a solution, or
2.
YA =
(16.10)
y=>0

has a solution, but not both.

Claim. It suffices to show

a. (1) = 2,

b. 2= (-1).

Proof of the Claim.

Indeed, a. & (-2) = 1 and b. & 1 = (=2). Therefore, showing a. and b. implies showing

(-1) <2, and (-2) & 1. (16.11)
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Observe also that we have that 1V 2. Suppose otherwise, i.e., (=1) A (=2). But (—1) and (16.11) imply
2, a contradiction.

End of the proof of the Claim.

We are now left with showing a. and b.

a. Suppose that (16.9) has a no solution. Then Az < 0 implies that bz < 0. Then from Proposition 706,
identifying v; with R’ (A), the i — th row of A, and w with b, we have that

In = (N), €RT such that b= AA,

i.e., A is a solution to (16.10).

b. By assumption, there exists y € R’} such that yA = b. Then, taken x € R", we also have yAx = bx.
Now if bx > 0, since y > 0, we have that 3i € {1,...,m} such that R (A) -z > 0, and therefore (16.9) has no
solution. m



Chapter 17

Concave functions

Consider! a set X C R”, a set IT C R¥ and the functions f: X xII = R, g: X xII - R™, h: X xII —
R!. The goal of this Chapter is to study the problem:
for given f, g, h and for given 7 € II,

max f (z,7) st. g(z,m)>0 and h(z,7)=0,
zeX
under suitable assumptions. The role of concavity (and differentiability) of the functions f,g and h is
crucial.
In what follows, unless needed, we omit the depends on 7.

17.1 Different Kinds of Concave Functions

Maintained Assumptions in this Chapter. Unless otherwise stated,

X is an open and convex subset of R™.

f is a function such that
f: X —R, cx e f ().

For each type of concavity we study, we present

1. the definition in the case in which f is C° (i.e., continuous),

2. an attempt of a “partial characterization” of that definition in the case in which f is C' and C?; by
partial characterization, we mean a statement which is either sufficient or necessary for the concept presented
in the case of continuous f;

3. the relationship between the different partial characterizations;

4. the relationship between the type of concavity and critical points and local or global extrema of f.

Finally, we study the relationship between different kinds of concavities.

The following pictures are taken from David Cass’s Microeconomics Course I followed at the University
of Pennsylvania (in 1985) and summarize points 1., 2. and 3. above.

IThis part is based on Cass (1991).
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17.1.1 Concave Functions.

Definition 708 Consider a C° function f. f is concave iff V o’,2"” € X, V X € [0,1],
F(= N’ +2a) > (1= N f () + M),

Proposition 709 Consider a C° function f.
f is concave
=
M=A{(z,y) e X xR : y< f(x)} is conver.

Proof.
(=]
Take (z',y), (z",y") € M. We want to show that

VAe[0,1], (=N +X2",(1 =Ny +X\y’) € M.
But, from the definition of M, we get that

1 =Ny + 2" <@L =Nf@)+Af(@") < (1= N)a" + Az").

[«<]
From the definition of M, Va',2" € X, (¢/, f(2')) € M and (2", f(z")) € M.
Since M is convex,

(=N 2+ X", A=) f(z)+ Af(2") e M

and from the definition of M,
1 =X f @)+ (") < fAa"+ (1= A)a")

as desired.
]

Proposition 710 (Some properties of concave functions).

1. If f,g : X — R are concave functions and a,b € Ry, then the function af +bg: X — R, af + bg :
x — af () + bg (x) is a concave function.

2. If f: X - R is a concave function and F : A — R |, with A O Im f, is nondecreasing and concave,
then F o f is a concave function.

Proof.
1. This result follows by a direct application of the definition.
2. Let 2/,2” € X and A € [0,1]. Then

(Fol)(1-Na'+ xS F(1-N)F@) LM @) 2 (1= (Fof)(@)+A-(Fof) ("),

where (1) comes from the fact that f is concave and F' is non decreasing, and
(2) comes from the fact that F' is concave.
]

Remark 711 (from Sydseter (1981)). With the notation of part 2 of the above Proposition, the assumption
that F' is concave cannot be dropped, as the following example shows. Take f,F :Riy — Ry, f(z) =z
and F (y) = y3. Then f is concave and F is strictly increasing, but F o f (z) = z3 and its second derivative
18 %x_% > 0. Then, from Calculus I, we know that F o f is strictly convex and therefore it is not concave.

Of course, the monotonicity assumption cannot be dispensed either. Consider f(x) = —x? and F (y) =

—y. Then, (F o f) (z) = 2%, which is not concave.

Proposition 712 Consider a differentiable function f.
f is concave
=
va',x” € X, f(2") — f(a") < Df(a’) (2" — ).
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Proof.
[=]
From the definition of concavity, we have that for A € (0,1),

(1 =) f(&) + Af(2") < f(@" + A (2" = 2)) =
A @) = f @) < f"+ A" -2") - f@) =

fla") — fla') < LT,

Taking limits of both sides of the lasts inequality for A — 0, we get the desired result.

[<]

Consider z/,2” € X and A\ € (0,1). For A € {0,1}, the desired result is clearly true. Since X is
convex, o := (1 — \) 2’ + Az’ € X. By assumption,

f(@") = f(&") < Df(a*)(a" — 2*) and

@) = f(@*) < Df@) (@ —a)
Multiplying the first expression by A, the second one by (1 — ) and summing up, we get

Mf(") = £@) + (1= N(f(@) = f(@) < DFEM A" = 2*) + (1 = N) (2’ — %))

Since
we get

i.e., the desired result.
]

Definition 713 Given a symmetric matriz A, xn, A is negative semidefinite if Vo € R™, xAx < 0. A is
negative definite if Vo € R™\ {0}, x Az < 0.

Proposition 714 Consider a C? function f.
f is concave
=
Vo € X, D?f(x) is negative semidefinite.

Proof.
(=]
We want to show that Yu € R", Yz, € X, it is the case that u” D? f(x¢)u < 0. Since X is open, V zg € X
Ja € Ry such that |h| < a= (z¢+ hu) € X .Taken [ := (—a,a) C R, define
g: I =R, g:h— f(zg+ hu)— f(xo) — Df(xo)hu.

Observe that
g (h) = Dy f(xo + hu) -u+ Df(xo) - u

and
g" (k) =u-D*f(zo+ hu)-u

Since f is a concave function, from Proposition 712, we have that V h € I, g(h) < 0. Since g(0) =0, h =0
is a maximum point. Then, g (0) = 0 and

g"(0) <0 (1).
Moreover, Vh € I, g'(h) = Df(xo + hu)u — D f(zo)u and ¢”(h) = uT D2 f(xg + hu)u. Then,

9"(0) =u-D*f(zo) - u (2).



234 CHAPTER 17. CONCAVE FUNCTIONS

(1) and (2) give the desired result.
(<]
Consider z, 2% € X. From Taylor’s Theorem (see Proposition 667), we get

f(@) = f&) + DFE) (e — %) + 5 (& — ") D*f(@)(x ~ o)

where Z = 2% + 6(z — 2°), for some 6 € (0,1). Since, by assumption, (z — ;CO)T D?f(Z)(x —2°) <0, we have
that
f(@) = f(z°) < Df(a°)(z — %),
the desired result.
[

Some Properties.

Proposition 715 Consider a concave function f. If xg is a local maximum point, then it is a global
maximum point.

Proof.

By definition of local maximum point, we know that 39 > 0 such that Vo € B (x,9), f(zo) > f(x).
Take y € X; we want to show that f (aco) > f(y).

Since X is convex,

YAe0,1], (1—XNz"+\y e X.

Take A\° > 0 and sufficiently small to have (1 — )\0) 0+ X% e B(2°,6). To find such A’ just solve the in-
equality || (1 — A%) 20 4+ A0y — 20| = ||)\0 (y—2°)| = |)\O| | (y — 2°)|| < &, where, without loss of generality,
y # .

Then,

f concave
FE)Z (=) 2"+ 2%) " = (1= 27) ) + A" (v),
or A\°f(z°) > A°f(y). Dividing both sides of the inequality by A\° > 0, we get f(z°) > f(y).
|

Proposition 716 Consider a differentiable and concave function f. If Df(x°) = 0, then x° is a global
mazimum point.

Proof.
From Proposition 712, if D f(z°) = 0, we get that V= € X, f (2°) > f(z), the desired result.
n

17.1.2 Strictly Concave Functions.

Definition 717 Consider a C° function f. f is strictly concave iff ¥ ' 2" € X such that 2’ # 2", ¥ \ €
(0,1),
F(= N’ +2a) > (1= N f () + A",

Proposition 718 Consider a C* function f.
f s strictly concave
& Vo' 2" € X such that x’' # x”,

1) = 1) < Df(')(a" — o)
Proof.
(=]
Since strict concavity implies concavity, it is the case that
va',a" € X, f(a") — f(a') < Df(a) (2" — ). (17.1)

By contradiction, suppose f is not strictly concave. Then, from 17.1, we have that
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J2',2" € X, o' # 2" such that f(z") = f(z') + Df(z") (2" — ). (17.2)

From the definition of strict concavity and 17.2, for A € (0,1),

F(L= N2’ +xa") > (L= Nf (') + M (@) + ADf (") (2" — ')

or

F(L =X+ z") > f(a') + ADf(2") (2" — ). (17.3)
Applying 17.1 to the points z () := (1 — A2’ + Az” and 2/, we get that for A € (0,1),

F((L =Xz +x2") < f(a’) + Df(a") (1= N)a' + Az" — a')

or

F(L=XNa" + X z") < f(@') + ADf(2) (2" — 2'). (17.4)

And 17.4 contradicts 17.3.
[«<] The proof is very similar to that one in Proposition 709.
[

Proposition 719 Consider a C? function f. If
Vo € X, D?f(z) is negative definite,
then f is strictly concave.

Proof.
The proof is similar to that of Proposition 714.
]

Remark 720 In the above Proposition, the opposite implication does not hold. The standard counterexample
is f:R—R, f:2— —x

Some Properties.

Proposition 721 Consider a strictly concave, C° function f. If x° is a local mazimum point, then it is a
strict global mazimum point, i.e., the unique global maximum point.

Proof.
First, we show that a. it is a global maximum point, and then b. the desired result.
a. It follows from the fact that strict concavity is stronger than concavity and from Proposition 715.

b. Suppose otherwise, i.e., 3z, 20 € X such that 2’ # 2° and both of them are global maximum points.
Then, VA € (0,1), (1 —\) 2’ + Az° € X, since X is convex, and

F(A=XN2"+A2%) > (1 =A) f(2")+Af(2°) = f(2') = [ (2"),

a contradiction.
]

Proposition 722 Consider a strictly concave, differentiable function f. If Df (a:o) =0, then 2° is a strict
global mazimum point.

Proof.

Take an arbitrary x € X such that x # 2°. Then from Proposition 718, we have that f(z) < f(z°) +
Df(z%)(z — 2°) = f (2°), the desired result.

[



236 CHAPTER 17. CONCAVE FUNCTIONS

17.1.3 Quasi-Concave Functions.
Definitions.

Definition 723 Consider a C° function f. f is quasi-concave iff Vo', 2" € X, ¥V X € [0,1],

F((L=Na"+ A2") > min{f (2'), f(z")} .

Proposition 724 If f: X — R is a quasi-concave function and F : R — R is non decreasing, then F o f
s a quasi-concave function.

Proof.
Without loss of generality, assume

fE") = @) 1).

Then, since f is quasi-concave, we have

F((A=XNz +X2") > f(z) (2).
Then,

F(F =N +Aa") S P (@) D min{F (F (), F(F ("))

where (a) comes from (2) and the fact that F' is nondecreasing, and
(b) comes from (1) and the fact that F' is nondecreasing.
[

Proposition 725 Consider a C° function f. f is quasi-concave <
VaeR, B(a):={rxeX: f(z)>a} is conver.

Proof.
[=] [Strategy: write what you want to show].
We want to show that Va € R and VA € [0,1], we have that

(x',2" € B(a)) = (1 =X 2"+ 2" € B(a)),

ie.,

(f(@)>aand f(2")>a)= (f(1=N2' +Az") > a).
But by Assumption,

def =’ 2"

F(A= N2’ + A") Zmin {f (), f(2")} =«

[<]
Consider arbitrary z’,z” € X. Define a := min {f (2'), f(z”)}. Then 2/,2"” € B («). By assumption,
VYAelo,1], (1 —=XNa"+ X" € B(a), ie.,

(1= Na' +Aa") > a 2= min {f (2'), f(")}.
| |

Proposition 726 Consider a differentiable function f. f is quasi-concave & V' ,z" € X,

fa") = f@@') >0 = Df@)(z" —a’) >0.
Proof.

[=] [Strategy: Use the definition of directional derivative.]
Take o/, 2 such that f (z”) > f (2’). By assumption,

FIA =N 2"+ ") = min{f (), f(2")} = [ (2)
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and
F((L=Na +xa") = f (@) > 0.

Dividing both sides of the above inequality by A > 0, and taking limits for A — 0T, we get

I A —a) — @)
A—0+ A

=Df(z")(a" — ') > 0.

[<]
Without loss of generality, take

f@') =min{f (), f=")} (1),

Define
0:[0,]] >R, p: A= f((1=N)a" + ")

We want to show that
YA E[0,1], ¢ (A) > ¢(0).

Suppose otherwise, i.e., 3 A* € [0,1] such that ¢ (A\*) < »(0). Observe that in fact it cannot be
A* e {0,1}: if A* = 0, we would have ¢ (0) < ¢ (0), and if \* = 1, we would have ¢ (1) < ¢ (0), ie.,
f (@) < f(2'), contradicting (1). Then, we have that

IN* € (0,1) such that o (A*) < (0) (2).
Observe that from (1), we also have that
(1) =¢(0) (3).
Therefore, see Lemma 727, 3 \** > \* such that
o' (A") >0 (4), and

e (A7) <e(0) (5).

From (4), and using the definition of ¢’, and the Chain Rule,” we get
0<¢'(A")=[Df (1 =A")a" +X"2")] (" —2')  (6).
Define z** := (1 — A**) 2z’ + A**2”. From (5), and the assumption, we get that

f@™) < fa).

Therefore, by assumption,
ie.,

[Df @) (@ —a) <0 (7).

But (7) contradicts (6).
n

Lemma 727 Consider a function g : [a,b] — R with the following properties:
1. g is differentiable on (a,b);
2. there exists ¢ € (a,b) such that g (b) > g (a) > g (c).
Then, 3t € (¢,b) such that ¢’ (t) >0 and g (t) < g(a).

2Defined v : [0,1] — X CR", A (1 — A\) 2’ + \z’/, we have that ¢ = f owv. Therefore, ¢’ (A\*) = Df (v (\*)) - Dv (\*).



238 CHAPTER 17. CONCAVE FUNCTIONS

Proof.

Without loss of generality and to simplify notation, assume g (a) = 0. Define A := {z € [¢,b] : g (x) = 0}.

Observe that A = [c,b]Ng~! (0) is closed; and it is non empty, because g is continuous and by assumption
g(c) <0and g(b) >0.

Therefore, A is compact, and we can define £ := min A.

Claim. z € [¢,€) = g (z) < 0.

Suppose not, i.e., Iy € (¢,§) such that g (y) > 0.
g (c) <0 and g is continuous, there exists ' € (¢,y) C
the proof of the Claim.

Finally, applying Lagrange Theorem to g on |[c,&], we have that 3t € (¢, &) such that ¢’ (¢) = %.
Since g (§) = 0 and g (¢) < 0, we have that ¢’ (¢£) < 0. From the above Claim, the desired result then follows.

]

If g(y) = 0, £ could not be min A. If g (y) > 0, since
(c,€), again contradicting the definition of . End of

Proposition 728 Consider a C? function f. If f is quasi-concave then
Vo € X,YA € R" such that Df (z)-A =0, ATD?*f(x)A <O0.

Proof.

for another proof- see Laura Carosi’ s file

Suppose otherwise, i.e., 3 2 € X, and JA € R* such that Df (z)- A =0 and ATD?f (xo) A > 0.

Since the function b : X — R, h: 2 +— ATD?f(z)A is continuous and X is open, V A € [0,1], Je > 0 such
that if || # — 2% || < e, then

A-D*f(Az+(1-=X)2")-A>0 (1).

Define 7 := 2" + u”f‘ﬂ, with 0 < p < €. Then,
A
Iz =2l = lugll = <e
[A]l

and T satisfies (1). Observe that

||A|| — 0
A=—(T—1x").
( )

Then, we can rewrite (1) as
(@ —a°)" D?f (AT + (1 - N)2°) (F—2°) >0
From Taylor Theorem, 3\ € (0, 1) such that
f(@) = f@@)+ @ —2°)"'Df (2°) + %(f —20OTD2 0T + (1 — N)a®) (@ — 2°).
Since Df(z")A =0 and from (1), we have

f@>f=% (@)

Letting 7 = 2° + u(—A/|| A ), using the same procedure as above, we can conclude that

F@) > (=) (3).
0 _

But, since 2” = 3(Z + ), (2) and (3) contradict the Definition of quasi-concavity.
[

Remark 729 In the above Proposition, the opposite implication does not hold. Consider f : R — R, f :
x — x*.From Proposition 725, that function is clearly not quasi-concave. Take o > 0. Then B(a) =
{zeR:a* > a} = (—o0, —va) U (Va,+oo) which is not convex.

On the other hand observe the following. f'(x) = 43 and 4x3A = 0 if either x = 0 or A = 0. In both
cases A1222A = 0. (This is evample is taken from Avriel M. and others (1988), page 91).
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Some Properties.

Remark 730 Consider a quasi concave function f. It is NOT the case that
if zo 1s a local mazimum point , then it is a global mazimum point. To see that, consider the following
function.

—22+1  if xz<1
f'R_’R’f'xH{o if  x>1

Proposition 731 Consider a C° quasi-concave function f. If xy is a strict local mazimum point, then it is
a strict global mazximum point.

Proof.

By assumption, 3§ > 0 such that if € B (z¢,0) N X and z¢ # x, then f (xq) > f ().
Suppose the conclusion of the Proposition is false; then 3z’ € X such that f (z') > f(xo).
Since f is quasi-concave,

VA€ [0,1], f((L=ANao+A") > f(z0). (1)

For sufficiently small A\, (1 — X\)zo + Az’ € B (zo,d) and (1) above holds, contradicting the fact that xq
is the strict local maximum point.
|

Proposition 732 Consider f : (a,b) — R. f monotone = f quasi-concave.

Proof.

Without loss of generality, take =" > z'.

Case 1. f is increasing. Then f (z”) > f(2'). If A € [0,1], then (1 =Nz’ + \a”" =2’ + A (¢ —2') > o
and therefore f ((1 —X)a’' + Az”) > f (2).

Case 2. f is decreasing. Then f (z”) < f(2’) . If XA € [0,1], then (1 = A z'+Xz” = (1 = X)a'—(1 = N) 2"+
" =a" — (1= X) (2" — 2') < 2”and therefore f ((1 —N) 2’ +\z”) > f(2”) .

[

Remark 733 The following statement is false: If f1 and fa are quasi-concave and a,b € Ry, then afi +bfs
1S quasi-concave.

It is enough to consider fi, fo : R — R, f1 (z) = 23+ z, and fa (xv) = —4x. Since f{ > 0, then f1 and,
of course, fo are monotone and then, from Proposition 732, they are quasi-concave. On the other hand,

g(x) = f1(z) + fo () = 23 — x has a strict local mazimum in x = —lwhich is not a strict global mazimum,
and therefore, from Proposition 781, g is not quasi-concave.
3-3
x x
y 20T
10T
25 1.25 0 25
X
-10T
-20™
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Remark 734 Consider a differentiable quasi-concave function f. It is NOT the case that
if Df(x°) = 0, then 2° is a global maximum point.
Just consider f : R = R, f : x — 23 and z¢9 = 0, and use Proposition 732.

17.1.4 Strictly Quasi-concave Functions.

Definitions.

Definition 735 Consider a C° function f. f is strictly quasi-concave
iff Vo' 2" € X, such that ' # x", andV X € (0,1), we have that

(A= Na" + Az") > min{f (2'), f(«")} .

Proposition 736 Consider a C° function f. f is strictly quasi-concave = Va € R, B(a):={z € X : f(z)>a}
is strictly convex.

Proof.
Taken an arbitrary « and 2/, 2" € B(«), with o’ # ", we want to show that VA € (0,1), we have that

2t = (1 =Nz’ + Xz’ €Int B (a)

Since f is strictly quasi-concave,
f (&) >min{f (), f(z")} > a
Since f is C9, there exists § > 0 such that Vz € B (QJA, 6)

f(z) >«

i.e., B(z*,6) C B(a), as desired. Of course, we are using the fact that {z € X : f(z) > a} C B(a).
[

Remark 737 Observe that in Proposition 736, the opposite implication does not hold true: just consider
fR=R f:xz— 1.

Observe that Yo < 1, B(a) = R, and Vo > 1, B(«a) = &. On the other hand, f is not strictly quasi-
concave.

Definition 738 Consider a differentiable function f. f is differentiable-strictly-quasi-concave iff
V 2,2 € X, such that o’ # 2", we have that

f@") = f@') =20 = Df(a')(z" —2’) > 0.

Proposition 739 Consider a differentiable function f.
If f is differentiable-strictly-quasi-concave, then f is strictly quasi-concave.

Proof.
The proof is analogous to the case of quasi concave functions.
]

Remark 740 Given a differentiable function, it is not the case that strict-quasi-concavity implies differentiable-
strict-quasi-concavity.

f:R >R, f:xzw— 2% a is differentiable and strictly quasi concave and b. it is not differentiable-
strictly-quasi-concave.

a. [ is strictly increasing and therefore strictly quasi concave - see Fact below.

b. Take ' =0 and " = 1. Then f(1)=1>0= f(0). But Df (/) (2" —2')=0-1=0 % 0.

Remark 741 If we restrict the class of differentiable functions to whose with non-zero gradients everywhere

in the domain, then differentiable-strict-quasi-concavity and strict-quasi-concavity are equivalent (see Balasko
(1988), Math. 7.2.).

Fact. Counsider f : (a,b) — R. f strictly monotone = f strictly quasi concave.
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Proof.

By assumption, 2’ # 2", say @’ < z” implies that f (2’) < f (2”) (or f(z') > f(2”)). If A € (0,1), then
(I =Xz’ + X" > 2’ and therefore f ((1 — X))z’ + Az”) > min {f («), f (")} .

[

Proposition 742 Consider a C? function f. If
Vz € X,VA € R™\ {0}, we have that (Df (z) A =0= ATD?f(z)A <0),
then f 1is differentiable-strictly-quasi-concave.

Proof.

Suppose otherwise, i.e., there exist 2/, 2" € X such that
2 Ao, f@") > () and Df(a')(@" — ') <0,
Since X is an open set, 3a € R, such the following function is well defined:

g:[-a,1] = R,g:h— f((1—-h)z'+ ha").

Since ¢ is continuous, there exists h,, € [0,1] which is a global minimum. We now proceed as follows.
Step 1. hy, ¢ {0,1}. Step 2. h,, is a strict local maximum point, a contradiction.
Preliminary observe that

gl(h):Df(:E/Jrh(x//fxl))'(:rllf:r/)

and

g’ (h) = (1‘” _ :Z?/)T . DQf (ZE/ —|—h(ZE” _ JU/)) . (1‘" _ 13/) )
Step 1. If Df (2) (" — 2’) = 0, then, by assumption,

(" —2/)" - Df (' + h(2" — ) (2" —a') <0.

Therefore, zero is a strict local maximum (see, for example, Theorem 13.10, page 378, in Apostol (1974) ).
Therefore, there exists h* € R such that g (h*) = f (2 + h* (2" — ")) < f(2') = ¢(0).
It
g9'(0) = Df (2') (2" — 2’) <0,

then there exists A** € R such that

g (W) = f @'+ 0" (" —a") < f(a) =9(0).

Moreover, g (1) = f (") > f (2'). In conclusion, neither zero nor one can be global minimum points for
gon [0,1].
Step 2. Since the global minimum point h,, € (0,1), we have that

0=g (hm)=Df (@ + hp (2" —2)) (" —2').

Then, by assumption,

g"(0) = (@" =) - D*f (&' 4 oy (2" — 2')) - (2" — ') <0,

but then h,, is a strict local maximum point, a contradiction.
]

Remark 743 Differentiable-strict-quasi-concavity does not imply the condition presented in Proposition 742.
f:R =R, f:xw —a* is differentiable-strictly-quasi-concave (in next section we will show that strict-
concavity implies differentiable-strict-quasi-concavity). On the other hand, take x* = 0. Then D f (z*) = 0.
Therefore, for any A € R™\ {0}, we have Df (z*) A =0, but ATD?f (z*) A =0 «£ 0.
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Some Properties.

Proposition 744 Consider a differentiable-strictly-quasi-concave function f.
x* is a strict global mazimum point < Df (z*) = 0.

Proof.

[=] Obvious.

[«<] From the contropositive of the definition of differentiable-strictly-quasi-concave function, we have:

YV a*, 2" € X, such that z* # 2, it is the case that Df(z*)(2” —2*) < 0= f(2”) — f(z*) <0 or
f(x*) > f(2"”). Since Df (x*) = 0, then the desired result follows.

[

Remark 745 Obviously, we also have that if f is differentaible-strictly-quasi-concave, it is the case that:
z* local mazimum point = x* is a strict maximum point.

Remark 746 The above implication is true also for continuous strictly quasi concave functions. (Sup-
pose otherwise, i.e., 3 ' € X such that f (') > f(x*). Since f is strictly quasi-concave, YA € (0,1),
F=XNz* 4+ Xa’) > f(z*), which for sufficiently small X contradicts the fact that x* is a local mazimum
point.

Is there a definition of ?—concavity weaker than concavity and such that:
If f is a 7—concave function, then

*

x* is a global maximum point iff Df (z*) = 0.
The answer is given in the next section.

17.1.5 Pseudo-concave Functions.

Definition 747 Consider a differentiable function f. f is pseudo-concave iff

va',a" e X, f(2")> f(2') = Df(a") (" —2') >0,

or

Vo' 2" € X, Df(2') (2" —2') <0= f(2") < f(2).

Proposition 748 If f is a pseudo-concave function, then

*

x* is a global mazimum point < D f (z*) = 0.

Proof.

[=] Obvious.

[<] Df(z*)=0=Vz e X, Df(z*)(x —2*)<0= f(z) < f(z*).
[

Remark 749 Observe that the following “definition of pseudo-concavity” will not be useful:
Va',x" € X, Df(2') (2" —2') > 0= f(z") < f(z) (17.5)

For such a definition the above Proposition would still apply, but it is not weaker than concavity. Simply
consider the function f : R — R, f : x — —z2. That function is concave, but it does not satisfy condition
(17.5). Take x’ = —2 and 2" = —=1. Then, f' (') (2" —2') =4(-1—-(-2)) =4 >0, but f(2") = -1 >
f (') =—4.

We summarize some of the results of this subsection in the following tables.

Class of function Fundamental properties
C = G max | L max = G max Uniqueness
of G. max

Strictly concave Yes Yes Yes
Concave Yes Yes No
Diff.ble-str.-q.-conc. Yes Yes Yes
Pseudoconcave Yes Yes No
Quasiconcave No No No
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where C stands for property of being a critical point, and L and G stand for local and global, respectively.
Observe that the first, the second and the last row of the second column apply to the case of C° and not
necessarily differentiable functions.

17.2 Relationships among Different Kinds of Concavity

The relationships among different definitions of concavity in the case of differentiable functions are summa-
rized in the following table.

strict concavity

) N\
linearity = affinity = concavity
\’
pseudo-concavity <«  differentiable-strict-quasi-concavity
4

quasi-concavity

All the implications which are not implied by those explicitly written do not hold true.

In what follows, we prove the truth of each implication described in the table and we explain why the
other implications do no hold.

Recall that

1. f:R™ — R™ is a linear function iff Vz', 2" € R™, Va,b € R f (az’ + bz") = af (2') + bf (z);

2. g : R™ — R™ is an affine function iff there exists a linear function f : R® — R™ and ¢ € R™ such that
Yz eR", g(z)=f(z)+ec

Obvious (“a>b=a>1b").

From the assumption and from Proposition 712, we have that f (z”) — f (z') < Df (2’) (" — 2’). Then
f@)=f(@')>0=Df () (" —2')>0.

Suppose otherwise, i.e., 3 2/, 2” € X and 3A\* [0, 1] such that
FUL=X)2"+ X 2") <min{f (2), f(z")}.

Define z (A) := (1 — \) 2/+\z”. Consider the segment L (2, 2"") joining 2’ to 2. Take A € argminy, f (z (X)) s.t. A €
[0,1]. X is well defined from the Extreme Value Theorem. Observe that A # 0,1, because f (xz(\*)) <
min {f (2 (0)) = f ('), f (= (1)) = f (")},

Therefore, VA € [0,1] and Yu € (0,1),

) < F (@ -pa @) +uz ).

Then,

vAeo,1], 0< E%l+f((1‘“)“f(A)+//jx(A)) — [z (V)

= Df (e () (=) = (7).
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Taking A = 0,1 in the above expression, we get:

Df(z()) (&' == (X)) 20 (1)

and
Df (V) (& =z (A) 20 (2)
Since
d—a (V) =o' = (1-N) o'~ X" = X" =) @),
and

" —z(N)=2"—(1-N2' = X" =(1-X) (2" —2) (4,
substituting (3) in (1), and (4) in (2), we get

(—_X) [Df (z (X)) - (2" —a)] >0,

and

+)_ B
(1=X)-[Df (z (X)) - (2" —2")] > 0.
Therefore,
0=Df(z(N)- (" —a)=Df (x (X)) - (1=N) - (2" — ) ¥

Then, by pseudo-concavity,
By assumption,

fla() < f@E") (6).
5) and (6) contradict the definition of .

—~

DSQC = PC

SC = DSQC

L=C

o o ©)
o o o
= S. =
o o ]
= =1 =

C # SC
fR=R, f:z—

QC = PC
0 if <0
if x>0
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f is clearly nondecreasing and therefore, from Lemma 732, quasi-concave.
f is not pseudo-concave: 0 < f(—=1) > f (1) =0, but
) (=1-1)=0-(-2)=0.

PC#C,]DSQC #C‘and’DSQC #SC‘
Take f: (1,400) = R, f: x> 23

(>0) (>0)
Take 2’ < z”’. Then f (") > f (2) . Moreover, Df (z')(z” — 2') > 0. Therefore, f is DSQC and therefore
PC. Since f” (x) > 0, f is strictly convex and therefore it is not concave and, a fortiori, it is not strictly

concave.

| PC =+ DSQC|,|C + DSQC|

Consider f : R = R, f:a+— 1. fisclearly concave and PC, as well (Va', 2" € R, Df (¢') (" — ') > 0).
Moreover, any point in R is a critical point, but it is not the unique global maximum point. Therefore, from
Proposition 744, f is not differentiable - strictly - quasi - concave.

|QC + DSQC |
If so, we would have QC = DSQC = PC, contradicting the fact that QC = PC.

|C % L]and [SC # L]
f:R->R, f:z— —z2

17.2.1 Hessians and Concavity.

In this subsection, we study the relation between submatrices of a matrix involving the Hessian matrix of a
C? function and the concavity of that function.

Definition 750 Consider a matriz A, xn. Let 1 <k < n.
A k — th order principal submatriz (minor) of A is the (determinant of the) square submatriz of A

obtained deleting (n — k) rows and (n — k) columns in the same position. Denote these matrices by Di.
The k — th order leading principal submatriz (minor) of A is the (determinant of the) square submatriz
of A obtained deleting the last (n — k) rows and the last (n — k) columns. Denote these matrices by Djy.

Example 751 Consider
a1 a2 a3
A= G21 Q22 QG23
asz1 az2 as3

Then

~1 =9 ~3 =1 .
Dy =ay1, DY = a, D] =a33, Di=D;=ai;

~ a a ~ a a ~ a a
D% _ 11 12 7 Dg _ 11 13 ’ Dg _ 22 23 7
a21 A22 as; ass az2 ass

_ 1| a1 a12 |
Dy =D; = ;
az1 22

Ds = D} = A.

Definition 752 Consider a C? function f : X C R® — R.  The bordered Hessian of f is the following
matric

By (z) = { 0 Df (x)

[Df (x)}T D*f (x) :|(n+1)><(n+1).
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Theorem 753 (Simon, (1985), Theorem 1.9.c, page 79 and Sydsaeter (1981), Theorem 5.17, page 259).
Consider a C? function f: X — R.

1. IfVz € X, Vk € {1,...,n},

sign (k — leading principal minor of D?f (m)) = sign (—1)k ,

then f 1is strictly concave.

2.Vxe X, Vke{1,...,n},

sign (non zero k — principal minor of D* f (z)) = sign (1),

iff f is concave.

3. Ifn>2and Vx e X,Vk € {3,..,n+ 1},

sign (k — leading principal minor of Bf (z)) = sign (=1)*7*,

then f is pseudo concave and, therefore, quasi-concave.

4. If f is quasi-concave, then Vx € X, Vk € {2,...,n+ 1},

sign (non zero k — leading principal minors of Bf (x)) = sign (—1)’“3_1

Remark 754 It can be proved that Conditions in part 1 and 2 of the above Theorem are sufficient for
D2 f (z) being negative definite and equivalent to D? f (z) being negative semidefinite, respectively.

Remark 755 (From Sydsactter (1981), page 239) It is tempting to conjecture that a function f is concave
iff

Vo € X,Vk € {1,...,n}, sign (non zero k — leading principal minor of D*f (z)) = sign (-1)*, (17.6)
That conjecture is false. Consider
fiRP =R, fr(w1,20,23) — —a5 + 23,

Then Df (z) = (0, —2z2, 223) and

00 0
DXf(x)=|0 -2 0
00 2

All the leading principal minors of the above matrix are zero, and therefore Condition 17.6 is satisfied, but
f is not a concave function. Take ' = (0,0,0) and ' (0,0,1). Then

YA€ (0,1), fF(A=XN2' +Xx”) =X <(1=NfE)+ f(@")=A

Example 756 Consider [ : R?H — R, f : (z,y) — 2%9Y®, with o, € Ryy. Observe that ¥ (z,y) €
R3 ., f(z,y) > 0. Verify that

1. ifa+ B <1, then f s strictly concave;
2. Va,p € Ry, f is quasi-concave;

3. a+ B <1 if and only if f is concave.

1.
Dy f (x,y) = az® 'yP = 2f (z,y);

Dyf (w,y) = Bay? ' = 2 (z,y);

D2, f(z,y) = ala—1)ao"2yf = LU f (2 y);
D2, f (@) = BB — 1) aoy?? = BO £ (g )
D2 ,f (z,y) = afz® 1yt = 28 (z,y).

a(a—1) apB
D*f (x,y) = [ (z,y) l 58 sty ]
xy

y2
a. a((;iz,_l)<0<:>a€(0,l).
_ C1)—a282
a(a l)ﬁégyzl) B~ _ o (Ozﬁ (aﬂ —a—-B+ 1) 70&2[32) _

:ﬁaﬁ(l—a—ﬂ)>0a’<@>oa+ﬁ<l.

In conclusion, if a, 8 € (0,1) and a4+ 8 < 1, then [ is strictly concave.
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2.
Observe that

f(@,y) =g(h(z,y))
where
h:R?H - R, (z,y)— alnz+ Flny

g:R—=>R, z—¢€*
Since h is strictly concave (why?) and therefore quasi-concave and g is strictly increasing, the desired
result follows from Proposition 724.

3.
Obvious from above results.
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Chapter 18

Maximization Problems

Let the following objects be given:
1. an open convex set X CR", n € N;
2. f: X =R, g: X —-R™ h:X —R¥ m,k €N, with f, g, h at least differentiable.
The goal of this Chapter is to study the problem.

max,cx f(z)

s.t. g(x)>0 (1) (18.1)

f is called objective function; z choice variable vector; (1) and (2) in (18.1) constraints; g and h
constraint functions;

Ci={xeX:g(x)>0 and h(z)=0}

is the constraint set.
To solve the problem (18.1) means to describe the following set

{z*eC:Vxel, f(z") > f(x)}

which is called solution set to problem (18.1) and it is also denoted by argmax (18.1). We will proceed as
follows.
1. We will analyze in detail the problem with inequality constraints, i.e.,

maxzex [ ()
s.t. g(x)>0 (1)

2. We will analyze in detail the problem with equality constraints, i.e.,

max,ex f(x)
s.t. h(z)=0 (2)

3. We will describe how to solve the problem with both equality and inequality constraints, i.e.,
maxzex f(2)

s.t. g

h (x)
18.1 The case of inequality constraints: Kuhn-Tucker theorems

Consider the open and convex set X C R™ and the differentiable functions f: X — R, g := (gj);n=1 X —
R™. The problem we want to study is

max,cy f () s.t. g(x) > 0. (18.2)
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Definition 757 The Kuhn-Tucker system (or conditions) associated with problem 18.2 is

Df (z) + ADg (x)
A

g9 ()

Ag ()

(18.3)

VIVl
cocoo

Equations (1) are called first order conditions; equations (2),(3) and (4) are called complementary slack-
ness conditions.

Remark 758 (z,\) € X xR™ is a solution to Kuhn-Tucker system iff it is a solution to any of the following
systems:

1.
W@ s %D = 0 fori=1,.,n (1)
J > 0 forj=1,...m (2)
9; () > 0 forj=1,...,m (3)
Ajg; (@) = 0 forj=1,..,m (4
2.

{ Df () + ADg (z)
min {\;, g; (x)} =0 forj=1,..m

I
jen}
—~
—_
~—

Moreover, (z,A) € X x R™ is a solution to Kuhn-Tucker system iff it is a solution to
Df(x)+ADg(z) = 0 (1)

and for each j = 1,...,m, to one of the following conditions

either ( A;>0 and gj(z)=0 )
or (A=0 gj (x) >0 )
or ( A=0 gi(x)=0 )

Definition 759 Given z* € C, we say that j is a binding constraint at x* if g; (z*) = 0. Let

J*(z*) ={je{l,...,m}: gj (") =0},

* ~

g = (gJ)Jej*(a;*), g = (g])jgj*(z*)

and

m* = #J" (z").

Definition 760 z* € R™ satisfies the constraint qualifications associated with problem 18.2 if it is a solution
to
max cre Df (%) x s.t. Dg* (z*)(x—2*) > 0 (18.4)

The above problem is obtained from 18.2
1. replacing g with g*;

2. linearizing f and g* around z*, i.e., substituting f and ¢g* with f (z*)+ Df (z*) (z — z*) and g (z*) +
Dg (z*) (x — x*), respectively;

3. dropping redundant terms, i.e., the term f (2*) in the objective function, and the term ¢* (z*) =0 in
the constraint.

Theorem 761 Suppose x* is a solution to problem 18.2 and to problem 18.4, then there exists \* € R™
such that (z*,\*) satisfies Kuhn-Tucker conditions.

The proof of the above theorem requires the following lemma.
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Lemma 762 (Farkas) Given a matriz Apy,x, and a vector a € R™,
either 1. there exists A € R such that a = \A,
or 2. there exists y € R™ such that Ay > 0 and ay < 0,
but not both.

Proof. It follows immediately from Proposition 707. m

Proof. of Theorem 761

(main steps: 1. use the fact z* is a solution to problem 18.4; 2. apply Farkas Lemma; 3. choose
A" = (X from Farkas ,0)).

Since z* is a solution to problem 18.4, for any x € R™ such that Dg* (z*) (x — 2*) > 0 it is the case that
Df(z*)z* > Df (x*)x or

Dg* (5") (& — 2%) > 0 = [-Df (")) (z — 2*) > 0. (18.5)
Applying Farkas Lemma identifying
a with —Df (z*)
and
A with Dg* (z*)

we have that either
1. there exists A € R’ such that
—Df (z*) = ADg"* (z*) (18.6)

or 2. there exists y € R™ such that
Dg*(z*)y >0 and —Df(z")y <0 (18.7)

but not both 1 and 2.

Choose © = y + z* and therefore you have y = x — z*. Then, 18.7 contradicts 18.5. Therefore, 1. above
holds.

Now, choose \* := (,0) € R™ x R™~™" we have that

Dy~ (z*)

DF )+ XDy ) = Df )+ 00) (7)) = br )+ aDg 0) =0

where the last equality follows from 18.6;
A* > 0 by Farkas Lemma;
g (z*) > 0 from the assumption that z* solves problem 18.2;

Ng(z*) = (X, 0) ( g@\((xm*)) ) = A\g* (z) = 0, where the last equality follows from the definition of g*. =

Theorem 763 If 2™ is a solution to problem (18.2) and
either for j =1,..,m, g; is pseudo-concave and ™+ € X such that g (1) >0,
or rank Dg* (z*) = m* := #J* (z*),
then x* solves problem (18.4).

Proof. We prove the conclusion of the theorem under the first set of conditions.

Main steps: 1. suppose otherwise: 3 z ... ; 2. use the two assumptions; 3. move from x* in the direction
20 = (1-0)7 +0ztt.

Suppose that the conclusion of the theorem is false. Then there exists z € R™ such that

Dg*(z*) (T —2*)>0 and Df(z")(z—2")>0 (18.8)
Moreover, from the definition of ¢* and 71, we have that
g () >>0=yg" (z)
Since for j = 1,..,m, g; is pseudo-concave we have that

Dg* (z*) (z —2") >0 (18.9)
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Define
2= (1-0)T+ 0zt

with 6 € (0,1). Observe that
2 -t =(1-0)F+02"" —(1-0)z" — 02" = (1-0) (T —2") +0 (2" —z7)
Therefore,
Dg* (z*) (2 —2*) = (1 — 0) Dg* (z*) (T — 2*) + 0Dg* (z*) (z7F —2%) >0 (18.10)

where the last equality come from 18.8 and 18.9.
Moreover,

Df (z*) (2? —2*) = (1 —0) Df (z*) (T — 2*) + ODf (z*) (277 —2%) >0 (18.11)

where the last equality come from 18.8 and a choice of # sufficiently small.!
Observe that from Remark 626, 18.10 and 18.11 we have that

(9") («",2%) >0
and
f(z*,2%) >0
Therefore, using the fact that X is open, and that g (z*) > 0, there exists 7 such that

oo
g (x*+7 (2" —2%)) > g* (") =0
g+ (2 —2%)) >0

But then 18.12 contradicts the fact that 2* solves problem (18.2). m
From Theorems 761 and 763, we then get the following corollary.

Theorem 764 Suppose z* is a solution to problem 18.2, and one of the following constraint qualifications
hold:

a. for j =1,...,m, g; is pseudo-concave and there exists x* € X such that g (zt1) >0

b. rank Dg* (z*) = #J*,

Then there exists \* € R™ such that (x*,\") solves the system 18.5.

Theorem 765 If f is pseudo-concave, and for j = 1,....m, g; is quasi-concave, and (z*,\") solves the
system 18.3, then x* solves problem 18.2.

Proof. Main steps: 1. suppose otherwise and use the fact that f is pseudo-concave; 2. for j € J* (z*),
use the quasi-concavity of g;; 3. for j € J* (%), use (second part of) kuhn-Tucker conditions; 4. Observe
that 2. and 3. above contradict the first part of Kuhn-Tucker conditions.)

Suppose otherwise, i.e., there exists £ € X such that

g(@)>0 and f(Z)> f(2") (18.13)
From 18.13 and the fact that f pseudo-concave, we get
Df(z*)(Z—2%)>0 (18.14)

I Assume that 6 € (0,1), « € Ry and 8 € R. We want to show that there exist 8* € (0,1) such that
1-0)a+63>0

a>0(a—pB)
If (o — B) =0, the claim is true.
If (¢ = B) >0, any 6 < afﬁ will work (observe that &fﬁ > 0).
If (o — B) < 0, the claim is clearly true because 0 < o and 6 (v — 8) < 0.
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From 18.13, the fact that ¢* (z*) = 0 and that g; is quasi-concave, we get that
for j € J*(z*), D¢’ (z*)(Z —2*)>0

and since \* > 0,
for jeJ*(z*), AjDg’(z*)(@—2")>0 (18.15)

For j € J (z*), from Kuhn-Tucker conditions, we have that g; (z*) > 0 and A} = 0, and therefore
for j€ J(z*), X;Dg’(z*)(@—2")=0 (18.16)
But then from 18.14, 18.15 and 18.16, we have
Df(z*)(Z—2")+ A" Dg (z*) (T —z") >0

contradicting Kuhn-Tucker conditions. m
We can summarize the above results as follows. Call (M) the problem

maxgecx f () s.t. glx) > 0 (18.17)

and define
M := arg max (M) (18.18)
S :={z € X :3X € R™ such that (z,)) is a solution to Kuhn-Tucker system (18.3)} (18.19)

1. Assume that one of the following conditions hold:

(a) for j =1,...,m, g; is pseudo-concave and there exists 7% € X such that g (z77) >0
(b) rank Dg* (z*) = #J*.

Then
r*eM=z"cS

2. Assume that both the following conditions hold:
(a) f is pseudo-concave, and
(b) for j =1,...,m, g; is quasi-concave.
Then
reS=az"eM
18.1.1 On uniqueness of the solution

The following proposition is a useful tool to show uniqueness.

Proposition 766 The solution to problem
maxgex f(x) st g(z)>0 (P)
either does not exist or it is unique if one of the following conditions holds
1. f is strictly quasi-concave, and
for j € {1,...,m}, g; is quasi-concave;

2. f is quasi-concave and locally non-satiated (i.e., Vo € X,Ve > 0, there exists ' € B (x,e) such that
f@)>f(x) ), and

for j € {1,...,m}, g; is strictly quasi-concave.
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Proof. 1.

Since g;is quasi concave VI := {x € X : g; (z) > 0} is convex. Since the intersection of convex sets is
convex V' = NJL, V7 is convex.

Suppose that both 2’ and 2" are solutions to problem (P) and z’ # z”. Then for any A € (0,1),

1-=XNaz' '+ " eV (18.20)
because V is convex, and

S =N a + ") > min{f (2'), f (=)} = f (') = [ (") (18.21)

because [ is strictly-quasi-concave.

But (18.20) and (18.21) contradict the fact that 2’ and z” are solutions to problem (P).

2.

Observe that V is strictly convex because each V7 is strictly convex. Suppose that both z’ and z” are
solutions to problem (P) and 2’ # z”. Then for any A € (0,1),

z(A):=(1-Nz'+ " elnt V

i.e., 3¢ > 0 such that B (z (\),e) C V. Since f is locally non-satiated, there exists 2’ € B (z (\),e) CV
such that

f@) > fz) (18.22)
Since f is quasi-concave,
flaN) > f(a') =f(") (18.23)
(18.22) and (18.23) contradict the fact that ' and z” are solutions to problem (P). m

Remark 767 1. If f is strictly increasing (i.e., Vo', z"” € X such that ' > a2, we have that f (') > f (a)
) or strictly decreasing, then f is locally non-satiated.

2. If f is affine and not constant, then f is quasi-concave and Locally NonSatiated.

Proof of 2.

f: R"™ = R affine and not constant means that there exists a € R and b € R\ {0} such that f : v —
a+bTz. Take an arbitrary T and € > 0. Fori € {1,....,n}, define o; := S (signb;) and T =T + (o),
with k # 0 and which will be computed below. Then

f@)=a+bT+3 " bl > f(T);
\\/2?5_1 (b:)?

17—l = || % - ((sign b:) - bi)is || = £ -
Remark 768 In part 2 of the statement of the Proposition f has to be both quasi-concave and Locally
NonSatiated.

a. Example of f quasi-concave (and g; strictly-quasi-concave) with more than one solution:

= bl <eifk> g

max 1 st. zz+1>0 1—x2>0
z€R

The set of solution is [—1,+1]
a. Example of f Locally NonSatiated (and g; strictly-quasi-concave) with more than one solution:

max z° s.t. r+1>0 1—2>0
z€R

The set of solutions is {—1,+1}.

18.2 The Case of Equality Constraints: Lagrange Theorem.

Consider the C' functions
f: X —R, frxzw f(x),

m

g: X —-R™ gz g(@) = (g5 (),
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[3%2]

with m < n. Consider also the following “’maximization problem:

(P) maxyex f(z) s.t. g(x)=0 (18.24)

L:XXR" >R, L:(z,\)— f(z)+ Mg (z)

is called Lagrange function associated with problem (15.45).
We recall below the statement of Theorem 687.

Theorem 769 (Necessary Conditions)
Assume that rank [Dg (z*)] = m.
Under the above condition, we have that
x* is a local maximum for (P)
=
there exists \* € R™, such that
{ Df(z*)+X'Dg(z*)=0 (18.25)

g(z*)=0

Remark 770 The full rank condition in the above Theorem cannot be dispensed. The following example
shows a case in which x* is a solution to maximization problem (18.24), Dg (z*) does not have full rank and
there exists no \* satisfying Condition 18.25. Consider

max(; ,)er2 & 8.t 22 —y=0
22 +y=0

The constraint set is {(0,0)} and therefore the solution is just (z*,y*) = (0,0). The Jacobian matrix of

the constraint function is
32 -1 10 -1
322 1 A |
[(z*,y*)

(0,0) = Df (z",y") + (A1, A2) Dg (27, y") =

= (1,0) + (A1, A2) { 8 ;1 } = (1, =1+ X2),

which does have full rank.

from which it follows that there exists no A* solving the above system.

Theorem 771 (Sufficient Conditions)
Assume that
1. f is pseudo-concave,
2. forj=1,...,m, g; is quasi concave.
Under the above conditions, we have what follows.
[there exist (z*,\") € X x R™ such that

3.\ >0,

4. Df(z*)+ X" Dg (z*) =0, and
5 () =0)

=

z* solves (P).

Proof.
Suppose otherwise, i.e., there exists Z € X such that

forj=1,..,m, g;j(@) =g;(@)=0 (1), and

f@)>f(z")  (2).
Quasi-concavity of g; and (1) imply that
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Dy’ (z*)(z—2") 20 (3).
Pseudo concavity of f and (2) imply that

Df(z")(z—2z")>0 (4).
But then

0 Assug;bti(m [Df (iL'*) 1+ A\Dyg ({E*)] (f— {E*) =Df (x*) (fv\ - SL'*) + X Dg (SL'*

a contradiction.
]

18.3 The Case of Both Equality and Inequality Constraints.

Consider
the open and convex set X C R"™ and the differentiable functions f: X = R, g: X - R™, h: X — R.
Consider the problem

maxgecx f () s.t.

S
~
v
o

(18.26)
Observe that
h(z)=0<
o fork=1,..,1, F(x)=0e
& for k=1,..,1, h¥ (z):=h¥(z) > 0and A" () :== —h* (z) > 0.

Defined k! (z) := (h*! (m))izl and h?(z) := (W2 (z ))k | » broblem 18.26 with associated multipliers
can be rewritten as

maxgex f (2) s.t. gy > 0 A
hl(z) > 0 e (18.27)
h2(@) = 0 py

The Lagrangian function of the above problem is

L5\ iy, 19) = () + AT g (@) + (g — )" () =

l
+Z)\jgj +Z h(z),

k=1

and the Kuhn-Tucker Conditions are:

Df (¢) + A" Dg («) + (t; — )" Dh () =
) >0, \; >0, \jg; (z ) 0, forj=1,..,m, (18.28)

g5 ( 0,
0, ( ;LQ) .—,uz(), for k=1,...,L

h"“()

Theorem 772 Assume that f,g and h are C? functions and that
: Dg*(z*) | _ .
either rank { Dh(z*) | = m* +1,
or forj=1,...,m, —g; is pseudoconcave, and Vk, hy and —h;, are pseudoconcave
Under the above conditions,
if o* solves 18.26, then 3 (x*, \*, u*) € X xR™ xR! which satisfies the associated Kuhn- Tucker conditions.
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Proof. The above conditions are called “Weak reverse convex constraint qualification” (Mangasarian
(1969)) or “Reverse constraint qualification” (Bazaraa and Shetty (1976)). The needed result is presented
and proved in

Mangasarian?,- see 4, page 172 and Theorem 6, page 173, and Bazaraa and Shetty (1976) - see 7 page
148, and theorems 6.2.3, page 148 and Theorem 6.2.4, page 150.

See also El-Hodiri (1991), Theorem 1, page 48 and Simon (1985), Theorem 4.4. (iii), page 104. m

]

Remark 773 For other conditions, see Theorem 5.8, page 124, in Jahn (1996).

Theorem 774 Assume that
f is pseudo-concave, and
forj=1,...,m, g; is quasi-concave, and for k =1,...,1, h* is quasi-concave and —h* is quasi-concave.
Under the above conditions,
if (x*, A\, p*) € X x R™ x R! satisfies the Kuhn-Tucker conditions associated with 18.26, then x* solves
18.26.

Proof.
This follows from Theorems proved in the case of inequality constraints.
]
Similarly, to what we have done in previous sections, we can summarize what said above as follows.
Call (M3) the problem
(z)

maxcx f () s.t. 0

g >
Mo = o (18.29)
and define
My = argmax (Ms)
Sy :={z € X : IX € R™ such that (z,A) is a solution to Kuhn-Tucker system (18.28)}
1. Assume that one of the following conditions hold:
Dg* (z*) | _ .
(a) rank { Dh (z*) } =m* +lor
(b) for j=1,...,m, g; is linear, and h(z) is affine.
Then
My C S
2. Assume that both the following conditions hold:
(a) f is pseudo-concave, and
(b) for j = 1,..,m, g; is quasi-concave, and for k = 1,...,1, h* is quasi-concave and —h* is
quasi-concave.
Then

My D 55

18.4 Main Steps to Solve a (Nice) Maximization Problem
We have studied the problem
maxzex f (2) s.t. gz) > 0 (M)

which we call a maximization problem in the “canonical form”, i.e., a maximization problem with con-
straints in the form of “>", and we have defined

M := arg max (M)

2What Mangasarian calls a linear function is what we call an affine function.
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C={zeX:g(z)>0}

S :={z € X :3X € R™ such that (z,\) satisfies Kuhn-Tucker Conditions (18.3)}

Recall that X is an open, convex subset of R”, f: X - R, Vj € {1,...,m}, g; : X — Rand g := (gj);":1 :
X — R™,
In many cases, we have to study the following problem

mwaxf () st g(z) >0, (M)

in which the set X is not specified.

We list the main steps to try to solve (M’).

1. Canonical form.

Write the problem in the (in fact, our definition of) canonical form. Sometimes the problem contains a
parameter 7 € II an open subset of R¥. Then we should write: for given 7 € II

Igg%}){(f (z,7)  s.t. g (z,m) > 0.
2. The set X and the functions f and g.
a. Define the functions f, g naturally arising from the problem with domain equal to their definition set,
where the definition set of a function ¢ is the largest set D, which can be the domain of that function.
b. Determine X. A possible choice for X is the intersection of the “definition set” of each function, , i.e.,

X=D;ND, N..ND,,

c. Check if X is open and convex.

d. To apply the analysis described in the previous sections, show, if possible, that f and g are of class
C? or at least C'.

3. Existence.

Try to apply the Extreme Value Theorem. If f is at least C'!, then f is continuous and therefore we have
to check if the constraint set C' is non-empty and compact. Recall that a set S in R" is compact if and only
if S is R™closed and R™ bounded.

Boundedness has to be shown “brute force”, i.e., using the specific form of the maximization problem.

If X =R", then

C={zeX:g(x)>0}

is R™ closed, because of the following well-known argument: C' = ﬂjzlgj_l ([0, +00)) ; since g; is C? (or at
least C') and therefore continuous, and [0, +00) closed, gj_1 ([0, 400)) is closed in X = R™; then C is closed
because intersection of closed sets.
A problem may arise if X is an open proper subset of R™. In that case the above argument shows that
C is a X closed set and therefore it is not necessarily R™ closed. A possible way out is the following one.
Consider the set _
C:={zeR":g(x) >0}

which is R™ closed - see argument above. Then, we are left with showing that
c=C

If C is compact, C is compact as well.?

4. Number of solutions.

See subsection 18.1.1. In fact, summarizing what said there, we know that the solution to (M), if any, is
unique if

1. f is strictly-quasi-concave, and for j € {1,...,m}, g; is quasi-concave; or

2. for j € {1,...,m}, g; is strictly-quasi-concave and

either a. f is quasi-concave and locally non-satiated,

or b. f is affine and non-costant,

3See Example below for an application of the above presented strategy.
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or c. f is quasi-concave and strictly monotone,

or d. f is quasi-concave and Vz € X, Df (z) >> 0,

or e. f is quasi-concave and Vo € X, Df (z) << 0.

5. Necessity of K-T conditions.

Check if the conditions which insure that M C S hold, i.e.,

either a. for j = 1,...,m, g; is pseudo-concave and there exists 7% € X such that g (z71) > 0,

or b. rank Dg* (*) = #J*.

If those conditions holds, each property we show it holds for elements of .S does hold a fortiori for elements
of M.

6. Sufficiency of K-T conditions.

Check if the conditions which insure that M O S hold, i.e., that

f is pseudo-concave and for j = 1,...,m, g; is quasi-concave.

If those conditions holds, each property we show it does mot hold for elements of S does not hold a
fortiori for elements of M.

7. K-T conditions.

Write the Lagrangian function and then the Kuhn-Tucker conditions.

8. Solve the K-T conditions.

Try to solve the system of Kuhn-Tucker conditions in the unknown variables (z, A). To do that;

either, analyze all cases,

or, try to get a “good conjecture” and check if the conjecture is correct.

Example 775 Discuss the problem

max(y, 4, 5 10g (14 1) + 3 log (1 + z2) s.t. T > 0
To Z 0
rT1t+re < w
with w > 0.
1. Canonical form.
For given w € Ry,
Max(y, ;) 3108 (1 + 1) + 3 log (1 + z2) s.t. x7 > 0
) > 0 (18.30)
w—x1—T2 > 0

2. The set X and the functions f and g.
a.

I (71,+oo)2 — R, (z1,22) — %log(l +x1)+ %log(l + x9)
§1 ZRQHR (LU17£L'2)'—>£L'1

§QZR2—>R (ZL'17.’L‘2)'—>.’L'2

g3 :R2 =R (21, 22) = w — 1 — T

X = (-1,40)*

and therefore f and g are just f and g restricted to X.
c. X is open and conver because Cartesian product of open intervals which are open, convex sets.
d. Let’s try to compute the Hessian matrices of f, g1, 92,93. Gradients are

Df(z1,22), = (m,m)
Dgy (z1,22) = (1,0)
Dgs (z1,72) = (0,1)
D§3 (.%‘1,.132) = (—1, —1)
Hessian matrices are )
D2f (mth)’ _ [ 2(16+1)2 - 01 1
3(x2+1)?
D2§1 (.1‘1,332) = 0
D2§2 ($1,$2) = 0
D?gs (z1,22) = 0
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In fact, g1, 92, g3 are affine functions. In conclusion, f and g1, g2, g3 are C2. In fact, g1 and go are linear
and gs s affine.
3. Existence.
C is clearly bounded: Yz € C,
(070) S (x17x2) S (w,w)

In fact, the first two constraint simply say that (x1,22) > (0,0). Moreover, from the third constraint x; <

w — xo < w, simply because xo > 0; similar argument can be used to show that o < w.
To show closedness, use the strategy proposed above.

C:={zeR":g(z) >0}

1s obuviously closed. Since C C Ri, because of the first two constraints, CCX:= (—1,—i—c>o)2 and
therefore C = CNX =C is closed.

We can then conclude that C' is compact and therefore arg max (18.30) # &.

4. Number of solutions.

From the analysis of the Hessian and using Theorem 753, parts 1 ad 2, we have that f is strictly concave:

1
——5 <0
1
— 5z 0 1 1
det | otDT - S 5 >0
3(z2+1)2 2 (.’L’] + 1) 3 ($2 + 1)

Moreover g1, g2, g3 are affine and therefore concave. From Proposition 766, part 1, the solution is unique.

5. Necessity of K-T conditions.

Since each g; is affine and therefore pseudo-concave, we are left with showing that there exists 1 € X
such that g (x*+) >> 0. Just take (z+,231) =2 (1,1):

SESEIS

Therefore

6. Sufficiency of K-T conditions.
f s strictly concave and therefore pseudo-concave, and each g; is linear and therefore quasi-concave.
Therefore
MDS

7. K-T conditions.
1 1
L (21,22, A1, Ay pp;w) = 3 log (14 21) + glog (14 x2) + A1x1 + Aowa + p(w — T — T3)

@ +A—p

Smrn T TH =
min {z1, A1 }
min {.TQ,)\Q}

min {w — x1 — xa, pu}

I
coco oo

8. Solve the K-T conditions.
Conjecture: ©1 > 0 and therefore \y = 0; xo > 0 and therefore Ao = 0; w —x1 —x9 = 0. The Kuhn-Tucker
system becomes:

1
200D —H 0
3(x2+1) K = 0
w— X1 — T2 = 0
H > 0

1‘1>0,1‘2>0
A= 0,M =0
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Then,
1
PICIESD) H
1 _
3241 = K
wW— T1 — To = 0
I > 0
1> 0,20 >0
A1=0,2=0
1
T = 3. -
X9 = %—
1 1 _
w-(g-1)-(&-1) =0
I > 0
x> 0,29 >0
A =0,2=0
— 1 1 _ 5 . _ _ 5 _ 1 _ 6(w+2) —
O—u}—(a—l)—(@—l)—w—@—kzandu—m>0. Thenxl—@—l—T—l—
3wJ%675 — 3w5+1 and 332:%—1: 6(?’);2) 1= 2w4:5475 — 2w571'
Summarizing
T = 37“057+1>0
i) = 72w571>0
_ 5
" = oy >0
A1=0,2=0

Observe that while x1 > 0 for any value of w, xo > 0iff w > % Therefore, for w € (07 %} , the above one
is not a solution, and we have to come up with another conjecture;

x1 = w and therefore Ay = 0; x93 =0 and Ay > 0; w—2x1 —x2 = 0 and p > 0. The Kuhn-Tucker conditions
become

@ —H 0
3 + )\2 —n = 0
A1 = 0
X9 =0
A2 > 0
I = w
p > 0
and
poo= >0
)\2 — 1 _ 1 _ 3-2w—-2 _ 1-2w
2(w+1) 3 6(w+1) 6(w+1)
Moo= 0
Ty = 0
A >0
ry = w

A2 = granty = 0 ff w= g,and X2 = g3y > 0 ifw e (0, 3)

Summarizing, the unique solution x* to the mazimization problem is
if we(0,3), then  a} =w, A1=0 and z3 =0, A5 >0
if w=3, then ] =w, A1=0 x5 =0, A5 =0

if we(3,+00), then aj=32H>0 X =0 and z5=221>0 A;=0

The graph of 7 as a function of w is presented below (please, complete the picture)
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x1 1T

0757

05T

0257

The graph below shows constraint sets for different “important” values of w and some significant level
curve of the objective function.

w e (0, %) :
0 4
1 05 0 05 1 15
x1
05T
-1
1.
w = 5"
X2\ 157
05
) 0
1 -05 0
05T
-1
w> 1.
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Y

1

05T

-057

1

Observe that in the example, we get that if X5 = 0, the associated constraint x5 > 0 is not significant.
See Subsection 18.6.2, for a discussion of that statement.

Of course, several problems may arise in applying the above procedure. Below, we describe some com-
monly encountered problems and some possible (partial) solutions.

18.4.1 Some problems and some solutions
1. The set X.

X is not open.
Rewrite the problem in terms of an open set X’ and some added constraints. A standard example is the
following one.

maxzepr f(2) st g(z) >0
which can be rewritten as

maxzern f (x) st. g(x)>0
x>0

2. Existence.

a. The constraint set is not compact. Consider again the problem.

maxzepn f(x) st g(z)>0. (P)

If the constraint set is not compact, it is sometimes possible to find another maximization problem such
that

i. its constraint set is compact and nonempty, and

ii. whose solution set is contained in the solution set of the problem we are analyzing.

A way to try to achieve both i. and ii. above is to “restrict the constraint set (to make it compact)
without eliminating the solution of the original problem”. Sometimes, a problem with the above properties
is the following one.

(z)
(z) = f (%)

maxzex f () s.t. 0 (P1)

Vv IV
o

)
f
where Z is an element of X such that g (z) > 0.

Define
M := argmax (P) M" := argmax (P1)

and V and V! the constraint sets of Problems (P) and (P1), respectively. Observe that
vicv (18.31)

If V! is compact, then M! # @ and the only thing left to show is that M*' C M, which is always insured
as proved below.
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Proposition 776 1. MY C M and 2. M C M.

Proof. 1.
If M! = @, we are done. Suppose that M' # &, and that the conclusion of the Proposition is false, i.e.,

there exists ' € M?! such that

x*

a. 2t € M, and b. ' ¢ M, or
a. Vo € X such that g (z) >0 and f (z) > f (%), we have f (z') > f (2);
and
b. either i. 2! ¢ V,
or ii. 3z € X such that
g(@) >0 (18.32)

and
F@ > f () (18.33)
Let’s show that i. and ii. cannot hold.
i
It cannot hold simply because V! C V, from 18.31.
ii.
Since z! € V1,

f(z') > f@) (18.34)
From (18.33) and (18.34), it follows that

f@) > f(2) (18.35)
But (18.32), (18.35) and (18.33) contradict the definition of z!, i.e., a. above.

2.

If M = @, then we are done. Suppose now that M # & and take * € M. We want to show that a.
€ V! and b. for any z € V1, we have f (z*) > f ().

a. Since * € M C V, if our claim is false, then we have z € V \ V! ie., f(2*) < f(Z), with T € V,

contradicting the fact that =* € M.

x*

b.

b. If z € V!, then € V - simply because V! C V. Therefore f(x*) > f (z) by the assumption that
eM. m

Existence without the Extreme Value Theorem If you are not able to show existence, but
i. sufficient conditions to apply Kuhn-Tucker conditions hold, and

ii. you are able to find a solution to the Kuhn-Tucker conditions,

then a solution exists.

18.5 The Implicit Function Theorem and Comparative Statics

Analysis

The Implicit Function Theorem can be used to study how solutions (x € X C R™) to maximizations
problems and, if needed, associated Lagrange or Kuhn-Tucker multipliers (A € R™) change when parameters
(r € TI C R¥) change. That analysis can be done if the solutions to the maximization problem (and the
multipliers) are solution to a system of equation of the form

Fy (z,m)=0
with (# choice variables) = (# dimension of the codomain of F}), or
F2 (57 71') =0

where £ := (z,\), and (# choice variables and multipliers) = (# dimension of the codomain of F),
To apply the Implicit Function Theorem, it must be the case that the following conditions do hold.

1. (# choice variables z) = (# dimension of the codomain of F}), or

(# choice variables and multipliers) = (# dimension of the codomain of F5).
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2. F; has to be at least C'.That condition is insured if the above systems are obtained from maximization
problems characterized by functions f, g which are at least C?: usually the above systems contain some
form of first order conditions, which are written using first derivatives of f and g.

3. Fy(z*,m9) =0 or Fy (", m) = 0. The existence of a solution to the system is usually the result of the
strategy to describe how to solve a maximization form - see above Section 18.4.

4. det [D, Fy (z*,m0)] # 0 or det [DeF5 (§%,m0)]
directly on the problem.

nxn

(ntm) x (n+m) # 0. That condition has to be verified

If the above conditions are verified, the Implicit Function Theorem allow to conclude what follows (in
reference to Fy).

There exist an open neighborhood N(£*) C X of £€*, an open neighborhood N(m) C II of 7y and a
unique C* function g : N(mg) CII C RP — N(¢*) € X C R" such that Vr € N (7o), F(g(n),m) =0 and

Dg(m) = - [DéF(W)\s:g(w)}_l' {DWF(@”)m:g(w)}

Therefore, using the above expression, we may be able to say if the increase in any value of any parameter
implies an increase in the value of any choice variable (or multiplier).

Three significant cases of application of the above procedure are presented below. We are going to
consider C? functions defined on open subsets of Euclidean spaces.

18.5.1 Maximization problem without constraint

Assume that the problem to study is

mas (. 7)

and that

1. f is concave;

2. There exists a solution x* to the above problem associated with .
Then, from Proposition 716, we know that x* is a solution to

Df (1’, 7T0) =0
Therefore, we can try to apply the Implicit Function Theorem to
F1 (33,71') = Df (IE,ﬂ'())

Example 777 Consider the maximization problem of a firm, described as follows. Let the following objects
be given.

Price p € Ryt of output; quantity x € R of output; index t € R of technological change; production
function f : R — R, x + f(x), such that f € C*>(R,R), f' > 0 and f” < 0; cost function c : R? —
R, (z,t) — c(x,t) such that c € C* (R2,R) , Dyc>0, Dype>0>0, Dic <O0.

Then, the maximization problem we want to analyze is

max m(x,t) = pf (x) —c(z,t).

We omit here the analysis of the existence problems. Observe that
D,m = pf/ ((L’) - D, ({E,t) )

Dyom =pf" () — Dyy (z,t) < 0.

Therefore, the objective function is strictly concave and solutions to the maximization problem are solution
to the equation
F(z;p,t) == pf' (z) — Dz (x,t) = 0.

To study the effect of a change int on the solution value of x, we can apply the Implicit Function Theorem
to the above equation, to get that
DtF (x;pa t) 7Dmt (xvt)

Dy (p,t) = *DwF(x;p,t) = 7pf” (z) — Dyy (z,8)
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Since pf” () — Dyo (x,t) < 0, then the sign of Dy (p,t) is equal to the sign of — Dy (x,t), where Dy (x,t)
is the derivative of the marginal cost with respect to t.

Another example of application of the strategy illustrated above is presented in Section 19.3.

18.5.2 Maximization problem with equality constraints

Consider a maximization problem

max,ex f(x,m) s.t. g(z,m) =0,

Assume that necessary and sufficient conditions to apply Lagrange Theorem hold and that there exists
a vector (z*,\™) which is a solution (not necessarily unique) associated with the parameter mg. Therefore,
we can try to apply the Implicit Function Theorem to

Df (z*,m) + A" Dg (z*, o) >
Fy (& m) = N 18.36
2 (&) (g(i,ﬂo)- ( )
18.5.3 Maximization problem with Inequality Constraints
Consider the following maximization problems with inequality constraints. For given 7 € II,
maxzex f(x,m) st g(z,m)>0 (18.37)

Moreover, assume that the set of solutions of that problem is nonempty and characterized by the set of
solutions of the associated Kuhn-Tucker system, i.e., using the notation of Subsection 18.1,

M=S+0.

We have seen that we can write Kuhn-Tucker conditions in one of the two following ways, beside some other
ones,

ff(meADg(:c,w) = 0 E1§
> 0 2

g (z,m) > 0 (3) (18.38)
Ag (z,m) =0 (4)

{miﬂ{%gj(wm)} = 0 forje{l,..m} (2 (18.39)

The Implicit Function Theorem cannot be applied to either system (18.38) or system (18.39): system
(18.38) contains inequalities; system (18.39) involves functions which are not differentiable. We present below
conditions under which the Implicit Function Theorem can be anyway applied to allow to make comparative
statics analysis. Take a solution (z*, A", 7¢) to the above system(s). Assume that

for each j, either A} > 0 or g; (z*, 7o) > 0.

In other words, there is no j such that \; = g, (z*,m) = 0. Consider a partition J*, J of {1,..,m}, and
the resulting Kuhn-Tucker conditions.

Df (z*,7m0) + A*Dg (z*,m9) = 0

A;>0 for j € J*

gj (z%,m) =0 for j € J* (18.40)
Ar=0 forjeJ

g; (z*,m9) >0 forjeJ

Define
g* (1‘*77(0) = (gj (.’B*, ’/TO))jGJ*
g(ZC*,Wo) = (gj ($*7W0))je:f

i:* = (A;)jej*
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Write the system of equations obtained from system (18.40) eliminating strict inequality constraints and
substituting in the zero variables:

Df (z*,m0) + A" Dg* (2", m0) = 0 (18.41)
g* (I*, 7T0) =0
Observe that the number of equations is equal to the number of “remaining” unknowns and they are
n+#J*

i.e., Condition 1 presented at the beginning of the present Section 18.5 is satisfied. Assume that the
needed rank condition does hold and we therefore can apply the Implicit Function Theorem to

Df (a*,m0) + A** Dg* (2", mo) )
F 9 = * * ’ ’ = 0
2(5 Tr) <g (33,71'0)
Then. we can conclude that there exists a unique C* function ¢ defined in an open neighborhood N; of 7

such that
Vr € Ny, @ (m) = (z" (7) , A" (7))

is a solution to system (18.41) at .
Therefore, by definition of ¢,

* *k T * * _
Df (z* (m),7m) + X" ()" Dg* (z* (w),n) = 0 (18.42)
9" (z* (m),m) = 0
Since ¢ is continuous and A** (7) > 0 and g (z* (o) , m9) > 0, there exist an open neighborhood Ny C N,
of g such that Vr € Ny
A () > 0
5@ S o 1843
Take also V7 € Ny
{ XN = 0 (18.44)

Then, systems (18.42), (18.43) and (18.44) say that V& € Ny, (x (), A" (), A (71')) satisfy Kuhn-Tucker

conditions for problem (18.37) and therefore, since C' = M, they are solutions to the maximization problem.
The above conclusion does not hold true if Kuhn-Tucker conditions are of the following form

Df(z,7)+ X' Dg(z,7) = 0

Aj=0, gj(z,m)=0 for j € J’

A >0, gj(z,m) =0 for j € J" (18.45)
Aj =0, gj(z,m) >0 for j € J

where J' # @, J” and Jis a partition of J.

In that case, applying the same procedure described above, i.e., eliminating strict inequality constraints
and substituting in the zero variables, leads to the following systems in the unknowns x € R™ and ()\j)j cgn €
R#/"

Df (m’ﬂ-)+()\j)jEJ”D(gj)jEJ” ($,7T) = 0
gj (z,m) =0 forjeJ
gj (z,m) =0 for j € J"

and therefore the number of equation is n + #J" + #J' > n + #J" simply because we are considering
the case J' # &. Therefore the crucial condition

(# choice variables and multipliers) = (# dimension of the codomain of F5)

is violated.
Even if the Implicit Function Theorem could be applied to the equations contained in (18.45), in an open
neighborhood of 7y we could have

Aj () <0and/or g;(z(m),n) <0 forjeJ

Then ¢ (7) would be solutions to a set of equations and inequalities which are not Kuhn-Tucker condi-
tions of the maximization problem under analysis, and therefore x () would not be a solution to the that
maximization problem.

An example of application of the strategy illustrated above is presented in Section 19.1.
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18.6 The Envelope Theorem and the meaning of multipliers

18.6.1 The Envelope Theorem

Consider the problem (M) : for given 7 € I,
maxgex f(z,7) st gx,m)=0

Assume that for every 7, the above problem admits a unique solution characterized by Lagrange conditions
and that the Implicit function theorem can be applied. Then, there exists an open set O C II such that

x:0— X, z:7m— argmax (P) ,
v:0—R, v:7— max(P) and

A: O — R™ 7+ unique Lagrange multiplier vector

are differentiable functions.
Theorem 778 For any 7* € O and for any pair of associated (x*,\*) := (z (7*), A (7*)), we have
Dyv(n*) = DL (x5, X\, 1)

i.e.,
Dyv(r*) = Daf (z*,7") + N*Drg (z*,7")

Remark 779 Observe that the above analysis applies also to the case of inequality constraints, as long as
the set of binding constraints does not change.

Proof. of Theorem 778 By definition of v (.) and = (.), we have that
Vre O, v(rm)=f(z(n),n). (1)

Consider an arbitrary value 7* and the unique associate solution z* = z (7*) of problem (P) . Differentiating
both sides of (1) with respect to m and computing at 7, we get

Da (TN, = |Dof @) gy | - [Drw ()] 4 [Daf @) ] (@)
From Lagrange conditions
Do f (2,7) g ey = A Dag (2,70) (e ey (3)
where \* is the unique value of the Lagrange multiplier. Moreover
Vre O, gxz(n),m)=0. (4)
Differentiating both sides of (4) with respect to = and computing at 7*, we get
D.g (m’ﬂh(x*’”*)}an : [[Dﬂx (ﬂ)]lw:w*hxk + [Dwg (@, 7)) (v ) T 0 (5).

Finally,

. 2),(3 . 5
[Drv (7)) 1 2)3) _ D.,g (x,w)l(w*’w*) D,z (W)Iﬂ:ﬂ* +D,f (%,W)‘(a;*)ﬂ*) ®

=D,f (z,w)l(x*m*) + /\*Dﬂ'g (xaﬂ)\(:c*,ﬂ*)
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18.6.2 On the meaning of the multipliers
The main goal of this subsection is to try to formalize the following statements.

1. The fact that A\; = 0 indicates that the associated constraint g; (x) > 0 is not significant - see Propo-
sition 780 below.

2. The fact that A; > 0 indicates that a way to increase the value of the objective function is to violate
the associated constraint g; () > 0 - see Proposition 781 below.

For simplicity, consider the case m = 1. Let (C'P) be the problem

max f(z) st g(z) 20

and (UP) the problem

max f (z)

with f strictly quasi-concave, g is quasi-concave and solutions to both problem exist . Define z* :=
arg max (C'P) with associated multiplier A*, and z** := arg max (U P).

Proposition 780 If \* =0, then z* = argmax (UP) < x* = argmax (CP).

Proof. By the assumptions of this section, the solution to (CP) exists, is unique, it is equal to z* and

there exists A\* such that
Df (%) + \"Dyg (%) =0

min {g (z*) ,\*} =0.
Moreover, the solution to (U P) exists, is unique and it is the solution to
Df(x) =0.

Since A* = 0, the desired result follows. m
Take ¢ > 0 and k € (—¢&, +00). Let (CPk) be the problem

max f(z) st g(w) >k
Let
T:(—e,+00) = X, ki argmax(CPk)
¥: (=g, +00) = R, k> max (CPk) := f (@ (k)

Let A (k) be such that (ﬁ (k) A (k)) is the solution to the associated Kuhn-Tucker conditions.

Observe that R
¥ =z(0), A" =X(0) (18.46)

Proposition 781 If \* > 0, then v’ (0) < 0.

Proof. From the envelope theorem,

Vk € (—e,+00),0 (k) = ==X (k)

and from (18.46)

|
Remark 782 Consider the following problem. For given a € R,
maxgex f(z) st g(x)—a>0 (18.47)

Assume that the above problem is “well-behaved” and that x (a) = argmax (18.47), v(a) = f (x (a)) and
(z (a), X (a)) is the solution of the associated Kuhn-Tucker conditions. Then, applying the Envelope Theorem
we have
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Chapter 19

Applications to Economics

19.1 A Walrasian Consumer Problems

In this section, we present two versions of the Walrasian consumer’s problem.

19.1.1 Zero consumption is allowed.

We consider again the problem presented in Section 10.3, whose basic characteristics we repeat below. Let the
following objects be given: price vector p € R’} ,, consumption vector x € R", consumer’s wealth w € R,
continuous utility function v : R — R, z + wu (). The consumer solves the following problem. For given,
peRY, ,weR,, solve

(PO) maxgeRrn u(x) s.t. w—pr >0 1
T >0 A
Ty > 0. An

where we wrote multipliers next to each constraint. To be able to easily apply Kuhn-Tucker theorems,
we also assume that

1. wis C?%

2. for any € R™, Du (z) >> 0, (and therefore u is strictly increasing), and

3. or any z € R", D?u () is negative definite, (and therefore u is strictly concave).

It is not difficult to show that all the steps in the “Recipe to solve a nice maximization problem” (see
Section 18.4) do go through. Let’s write and discuss the system of Kuhn-Tucker conditions, which is presented
below.

Dypu(z)—pp'+X = 0
Dwu () —pp" +Ay = 0
min {p, w — px} =0 (19.1)
min {1, 21} =0
ﬁiin {An,2n} =0

Let (z*, u*, \*) denote the solution to the above system associated to a given (p,w).

Claim1. p* > 0 and therefore w — pz* = 0.

Proof of the Claim.

Assume otherwise; then, from system (19.1), we get D iu (x) + A\ = 0; but, Ay > 0 and, by assumption
Du (z) >> 0,

we also have D iu(x) + A; > 0, a contradiction.

Claim1. Assume n = 2. Then,

271
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<=, (19.2)

then z3 > 0 and A5 = 0;
(b) if

then z7 > 0 and A} = 0.

Proof of the Claim.

(a)

Assume otherwise, i.e., z3 = 0 and therefore A; > 0. From Claim 1, we have that z7 = pﬂl and therefore
A] = 0. Then, Kuhn-Tucker system becomes, omitting stars,

Drlu(;&l,o) — = 0
D,2u (;"—1,0) —up®+X = 0
A2 > 0
Then,
Dy (ﬂ,o)
0=D,eu <w,0) —up? 4 do = Dyou <w,0) - T,
b1 b1 p
and multiplying both sides by m, we get
Dxlu (H,O) 1
0— D1 P1 W p
P2 D (pﬂo) p?-Dou (ﬁ,o)
and therefore
oy Do (pﬂl,o !

contradicting assumption (19.2).

(b))

The proof is similar to the above one.

19.1.2 Zero consumption is not allowed.

In this case, we assume the domain of the utility function is R’ ,. We also make the following assumptions:

1. w is a C? function;

2. u is differentiably strictly increasing, i.e., Vo € R’ |, Du(x) > 0;

3. wis differentiably strictly quasi-concave, i.e., Vo € R, Az # 0and Du (z) Az = 0 = Az" D?u(z) Az <
0; (this assumption is more general of the corresponding assumption used in the previous section);

4. for any u € R, {x eR}, tu(r) > g} is closed in R™.

Remark 783 Assumption 4 means that “indifference curves do not touch the axes”.

The maximization problem for household A is

(P1) maxger , u(x) s.t. pr —w < 0.
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The budget set of the above problem is clearly not compact. But below, we show that the solution set to
(P1) is the same as the solution set to (P2) and (P3) below: indeed, the constraint set of (P3) is compact.

(P2) maXgzeRry | U (LU) s.t. pr —w = 0;
(P3) maXgzeRr?y u () s.t. pr—w < 0;
u(z) = u(e),

where e* € {x eRY, :pxr < w}.
Denote by Cy,Cy and Cj5 the constraint sets of Problem (P1),(P2) and (P3), respectively. Define
M; = argmax (P3) for i € {1,2,3}.

Proposition 784 1. M3 # @;
2. My = My = M3.

Proof. 1.
From the Extreme Value Theorem, it suffices to show that C3 is compact. Indeed,

C31 = {x€R¢+ :p:z:fng}
is closed in R"™, because affine functions on R™ are continuous. Moreover,
Capi={z eRY, 1u(z) >u(e)}

is closed in R™, by assumption. Then C' is closed in R™ because intersection of two closed sets in R™.
n

Cj3 is bounded below by 0 € R™ and above by (pﬂ) - c R™.

2. "

a. M1 = Mg.

It follows directly from the analysis presented in Subsection 2 in Section 18.4.1.
b. My = M.

We want to show that
def.
x* e M b2 G € (4 and for any = € Cq, we have u (z*) > u (x)

=

x* € My W 4 e 02 and for any x € Co, we have u (x*) > u ()

=]

If 2* € My, then z* € Cy: suppose not; then * € C; \ Co, i.e., px* < w. But then, by strict monotonicity
of u, * ¢ M.

Moreover, since Cy C Cy, then u (z*) > u (x) for any € Cy, as desired.

[<]

If 2* € My, then x* € Cy C C;. Now, suppose that there exists z € C; \ Cy such that

w(z) >u(z"). (19.3)
Since pxr < w, then p (az + (w — px) - e,ll) = w, where el = (1,0, ...,0) is the first element in the canonical
basis of R”. Therefore, Z := = + (w — pz) - el € Cy and, from strict monotonicity of u and from (19.3), we
have
w (@) > (z) > u(z"),

contradicting the fact that z* € My. m
Theorem 785 Under the above Assumptions,
& B, x Ryy —— RY,, (p,w) e argmax (P)

is indeed a C' function.
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Proof.
Observe that, from it can be easily shown that, £ is a function.
We want to show that (P2) satisfies necessary and sufficient conditions to Lagrange Theorem, and then
apply the Implicit Function Theorem to the First Order Conditions of that problem.
The necessary condition is satisfied because D, [px — w] = p # 0;
Define also
piRE, X RIS RY,
& (p, w)— Lagrange multiplier for (P2).
The sufficient conditions are satisfied because: from Assumptions (smooth 4), u is differentiably strictly
quasi-concave; the constraint is linear; the Lagrange multiplier y is strictly positive -see below.
The Lagrangian function for problem (P2) and the associated First Order Conditions are described below.
L (z,p,p,w) =u(x)+p- (—pr+w)

(FOC) (1) Du(z)—pp = 0
(2) —pr+w =0

Define
F:R1+XR++XR1+XR++—>RHXR7

. Du(z) — pp
B (@, p,pyw) ( pr 4w )
As an application of the Implicit Function Theorem, it is enough to show that D, . F (x,p, p,w) has
full row rank (n + 1).
Suppose D, ) F' does not have full rank; then there would exist
Az € R" and Ap € R such that A := (Az, Ap) # 0 and D, ) F - (Az, Ap) = 0, or
[ D?u(z) —pT } [ Az } .
—p 0 Ap |7
or
(a) D*u(x)Az —pTAp =0
(b) —pAzx =0

The idea of the proof is to contradict Assumption u3.

Claim 1. Az # 0.
By assumption it must be A # 0 and therefore, if Az =0, Au # 0. Since p € R, pT Ap # 0. Moreover, if
Az =0, from (a), we would have p” Ay = 0, a contradiction. .

Claim 2. Du - Az = 0.
From (FOC1), we have Du - Ax — u,p - Az = 0; using (b) the desired result follows .

Claim 3. Az"D?u - Az = 0.
Premultiplying (a) by AzT, we get AxT D?u (x) Az — AxTpT Ay = 0. Using (b) , the result follows.

Claims 1, 2 and 3 contradict Assumption u3.

]

The above result gives also a way of computing D, .,y (p,w) , as an application of the Implicit Function
Theorem .

Since

x I3 D w

Du(x) — pp D?u —pT —pl, 0
—pr +w -p 0 —T 1

Dyx Dwm}
Dy Dyp

s S I
-p 0 (nD)x(nt1) L % L s yx(mt)

To compute the inverse of the above matrix, we can use the following fact about the inverse of partitioned
matrix (see for example, Goldberger, (1963), page 26)

[D(p,w) (.’E, :u) (p7 ’U))] (n+1)x (n+1) = |:
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Let A be an n X n nonsingular matrix partitioned as
E F
= w]

where Ep xnys Fnyxngs Gnyxngs Hnyxn, and ny +na = n. Suppose that E and D := H — GE™'F are
non singular. Then

4 _ [ ETN(I+FDT'GETY) —ET'FD
- ~D'GE! D! '

If we assume that D?u is negative definite and therefore invertible, we have
[ D2 —pT }1 - (Dz)—l (I+5—1pr (DQ)—l) 5! (Dz)—lpT
—p 0 6_1p (DZ)_l 6—1

where § = —p (DQ)_lpT ER, ;.
And

|
|
=
—~
S
[ V)
S~—
L
N
~
_|_
(o9
L
S
~
S
—~
S
[ V)
S—
L
N—
I
1
—-
—
S
[ V)
S~—
L
i
!
8
|
|
(=%
L
—~
S
[ V)
|
—_

[Dwz (p,w)], 1 = — [ (D>~ (I+ 5 'pTp (D2)71> 571 (D) pT }
Pante == [ o T | =0 (07) 7 ).

[Dwﬂ(p:w)]1x1 = - [ 571]) (DQ)_l gt } |: (11 ] =51

As a simple application of the Envelope Theorem, we also have that, defined the indirect utility function
as

viRIE SR, v (pw) o uz (p,w)),

we have that

Dy (p,w) =A[ —a© 1].

19.2 Production

Definition 786 A production vector (or input-output or netput vector) is a vector y := (yC)CC:1 € RY which
describes the net outputs of C' commodities from a production process. Positive numbers denote outputs,
negative numbers denote inputs, zero numbers denote commodities neither used nor produced.

Observe that, given the above definition, py is the profit of the firm.

Definition 787 The set of all feasible production vectors is called the production set Y C RC. Ify € Y, then
y can be obtained as a result of the production process; if y ¢ Y,that is not the case.

Definition 788 The Profit Mazimization Problem (PMP) is

maxpy s.t. yeY.
Yy
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It is convenient to describe the production set Y using a function F : R® — R called the transformation
function. That is done as follows:
Y ={yeRC:F(y) >0}.
We list below a smooth version of the assumptions made on Y, using the transformation function.
Some assumption on F'(.).
(1) 3y € RY such that F (y) > 0.
2) Fis C2.
(No Free Lunch) If y > 0, then F (y) < 0.
(Possibility of Inaction) F' (0) = 0.
(F is differentiably strictly decreasing) Vy € R¢, DF (y) < 0
(Irreversibility) If y # 0 and F'(y) > 0, then F'(—y) < 0.
(F is differentiably strictly concave) VA € RY\ {0}, ATD?F (y) A < 0.

(2)
(3)
(4)
()
(6)
(7)

Definition 789 Consider a function F (.) salisfying the above properties and a strictly positive real number
N. The Smooth Profit Mazimization Problem (SPMP) is

maxpy s.t. F(y) >0 and |y <N. (19.4)
y

Remark 790 For any solution to the above problem it must be the case that F (y) = 0. Suppose there exists
a solution y' to (SPMP) such that F (y') > 0. Since F is continuous, in fact C?, there exists ¢ > 0 such that

z€ B(y,e) = F(z) > 0. Take 2/ = y' + <. Then, d(y',2') == (25:1 (%)2)% = (C (%)2)% - (%)% -

% < e. Therefore 2’ € B (y',¢) and

F()>0 (1).

But,
r_ / e-1 / 9
P =py + D=5 > Py (2).

(1) and (2) contradict the fact that y' solves (SPMP).

Proposition 791 If a solution with ||y|| < N to (SPMP) exists . Theny : RY, — R, p — argmax (19.4)
is a well defined C* function.

Proof.

Let’s first show that y (p) is single valued.

Suppose there exist y,4 € y(p) with y # 3. Consider y* := (1 — A)y + \y’. Since F (.) is strictly
concave, it follows that F (y*) > (1 — A) F (y) + AF (y') > 0, where the last inequality comes from the fact
that y,4 € y(p). But then F (y*) > 0. Then following the same argument as in Remark 790, there exists
e > 0 such that 2’ = y* + <& and F (2/) > 0. But pz’ > py* = (1 — X) py + Apy’ = py, contradicting the fact
that y € y (p) .

Let’s now show that y is C!

From Remark 790 and from the assumption that ||y|| < N, (SPMP) can be rewritten as max, py s.t. F' (y) =
0. We can then try to apply Lagrange Theorem.

Necessary conditions: DF (y) < 0;

sufficient conditions: py is linear and therefore pseudo-concave; F (.) is differentiably strictly concave and
therefore quasi-concave; the Lagrange multiplier \ is strictly positive -see below.

Therefore, the solutions to (SPM P) are characterized by the following First Order Conditions, i.e., the
derivative of the Lagrangian function with respect to y and A equated to zero:

y
L(y,p)=py+AF(y). p+ADF(y)=0 F(y)=0

Observe that A = —Dyf’i},(y) > 0.

As usual to show differentiability of the choice function we take derivatives of the First Order Conditions.

Y A
p+ADF(y)=0  D2F(y) [DF(y)"
F(y)=0 DF(y) 0



19.3. THE DEMAND FOR INSURANCE 277

We want to show that the above matrix has full rank. By contradiction, assume that there exists
A = (Ay,AN) € R x R, A # 0 such that

bl [ ]

ie.,

D*F (y)- Ay + [DF (y)]" -AX=0 (a),

DF (y)-Ay=0 (b).

Premultiplying (a) by AyT, we get AyT - D*F (y) - Ay + Ay - [DF (y)]T - AX = 0. From (b), it follows
that Ay” - D?F (y) - Ay = 0, contradicting the differentiably strict concavity of F (.).

3)

From the Envelope Theorem, we know that if (@, X) is the unique pair of solution-multiplier associated
with p, we have that ~

Dy ()i = Dp (0) 5.3 + ADpF (W) 5.7 -

Since Dy (py) 55 = ¥» DpF (y) = 0 and, by definition of g, ¥ = y (p), we get Dp7(p);; = y (D), as
desired.

(1)

From (3), we have that D,y (p) = D2m (p). Since 7 (.) is convex -see Proposition ?? (2)- the result
follows.

(5)

From Proposition ?? (4) and the fact that y (p) is single valued, we know that Vo € Ry 1, y (p) —y (ap) =
0. Taking derivatives with respect to a, we have D,y (p)‘(ap) -p=0. For a =1, the desired result follows.

[

19.3 The demand for insurance
Consider an individual whose wealth is

W —d with probability m, and
w with probability 1—m,

where W > 0 and d > 0.
Let the function
u:A—=R, u:c—u(c)

be the individual’s Bernoulli function.

Assumption 1. Ve € R, v/ (¢) > 0 and u” (¢) < 0.

Assumption 2. u is bounded above.

An insurance company offers a contract with following features: the potentially insured individual pays
a premium p in each state and receives d if the accident occurs. The (potentially insured) individual can
buy a quantity a € R of the contract. In the case, she pays a premium (a - p)in each state and receives a
reimbursement (a - d) if the accident occurs. Therefore, if the individual buys a quantity a of the contract,
she get a wealth described as follows

Wiy:=W —d—ap+ad with probability 7, and

Wy =W —ap with probability 1—m. (19.5)

Remark 792 It is reasonable to assume that p € (0,d).
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Define
U:R—>R, Uiar—nu(W—d—ap+ad)+ (1 —7m)u(W —ap).

Then the individual solves the following problem. For given, W € R, d € Ry ,p € (0,d), = € (0,1)

max,ecr U (a) (M) (19.6)
To show existence of a solution, we introduce the problem presented below. For given W € Ry ,d €
R++,p € (07d) , TE (071)
maxq,ecr U (a) s.t. Ua) >U(0) (M)
Defined A* := argmax (M) and A’ := argmax (M’), the existence of solution to (M), follows from the
Proposition below.

Proposition 793 1. A’ C A*. 2. A’ £ @.

Proof.

Exercise

]

To show that the solution is unique, observe that

U'(a)=7u' (W —d+a(d—p))(d—p)+ (1 —m)u (W —ap) (—p) (19.7)
and therefore

+) (-) N o) =) )
U"(a) = mu"(W—d+a(d—p)(d-p) +(1-mu" (W -ap)p® <0.

Summarizing, the unique solution of problem (M) is the unique solution of the equation:
U’ (a) =0.

Definition 794 o* : R, x (0,1) x (0,d) x Ry — R,
a* : (d,m,p, W) — arg max (M).
U*: 0 — R,
U0 mu(W—-d+a* 0)(d—p)+ (1 —m)u(W —a*(0)p)

Proposition 795 The signs of the derivatives of a* and U* with respect to 6 are presented in the following
table' :

d T P w
a* >0ifa*€0,1] | >0 =0 <0ifa*<1
U* <0ifa*€[0,1] | <0ifa*€[0,1] [ <0ifa*>0[ >0

Proof. Exercise. m

19.4 Exercises on part IV

See Tito Pietra’s file (available on line): Exercises 15.1 — 15.6.

! Conditions on a* () contained in the table can be expressed in terms of exogenous variables.
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Chapter 20

Exercises

20.1 Linear Algebra

1.
Show that the set of pair of real numbers is not a vector space with respect to the following operations:
(i). (a,b) + (¢,d) = (a+ ¢, b+ d) and k (a,b) = (ka,b);
(ii) (a,b) + (¢,d) = (a + ¢,b) and k (a,b) = (ka, kb) .

2.
Show that W is not a vector subspace of R? on R if
(i) W={(z,y,2) eER®: 2 >0} ;

(i) W={zeR?: |z| <1},

(iii) W = Q3.

3.
Let V be the vector space of all functions f : R — R. Show the W is a vector subspace of Vif

() W={feV:f{)=0};
() W={feV:f(1)=r2);.

4.

Show that
(i)
V= {(xl,xg,xg) ER? iz 4 a9+ a3 = 0}
is a vector subspace of R3;
(ii).
S = {(17 _170) ) (07 17 _1)}

is a basis for V.

5.
Show the following fact.
Proposition. Let a matrix A € M (n,n), with n € N be given. The set

Ca:={BeM(n,n): BA=AB}
is a vector subspace of M (n,n) (with respect to the field R).

6.
Let U and V be vector subspaces of a vector space W. Show that

U+V:i={weW:3ueU and v €V such that w = u + v}

281
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is a vector subspace of W.

7.
Show that the following set of vectors is linearly independent:

{(1,1,1,),(0,1,1),(0,0,1)}.

8. Using the definition, find the change-of-basis matrix from
S = {’U,l = (1,2), U = (3,5)}

to
E = {61 = (1,0), €y = (0, 1)}

and from F to S. Check the conclusion of Proposition 77, i.e., that one matrix is the inverse of the other
one.

9. Say if the determinant of the following matrix is different from zero.

6 2 1 0 5)
2 1 1 -2 1
c=11 1 2 -2 3
3 0 2 3 -1

10. Say for which values of k € R the following matrix has rank a. 4, b. 3:
E+1 1 —k 2

A= -k 1 2-k k
1 0 1 -1

11.
Show that
V = {(xlaanxl’)) S Rg X1 — T = 0}

is a vector subspace of R and find a basis for V.

12.
Given

LR > RY, I(zy,22,25,24) = (@1, @142, a1+22+x3, T1+a+azt+ag)

show it is linear, compute the associated matrix with respect to canonical bases, and compute ker/ and Iml.

13.
Complete the text below.
Proposition. Assume that [ € L (V,U) and ker! = {0}. Then,

Vu € Iml, there exists a unique v € V such that [ (v) = u.

Since ....ooovevvvevieeeennns , by definition, there exists v € V' such that
l(v) =u. (20.1)
Take v' € V such that [ (v') = u. We want to show that

........................ (20.2)
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Observe that

L@) = 1) 2 e (20.3)
where (a) follows from ........ccccoceeeninies
Moreover,

L@) = 1) Y o, : (20.4)
where (b) follows from .........c.ccceeines
Therefore,

l(v—2")=0,
and, by definition of kerl,
......................... (20.5)
SINCE, wevrrereeeiiaiiiiiieeen. , from (20.5), it follows that
v—1v' =0.

14.
Let the following sets be given:

V= {(:cl,:cz,xg,z4) eER* 121 —a0+ 23— a4 = 0}
and

W = {(z1,22,23,24) € RY: 2 + 20+ 23+ 74 = 0}
If possible, find a basis of VN W.
15.
Say if the following statement is true or false.

Let V and U be vector spaces on R, W a vector subspace of U and [ € £ (V,U). Then [~ (W) is a vector
subspace of V.

16.
Let the following full rank matrices

A:[au 012] B:{bll b12}

b21 b22

be given. Say for which values of k& € R, the following linear system has solutions.

1 ai1 ai2 O O O 21 k

2 a21 Qa22 0 0 0 1’2 1

3 5 6 by by 0 x?’ =12

4 7 8 by by 0 x“ 3

1 ayir a2 0 0 k 5 k
T

17.
Consider the following Proposition contained in Section 8.1 in the class Notes:
Proposition .Vv € V,

u
[y - [v]y = [L ()], (20.6)
Verify the above equality in the case in which
a.
) 2 1+ T2
'R = R%, (z1,22) — ( T — To )

b. the basis V of the domain of [ is

o) (1)1
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c. the basis U of the codomain of [ is

18.

Complete the following proof.

Proposition. Let

n,m € N such that m > n, and
a vector subspace L of R™ such that dimL =n
be given. Then, there exists I € £ (R™,R™) such that Im [ = L.
Proof. Let {v'}_ be a basis of L C R™. Take [ € £ (R",R™) such that

lo (efl)

where ¢, is the i—th element in the canonical basis in R™. Such function does exists and, in fact, it is
unique as a consequence of a Proposition in the Class Notes that we copy below:

Vie{l,..,n},

CHAPTER 20. EXERCISES

Then, from the Dimension theorem

Moreover,

Summarizing,

and therefore

Finally, from Proposition
dim Iml = n, we have that Im! = L, as desired.

Proposition ......cccccceeveeeiiiinnnnnn.

19.

dimIml = oo

LCIm !, dimL=nand dimIm! <n,

dim Im! = n.

in the class Notes since L C Im [ , dimL = n and

in the class Notes says what follows:

Say for which value of the parameter a € R the following system has one, infinite or no solutions

20.

axry
x

21131
3%1

+

+
+
+

T2
T2
T2
21‘2

1
a
3a
a

Say for which values of k,the system below admits one, none or infinite solutions.

where k£ € R, and

21.

A(k) -z =b(k)
1 0
1=k 2-k
= 1 k|
1 k—1

S = x|
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Let V = {vl,v2, ...,v"} be a set of vectors in R™ such that for any i,5 € {1,...,n},

0 if i#j
vt = (20.7)
1 if i=j.

Show that V is a basis of R".
22.
Given a vector space V on a field F, sets A, B C V and k € F, we define

A+ B:={veV: thereexist a € A and b € B such that v =a + b},

kA :={v eV : there exist a € A such that v = ka}.

Given a vector space V on a field F, a linear function T' € L(V, V) and W vector subspace of V, W is
said to be T-invariant if
TW)CW.

Let W be both S-invariant and T-invariant and let k € F. Show that

a. W is S + T-invariant;

b. W is S o T-invariant;

c. W is kT-invariant.

23.

Show that the set of all 2 x 2 symmetric real matrices is a vector subspace of M (2,2) and compute its
dimension.

24.

Let V be a vector space on a field F' and W a vector subspace of V. Show that

a. W+W =W, and

b. for any a € F' \ {0}, aW =W.

25.

Let P, (R) be the set polynomials of degree smaller or equal than n € Ny on the set of real numbers ,
ie.,

Pn (R) = {f : R — R such that Jag, aq, ..., a, € R such that for any t € R, f (¢) = Zaiti} )
i=0

Show that P, (R) is isomorphic to R**1.
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20.2 Some topology in metric spaces

20.2.1 Basic topology in metric spaces

1.
Do Exercise 341: Let d be a metric on a non-empty set X. Show that
d(z,y)
d: X xX—-Rd(z,y) = —F~—
(z,9) 1+d(z,y)

is a metric on X.

2.
Let X be the set of continuous real valued functions with domain [0,1] C R and

d(f,g>=/0 f (@) - g () dr,

where the integral is the Riemann Integral (that one you learned in Calculus 1). Show that (X, d) is not
a metric space.

3.

Do Exercise 358 for n =2: Vn € N,Vi € {1,...,n},Va;,b; € R with a; < b;,
xi—y (ai, b;)

is (R™, ds) open.

4.
Show the second equality in Remark 366:

s (-n) = 0

5.
Say if the following set is (R, d2) open or closed:

S::{xER:EnENsuChtha‘nx:(—l)n 1}
n

6.
Say if the following set is (R, d2) open or closed:

1 1
A=UrN (,10—).
n n

7.
Do Exercise 376: show that F (S) = F (S©).

8.
Do Exercise 377: show that F (S) is a closed set.

9.
Let the metric space (R,ds) be given. Find Int S,Cl (S),F (S),D(S),Is(S) and say if S is open or
closed for S =Q, S = (0,1) and S = {:c € R: dn € N, such that z = %}

10.
Show that the following statements are false:
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a. Cl (Int S) =5,

b. Int Cl1 (S) = S.

11.

Given S C R, say if the following statements are true or false.
a. S is an open bounded interval = S is an open set;

b. S is an open set = S is an open bounded interval;

c. € F(S)=ze€D(S);

d.zeD(S)=zeF(S) .

12.

Using the definition of convergent sequences, show that the following sequences do converge:
a. (xn)nEN S ROO SuCh that Vn c N7 Ty = 1’

b. (y),cy € R such that Vn € N, z, = L.

13.
Using Proposition 403, show that [0,1] is (R, dz2) closed.

14.
Show the following result: A subset of a discrete space, i.e., a metric space with the discrete metric, is
compact if and only if it is finite.

15.
Say if the following statement is true: An open set is not compact.

16.
Using the definition of compactness, show the following statement: Any open ball in (R2,d2) is not
compact.

17.
Show that f (AU B) = f(A)U f(B).

18.
Show that f (AN B) # f(A)N(B).

19.
Using the characterization of continuous functions in terms of open sets, show that for any metric space
(X, d) the constant function is continuous.

20.
a. Say if the following sets are (R™,ds) compact:
i

R7,
ii.

Vo € R" andVr € Ryy,, Cl B (z,r).
b. Say if the following set is (R, dz) compact:

1
{weR:ﬂnENsuchthatx:}.
n

21.
Given the continuous functions
g:R* - R™
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show that the following set is closed

{z € R": g(x) > 0}

22.
Assume that f: R™ — R"™ is continuous. Say if

X={zeR™: f(z)=0}
is (a) closed, (b) is compact.

23.
Using the characterization of continuous functions in terms of open sets, show that the following function
is not continuous
x if z#0

1 if =0

fR>R, f(x)=

24.
Using the Extreme Value Theorem, say if the following maximization problems have solutions (with || ||
being the Euclidean norm).

n
maXin st x| <1
veRT i

i S.t. 1
mHé%X;xz st el <
max » z; st |z||>1
zeER™ 4
i=1
25.
Let (E,|/||g), (F,||||z) be normed vector spaces. A function f: (E, ||||z), (F, ||||z) is bounded if

dM € Ry such that Ve € £ ||f (2)]|p < M.
Show that given a linear function [ : £ — F,
l is bounded < [ = 0.

26.
f:(X,d) — R is upper semicontinuous at zy € X if

Ve > 0,39 > 0 such that d(z — z¢) <0 = f(z) < f(x0) +¢.

f is upper semicontinuous if is upper semicontinuous at any xo € X.

Show that the following statements are equivalent:

a. f is upper semicontinuous;

b. for any o« € R, {z € X : f(z) < a} is (X, d) open;

c. foranya€R, {re X : f(z)>a}is (X,d) closed.

27.

Let A be a subset of (R™,d) where d is the Euclidean distance. Show that if A is (R™,d) open, then for
any x € X, {z} + A is (R",d) open.

Hint: use the fact that for any z,y € R", d (z,y) = || — y|| and therefore, for any a € R", d(a + z,a +y) =
la+z—a—yll=lz—yll=dy).

28.

Let (X, d) be a metric space. Show that if K7 and K, are compact subsets of X, then K + K> is compact.

29.
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Given two metric spaces (F,d1) and (F,ds), a function f : E — F is an isometry with respect to d; and
doy if Vri,20 € B,

da(f(z1), f(22)) = di (w1, 72).

Show that if f : E — F' is an isometry then
a.f is one-to-one;

b. f: E — f(E) is invertible;

c. f is continuous.

20.2.2 Correspondences

To solve the following exercises on correspondences, we need some preliminary definitions.

A set C C R™ is convex if Va1, 2 € C and YA € [0,1], (1 — X\) z1 + Az € C.
A set C C R™ is strictly convex if Vzq, 22 € C and VA € (0,1), (1 — Az + Az € Int C.
Consider an open and convex set X C R™ and a continuous function f : X — R, f is quasi-concave iff V
22" e X, Velo,1],
F((1= Na' + ") > min {f ('), £(=")}

f is strictly quasi-concave

Definition 796 iff V 2/, 2" € X, such that &’ # z”, andV X € (0,1), we have that

F((1= N’ +Aa") > min {f ('), f(2)}
We define the budget correspondence as

Definition 797
ﬁ:R$+ xRiy —— R B(p,w)= {mERE ipz <w}.

The Utility Maximization Problem (UM P) is

Definition 798
max,cge U (x) st. pr<w, orz € B (p,w)

€:RY, xRy »— RY, € (p,w) = argmax (UM P) is the demand correspondence.

The Profit Maximization Problem (PMP) is

maxpy s.t. yeY.
Y

Definition 799 The supply correspondence is
y:RY, —— R, y(p) = argmax(PMP).

We can now solve some exercises. (the numbering has to be changed)
1.
Show that £ is non-empty valued.
2.
Show that for every (p,w) € Rng xRy,

(a) if u is quasiconcave, £ is convex valued;

(b) if w is strictly quasiconcave, ¢ is single valued, i.e., it is a function.
3.
Show that 3 is closed.
4.
If a solution to (PMP) exists, show the following properties hold.

(a) Y is convex, y (.) is convex valued;

(b) If Y is strictly convex (i.e., VA € (0,1), y* := (1 = \)y' + Ny’ € Int Y), y(.) is single valued.
5

IThe definition of quasi-concavity and strict quasi-concavity will be studied in detail in Chapter .
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Consider ¢, ¢, : [0,2] >— R,

and

and

20.3 Differential Calculus in Euclidean Spaces

1.

CHAPTER 20. EXERCISES

[-140.25-2,02—1]  if z€[0,1)
¢y (x) = ¢ [-1,1] if z=1
[-14025-2,22—1]  if ze(1,2]
[-140.25- 2,22 — 1] if xel0,1)
@y (x) =< [-0.75,—-0.25] if z=1
[-140.25- 2,22 — 1] if xe(1,2]
Say if ¢; and ¢, are LHC, UHC, closed, convex valued, compact valued.
6.
Consider ¢ : Ry —— R,
_f {sinl} if x>0
‘b(x)_{ 1,1  if z=0"
Say if ¢ is LHC, UHC, closed.
7.
Consider ¢ : [0,1] —»— [-1,1]
(1] if zeQno,1]
o) = { 1,00 if z€[0,1\Q
Say if ¢ is LHC, UHC, closed.
8.
Consider ¢, ¢, : [0,3] =— R,
¢1 (1‘) = [xQ - 271'2] )
¢2 (.’L‘) = [$2 —3,.’1}2 - 1] ’

B3 () := (P1 N ) () := ¢y (z) N g ().

Say if ¢, ¢, and ¢5 are LHC, UHC, closed.

Using the definition, compute the partial derivative of the following function in an arbitrary point (zg, yo) :

f:R? SR,

x,y) = x - arctan ¥;

a. f(
b. f(z,y) =Y
c. f

3,
Given the function f:R? — R,

I (z,y)

.

Y
x2+y?

f(z,y) =227 —zy + o°.

If possible, compute partial derivatives of the following functions.

if x2+92#0

otherwise
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show that it admits both partial derivatives in (0,0) and it is not continuous in (0, 0).

4.
Using the definition, compute the directional derivative f’ ((1,1); (a1, az)) with ag,as # 0 for f: R? —
R,
__z+y
f(xay) - $2+y2+1

5.
Let the following function be given.

% if x#0

fiR? =R, (z,y)~
Y if x=0.

Using the definition of a directional derivative, compute, if possible f’(0;u) for every u € R2.

6.

Using the definition, show that the following functions are differentiable.

a. l € L(R™,R™);

b. the projection function f: R"® — R, f: (xi)?zl — ol

7.

Show the following result which was used in the proof of Proposition 620. A linear function [ : R® — R™
is continuous.

8.
Compute the Jacobian matrix of f : R? — R3,

f(z,y) = (sinzx cosy, sinz sin g, COS T COSY)

9.
Given differentiable functions g, h : R — R and y € R\ {0}, compute the Jacobian matrix of f : R3 — R3,

f@y2)=(g(@) - h(z), A gralhi)
10 .

Compute total derivative and directional derivative at x( in the direction wu.
a.

1 1 1
f:RY, SR, f($1,1’2,$3):glog$1+610g$2+§10g$3

zo = (1,1,2), u = -+ (1,1,1);

2
b.

f:R3 SR, f(.%‘l,l'g,l‘?,):$%+2$%—$§—2$1$2—6$2$3
Ty = (1a07_1)7 u = (—%,0, %)a
c.

fiR SR, f (@1,22) = @1 - €717

xzo = (0,0), u = (2,3).
11 .
Given .

f(l‘vyaz):(l‘2+y2+22) ’
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show that if (x,y, z) # 0, then

2 2 2
Tflwyz) Of@yz) 0Ff(@y?2)

Oz? Oy 072 =0

12 .
Given the C? functions g,h : R — R, , compute the Jacobian matrix of

[iR SR, [y = (#5, g(h@)+ay,  Inlg(@) +h()

13 .
Given the functions

PR fea=(51Y)
g:R=R, z—g(z)
h:R— R, h(z) = f (2,9 (z))
Assume that g is C?. a. compute the differential of h in 0; b. check the conclusion of the Chain Rule.

14 .

Let the following differentiable functions be given.
fiRP—=R (21,22, 23) = f (21,22, 23)
g:R> =R (z1,m2,73) = g (1,72, 73)

f($17$2,$3)

a:RgﬁRgv ($1,$2,.’L‘3)’-’ g($17x27x3)
Ty
bIRSHR{ , , — < g(y17y27y3) >
(yl b2 y3) f(y17y271113)

Compute the directional derivative of the function b o a in the point (0,0,0) in the direction (1, 1,1).

15 .
Using the theorems of Chapter 16, show that the function in (?7?) is differentiable.

16 .
Given
f:R3 = R, (2,9,2) = 2+ x +y> + 22%9y% + 3ayz + 22 - 9,

say if you can apply the Implicit Function Theorem to the function in (zo,yo,20) = (1,1,1) and, if

possible, compute % and % in (1,1,1).

17 .

Using the notation of the statement of the Implicit Function Theorem presented in the Class Notes, say
if that Theorem can be applied to the cases described below; if it can be applied, compute the Jacobian of
g. (Assume that a solution to the system f (z,¢) = 0 does exist).

a. f:R* = R?,

z} — 23 + 2t + 3ty
T122 + 11 — t2 )

f(xlanatlatQ) = (

b. f:R* - R?,
2r129 + 1 —l—t%
J (@1, 22, b, 2) < z? + a3 + 13 — 2ty + 13
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c. f:R* = R2
t2 — 12 4 221 + 312
tito + 1 — T2

f(xthatl;tQ) = (

18.

Say under which conditions, if 2> — 2z — y = 0, then
Pz B 322+
dzdy (322 — x)s

19. Do Exercise 685: Let the utility function v : R, — Ry, (z,y) — u(z,y) be given. Assume
that it satisfies the following properties i. w is C?, ii. V(z,y) € R3,, Du(z,y) >> 0,iii. V(z,y) € R,
Dg,u(z,y) < 0,Dyyu(z,y) < 0,Dyyu(z,y) > 0. Compute the Marginal Rate of Substitution in (zg, o)
and say if the graph of each indifference curve is concave.

20.

Let the function f,g: R™ — R be given and assume that

for every o € R™ and every u € R", the directional derivatives f’ (zo;u) and ¢’ (zo;u) do exist.

Define h : R" - R, x +— f(x) - g (x). If possible, compute h' (zo;u) for every xg € R™ and every u € R™.
21.
A function f:R? — R, o+ f () is homogenous of degree n € N, if

for every x = (21, 22) € R? and every a € Ry, f (ax1,axy) = a" f (x1,72) .
Show that if f is homogenous of degree n and f € C* (R2, R), then

for every x = (1, x2) € R?, 21 Dy, f(21,22) + @2 - Dy, f (1, 22) = nf (x1,22) .

20.4 Nonlinear Programming

1. 2 Determine, if possible, the nonnegative parameter values for which the following functions f : X —
R, f:(z;);_, =z — f(z) are concave, pseudo-concave, quasi-concave, strictly concave.

(@) X =Ry, f(z) = az’;

b)) X =R, n>2 f(x)=>" 0 (2;)% (for pseudo-concavity and quasi-concavity consider only
the case n = 2).

(¢) X =R, f () = min{a, Bz — 7}

2.
a. Discuss the following problem. For given 7 € (0,1), a € (0, +00),

max(;, ;)7 u(z)+(1—mu(y) st y<a-—iz

y < 2a—2x
x>0
y >0

where u : R — R is a C? function such that Vz € R, v’ (2) > 0 and u” (z) < 0.

b. Say if there exist values of (7, a) such that (z,y, A1, A2, A3, \4) = (%a, %a, A1,0,0,0), with A; > 0, is a
solution to Kuhn-Tucker conditions, where for j € {1,2,3,4}, A; the multiplier associated with constraint j.

c. “Assuming” that the first, third and fourth constraint hold with a strict inequality, and the multiplier
associated with the second constraint is strictly positive, describe in detail how to compute the effect of a
change of a or m on a solution of the problem.

3.

2Exercise 1 is taken from David Cass’ problem sets for his Microeconomics course at the University of Pennsylvania.
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a. Discuss the following problem. For given w € (0,1),wy,ws € Ry,

MaX(7,y,m)eR2 , xR mlogx + (1 —m)logy s.t
wy—m—x >0
wy+m—y >0

b. Compute the effect of a change of w; on the component x* of the solution.
c. Compute the effect of a change of m on the objective function computed at the solution of the problem.

4.
a. Discuss the following problem.

ming, ,)cr2 2 +y? —dx — 6y s.t. r+y<6
y<2
x>0
y=>0
Let (z*,y*) be a solution to the the problem.
b. Can it be z* =07
c. Can it be (z*,y*) = (2,2) 7.

5.
Characterize the solutions to the following problems.
(a) (consumption-investment)

Max(c, e, k)ers U (c1) + ou(c2)
s.t.
at+k<e
ca < f (k)
C1, C2, k Z 07
where u : R - R, v/ > 0,u” <0; f: Ry — R, f/>0,f” <0 and such that f(0) =0; § € (0,1),e €
R, . After having written Kuhn Tucker conditions, consider just the case in which ¢y, ca,k > 0.
(b) (labor-leisure)

max(, yer2 U (z,1)
s.t.
pz 4+ wl < wl
<1
z’l Z 0’
where u : R? is C?, V (x,1) Du(x,1) > 0,u is differentiably strictly quasi-concave, i.e.,V (x,1), if A # 0
and Du (z,1) - A =0, then ATD?>u A <0;p>0, w>0and>0.
Describe solutions for which > 0 and 0 <1 <[,

6.

(a) Consider the model described in Exercise 6. (a) . What would be the effect on consumption (cy, ¢a) of
an increase in initial endowment e?

What would be the effect on (the value of the objective function computed at the solution of the problem)
of an increase in initial endowment e?

Assume that f (k) = ak®, with @ € R44 and a € (0,1). What would be the effect on consumption
(c1,¢2) of an increase in a?

(b) Consider the model described in Exercise 6. (b) .What would be the effect on leisure [ of an increase
in the wage rate w? in the price level p?

What would be the effect on (the value of the objective function computed at the solution of the problem)
of an increase in the wage rate w? in the price level p?.

7.
Show that if f: R? — R, z + f (x) is homogenous of degree 1, then

f is concave < for any z,y € R?, f(z+y) > f(z)+ f(y).
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Solutions

21.1 Linear Algebra

1.

We want to prove that the following sets are not vector spaces. Thus, it is enough to find a counter-

example violating one of the conditions defining vector spaces.

(i) The definition violates the so-called M2 distributive assumption since for k =1 and a = b = 1,

(1+1)-(1,1) =2-(1,1) = (2,1) s while : 1- (1,1) +1- (1,1) = (2,2)

(ii) The definition violates the so-called A4 commutative property since for a =b=c¢ =1 and d = 0,
(1,1) +(1,0) = (2,1) # (1,0) + (1,1) = (2,0)

2.
(i) Take any w := (z,y,2) € W with z > 0, and a € R with & < 0; then aw = (ax, ay, az) with az <0

and therefore w ¢ W.

Q.

(ii) Take any nonzero w € W and define o = 2/||w]||. Observe that ||aw|| =2 > 1 and therefore aw ¢ W.
(iii) Multiplication of any nonzero element of Q3 by a € R\ Q will give an element of R3 \ Q? instead of

3.
We use Proposition 139. Therefore, we have to check that
a. 0e W; b. Yu,v e W, Va,8 € F, au+ fv e W.
Define simply by 0 the function f : R — R such that Vo € R, f (z) = 0.
(i) a. Since 0(1) =0,0 € W.
b.
au(1)+pv(l)=a-0+5-0=0,

where the first equality follows from the assumption that u,v € W. Then, indeed, cu + fv € W.
(ii) a. Since 0 (1) = 0 =0(2), we have that 0 € W.
b.
au (1) + v (1) = au(2) + v (2),
where the equality follows from the assumption that u,v € W and therefore u (1) = v (2) and v (1) = v (2).
4.
Again we use Proposition 139 and we have to check that
a. 0e W; b. Yu,v e W, Va,B8 € F, au+ fv e W.
a. (0,0,0) € W simply because 0+ 0+ 0 = 0.
b. Given u = (u1,uz2,u3),v = (v1,v2,v3) € V | i.e., such that

uy +us+u3 =0 and vy +wvs +v3=0, (21.1)

295
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we have
au + Pv = (quy + Buy, aug + Pua, aus + Pus) .

Then,

21.1
oy + Bv1 + oy + Bup + s + Bus = o (un + s + ug) + B (01 + vz +v5) = 0.
(ii) We have to check that a. S is linearly independent and b. span S = V.
a.
a(l,-1,00+50,1,-1)= (@ —a+f —5)=0

implies that o = 3 = 0.
b. Taken (x1,z2,23) € V, we want to find «, 8 € R such that (z1,29,25) = a(1,-1,0) + (0,1, -1) =
(a —a+p —p),ie., we want to find , 3 € R such that

T = «
T2 = —a+p
T3 = —p
T1+ax9s+2x3 = 0
—T2 — T3 = «
T2 = —a+p
T3 = -8
Then, @ = —x3 — x3, § = —x3 is the (unique) solution to the above system.

5.
1. 0e M(n,n) : A0 =04 =0.
2. Va,f € R and VB, B’ € Cy4,

(aB + BB')A=aBA+ BB'A=aAB+BAB = AaB + ABB' = A(aB + BB').

6.
i. 0e U+ V, because 0 € U and 0 € V.

ii. Take a, 8 € F and w',w? € U+V. Then there exists u',u? € U and v!,v? € V such that w' = u' +v!
and w? = u? + v2. Therefore,

aw! + fuw? = « (ul + ’Ul) + 4 (u2 + U2) = (au1 + BuQ) + (ow1 —I—ﬁUQ) ceU+V,

because U and V are vector spaces and therefore au! + fv! € U and au? + Bv? € V.
7.
We want to show that if 3°_ B,0; = 0, then 8; = 0 for all i. Note that 3°_, B,0; = (81,81 + Ba b1 +
B4 + B5) = 0, which implies the desired result.

8.

We want to apply Definition ??7: Consider a vector space V of dimension n and two bases V = {vi}

and U = {“k}Z=1 of V. Then,

n
i=1

P=] [ul]v [uk]v o [u"]y ] €eM(n,n),

is called the change-of-basis matrix from the basis V to the basis &. Then in our case, the change-of-basis
matrix from S to F is

pP= [ [el]s [62]5 ] eM(2,2).

Moreover,using also Proposition 77, the change-of-basis matrix from S to E is
1 2 -1
Q=[1[']p []pl=P"

Computation of [el]s . We want to find o and 8 such that e; = auy+fus, ie., (1,0) = a(1,2)+5(3,5) =
( a+38 2a+58 ),i.e.,

a+ 308 1

20+58 = 0
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whose solution is @« = =5, = 2.
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Computation of [62]5 . We want to find o and 8 such that es = auy+Pus, ie., (0,1) = a(1,2)+5(3,5) =

( a+38 2a+58 ),i.e.7

a+38 = 0
20+ 56 = 1
a+36=0
2+ 56 =1

whose solution is o = 3, 8 = —1. Therefore,

r=[7 4]

Since E is the canonical basis, we have

S = {u1 = (1,2)7 Uz = (375)}

Finally

as desired.
9.
Easiest way: use row and column operations to change C to a triangular matrix.

6 2 1 0 5 1 1 2 -2 3
2 1 1 -2 1 2 1 1 -2 1
detC=det|1 1 2 -2 3|=[R'<R]=-det|6 2 1 0 5
3.0 2 3 -1 3.0 2 3 -1
1 -1 -3 4 2 ~1 -1 -3 4 2
1 1 2 -2 3 Rl LR R 1 1 2 -2 3
2 1 1 -2 1 CoR 4 B 0 -1 -3 2 -5
=—det|6 2 1 0 5|= T T = —det [0 —4 —11 12 —13
—3R'+R'— R
3.0 2 3 -1 R R 0 -3 —4 9 —10
-1 -1 -3 4 2 00 -1 2 5

1 1 2 -2 3 1 1 2 -2 3
0 -1 -3 2 =5 ) 3 3 0 -1 -3 2 -5
=—det |0 —4 —-11 12 -13| = [é;i;:;} =—det|0 0 1 4 7
0 -3 -4 9 -10 0 0 5 3 5
0o 0 -1 2 5 0 0 -1 2 5
1 1 2 -2 3 11 2 -2 3
0 -1 -3 2 -5 _BR® 4 Rt — R 0 -1 -3 2 -5
=—det|0 0 1 4 7 :{RBjLRSHRS}:—detO 0 1 4 7
0 0 5 3 5 0 0 0 -—17 =30
0 0 -1 2 5 0 0 0 6 12
11 2 -2 3 1 1 2 -2 3
0 -1 -3 2 -5 6 0 -1 -3 2 -5
=—det|0 0 1 4 7| = [NR4+R5—>R5} =—det|0 0 1 4 7
0 0 0 -17 =30 0 0 0 -17 =30
0 0 0 6 12 0 0 0 0 24

17
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11 2 -2 3
0 -1 -3 2 -5 94

==det |0 0 1 4 7| =—)(=DA)(-17)(F;) = det C = —24
0 0 0 -17 -30
oo o o 2

10.

Observe that it cannot be 4 as rank(A) < min{#rows, #collums}. It’s easy to check that rank(A) = 3
by using elementary operations on rows and columns of A :

2R3+ R' - R, C*+C' - CH C*+C? - C3, CH 4+ C3 — C3, -C? + C® — C3,

to get

E—1 1 0 0
0 0 1 k
0 0 0 —1
which has the last three columns independent for any k.
11.
Defined

I:R® =R, (x1,20,23) — 21 — T2,
it is easy to check that [ is linear and V' = kerl,a vector space. Moreover,
M=[1 -1 0].
Therefore, dimker! =3 —rank [I] =3 —1=2. u3 = (1,1,0) and uz = (0,0, 1) are independent elements

of V. Therefore, from Remark 189, w1, us are a basis for V.
12.

Linearity is easy. By definition, [ is linear i f Yu,v € R* and Yo, 8 € R, l(au+ fv) = al(u) + Bl(v). Then,

al(u) + Bl(v) =
=a(u,ur+uz,ur+ustus,ur+uz+uz+ug)++8(vi,v1+v2,v1 +v2+v3,v1 +v2+v3+v4)

=(au1+Bv1,aur+aus+pv1+Lue,aus +aus+auz+ vy +Bue+Bus,aur +ous+aus+ous+Bv1 +Bva+LBus+Lus)
= l(au + pv)

and then [ is linear.

=

Il
= = ==
=== O
= —_=0 O
o O O

Therefore, dimker! = 4 — rank [[] = 4 — 4 = 0. Moreover, dimIm! = 4 and the column vectors of [I] are
a basis of Im 1.

13.

Proposition. Assume that [ € L (V,U) and ker! = {0}. Then,

Vu € I'ml, there exists a unique v € V such that [ (v) = u.

Proof.
Since u € Iml, by definition, there exists v € V' such that

I(v) =u. (21.2)
Take v' € V such that [ (v') = u. We want to show that

v=1'. (21.3)
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Observe that

where (a) follows from (21.2) and (21.3).
Moreover,

L) = 1) Ciw—v),

where (b) follows from the assumption that [ € £ (V,U).
Therefore,
l(v—2")=0,

and, by definition of ker,
v—1v" Ekerl.

Since, by assumption, ker! = {0}, from (21.6), it follows that
v—2v" =0.

14.
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(21.4)

(21.5)

(21.6)

Both V and W are ker of linear function; therefore V, W and VNW are vector subspaces of R*. Moreover

T1—To+x3—24=0
VW =< (z1, 22, 23,24) eR*:
T1+x9+23+24=0

1 -1 1 -1
rank 11 1 1 =2
Therefore, dimker! =dimV NW =4 -2 =2,
Let’s compute a basis of VNW :
T1— T2 = —T3+ T4
T1+ T2 =—x3— 24

After taking sum and subtraction we get following expression
T = —T3
To = —Ty

A basis consists two linearly independent vectors. For example,

{(-1,0,1,0),(0,-1,0,0)}.

15.

By proposition 139, we have to show that

.oel~t(w),

2. Va, B € R and v',v? € 71 (W) we have that av! + Bv? € [71 (W).

1.
leL(V,U) . W vector space
= 0 c

1(0)
2.Since vt v? € 71 (W),
l (vl) N/ (’UZ) eWw.
Then
(o + 50) "L 1 (1) 1 81 (0?) € W
where (a) follows from (21.7) and the fact that W is a vector space.

16.

(21.7)



300

Observe that
ai1

a21
det 5
7

a11

a12
a22

6
8

a12

0
0

bll
b21

0

0
0

b12
622

0

OO OO

k

CHAPTER 21.

=detA-detB-k.

SOLUTIONS

Then, if k # 0,then the rank of both matrix of coefficients and augmented matrix is 5 and the set of

solution to the system is an affine subspace of R® of dimension 1. If £ = 0,then the system is

1 ail
2 a1
3 5
4 7
1 an

which is equivalent to the system

1 aii
2 as1
3 5
4 7

a12

a2
6
8

a12

ai2

a22
6
8

0
0
b1

ba1
0

0
0
b11
ba1

0
0
bi2
bz

0
0
b12
baa

OO O OO

OO OO

1
T2
T3
Ty
Zs
Tg

(o
T2
z3
Ty
Ts
Tg

whose set of solution is an affine subspace of R® of dimension 2.

17.
= ([ ()], [ (
155 - o],
18.
Let

n,m € N such that m > n, and

a vector subspace L of R™ such that dim L =n
be given. Then, there exists { € £ (R™,R™) such that Im [ = L.

Proof. Let {vi}?zl be a basis of L CR™. Take [ € £ (R"™,R™) such that

Vie{l,...n},l (efl) =,

S W = O

w N = o

where ¢!, is the i~th element in the canonical basis in R™. Such function does exists and, in fact, it is
unique as a consequence of a Proposition in the Class Notes that we copy below:
Let V and U be finite dimensional vectors spaces such that S = {v17 e U”} is a basis of V' and {ul, e u"}
is a set of arbitrary vectors in U. Then there exists a unique linear function ! : V' — U such that Vi € {1,...,n},
l (UL) = ' - see Proposition 273, page 82.

Then, from the Dimension theorem

Moreover, L = span {UZ}:Lzl C Iml. Summarizing,

LCIml, dimL =n and dimIml <n,

dimIml = n — dimker! <n.
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and therefore
dim Im! = n.

Finally, from Proposition 179 in the class Notes since L C Im [ , dim L = n and dimIml = n, we have
that Iml = L, as desired.

Proposition 179 in the class Notes says what follows: Proposition. Let W be a subspace of an n—dimensional
vector space V. Then, 1. dim W < n; 2. If dimW = n, then W = V.

19.
a 1 1 1 1 a
{11 a 1 5 a 1 1
[Albl =1y | 34| = B =R]= 1y | 3,
3 2 a 3 2 a
clL } 1 —aR +R* — R? é lia IULCL2
5 1 34| = RRARSR = |0 T = [A"(a) [ V' (a)]
@ —3R'+ R* - R! “
3 2 a 0o -1 —2a
Since
1 1 a
det [0 —1 a | = 3a,
0 -1 —2a

We have that if a # 0, then rank A < 2 < 3 =rank [A" (a) | b’ (a)], and the system has no solutions. If
a=0,[A(a) |V (a)] becomes
1 1
0 1
0 -1
0 —1

oo = O

whose rank is 3 and again the system has no solutions.

20.
1 0 k—1
1=k 2—-k k
[ARIPEI=] " 1 1
1 k—1 0
1 0 k—1
det | 1 k 1 =2-2k
1 k-1 0
If k # 1, the system has no solutions. If k£ =1,
1 00
|0 1 1
1 00
1 00
0 1 1
11
1 00
0 1 1

Then, if £ = 1, there exists a unique solution.
21.
The following Proposition is contained in the class Notes.
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Proposition 800 Let V' be a vector space of dimension n.
1. IfS = {ul, ...,u”} C V is a linearly independent set, then it is a basis of V;

2. If span (ul, ,u") =V, then {ul, ,u”} is a basis of V.

n

From that Proposition, it suffices to show that V is linearly independent, i.e., given (a;),_, € R™, if

> aiw' =0 (21.8)
=1

then
(ai)?:l = O

Now, for any j € {1,...,n}, we have

n n

0 <Z om;’) v @ Zaivivj ® o,
i=1

i=1

where (1) follows from (21.8),

(2) follows from properties of the scalar product;

(3) follows from (20.7).

22.

a. Let w € W. By assumption, S(w) € W and T'(w) € W and since W is a subspace, S(w)+T(w) € W'.
Therefore, (S + T)(w) = S(w) + T(w) € W, as desired.

b. Let w € W. By assumption, T'(w) € W. Then (S oT)(w) = S(T(w)) € W since W is S-invariant.

c. Let w € W. By assumption, (kT)(w) = kT (w) € W.

23.

The set of 2 x 2 symmetric real matrices is

S={AeM(2,2):A=A"}.

We want to show that

i. 0 € S and

ii. for any o, 8 € R, forany A,B€ S, aA+ 8B € S.
i 0=0T-

2.(aA + BB)" = aAT + 3BT = oA + BB.

We want to show that
B 1 0 0 0 0 1
T 0O 0’0 1]l 1 0

is a basis of S and therefore dimS = 3. B is clearly linearly independent. Moreover,

b ¢

a b 10 0 0 0 1
el ]eln el

i.e., span (B)) = S, as desired.
24.
a. [2] Taken w € W,we want to find w',w? € W such that w = w! + w?.take w! = w and w? =0 € W.
[C] Take w',w? € W. Then w' + w? € W by definition of vector space.
b. [2] Let w € W. Then 2w € W and o (2w) w € aW.
[C] It follows from the definition of vector space.
25.

Isee Proposition 138 in Villanacci(20 September, 2012)

S:{AEM(Q,Q):3a7b,c€RsuchthatA:[a b}},

and
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The isomorphism is ¢ : P, (R) — R"*!
n .
@)= Zaitl = (i) -
i=0
Indeed , ¢ is linear
and defined ¢ : R"*1 — P, (R),
(ai)i_g — f(t) = Zait’ﬂ
i=0

we have that ¢ o9 =id|p, (&) and ¢ o ¢ = idgn+1
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21.2 Some topology in metric spaces

21.2.1 Basic topology in metric spaces

1.

To prove that d’ is a metric, we have to check the properties listed in Definition 327.

a. d(z,y) >0,d(z,y) =0 z=y

By definition of d’(z,y), it is always going to be positive as d(z,y) > 0. Furthermore, d'(z,y) = 0 <=
dz,y) =0<=z =y.

b. d'(z,y) = d'(y,x)

Applying the definition

d(z,y) d(y, x)

d'(z,y) = d'(y,z) <= 7 Tdz,y) 1+d(yz)

but d(z,y) = d(y, z) so we have

diz,y) _  d=z.y)
L+d(z,y) 1+d(x,y)

c. d'(z,z) <d'(z,y) +d'(y, )
Applying the definition

d(z, z) d(z,y) d(y, z)
<= <
T+d(e,2) = T+d(y) | 1+d(y,2)
Multiplying both sides by [1 4 d(z, 2)][1 + d(x, y)][1 + d(y, 2)]

d'(z,2) <d(z,y) +d'(y, 2)

d(z, 2)[1 + d(z, y)I[1 + d(y, 2)] < d(z,y)[1 +d(z, 2)][1 + d(y, 2)] + d(y, 2)[1 + d(z, 2)][1 + d(z,y)]

Simplifying we obtain

[, 2) < d(a,y) + dly, 2) |+ [+ d(, )1+ d(w ][+ dly, 2)] +2[1 + d(z,)][1+ d(y, 2)]

which concludes the proof.

2.
It is enough to show that one of the properties defining a metric does not hold.
It can be d(f,g9) = 0 and f # g. Take

f(.I) =0,Vz € [07 1}7
and
g(x)=—-2zx+1
Then,

1
/ (—2z+1)dz = 0.
0

It can be d (f, g) < 0.Consider the null function and the function that take value 1 for all « in [0; 1]. Then
d(0,1) = — foll dz. by linearity of the Riemann integral, which is equal to —1. Then, d(0, 1) < 0.

3.

Define S = (a1, b1) x (ag,bs) and take z° := (m(l’,xg) € S. Then, for ¢ € {1,2}, there exist &; > 0 such
that 9 € B (2¥,¢;) C (a;,b;). Take ¢ = min{eq,e2}. Then, for i € {1,2}, 20 € B (2?,¢) C (a;,b;) and,
defined B =.B (a:?,a) X B (xg,a), we have that 20 € B C S. It then suffices to show that B (a:o,e) C B.
Observe that
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:EGB(.TO,E) <:>d(x,:c0) <eg,

d((29,0), (21,0)) = /(29 — 21)% = [a — 2],

and

d((2,0), (11,0)) = /(@8 — 21) < /(@8 — 21)° + (29 — 21)* = d (1, 2°) .

4.
Show the second equality in Remark 366:

% () = O

nn

g [ 1 11 11
- b 2 ) 3 b 4 b 5 ) 6 AR
The set is not open: it suffices to find z € S and such that x ¢ Int S; take for example —1. We want to

show that it false that
Je > 0 such that (-1 —¢,—-1+4+¢) C S.

In fact, Ve > 0, =1 = § € (=1 —¢,—1+4¢), but =1 — 5§ ¢ S. The set is not closed. It suffices to show
that F (S) is not contained in S, in fact that 0 ¢ S (obvious) and 0 € F (S). We want to show that Ve > 0,
B(0,e) NS # @.In fact, (—1)" 1 € B(0,¢) if n is even and (—1)" 1 = 1 < ¢ It is then enough to take n
even and n > é

6.

A = (0,10)

The set is (R, d2) open, as a union of infinite collection of open sets. The set is not closed, because A° is
not open. 10 or 0 do not belongs to Int(A“)

7.

The solution immediately follow from Definition of boundary of a set: Let a metric space (X,d) and a
set S C X be given. z is an boundary point of .S if

any open ball centered in x intersects both S and its complement in X, i.e., Vr € Ry 4, B(z,r)NS # @
A B(z,r)NSC £ 2.

As you can see nothing changes in definition above if you replace the set with its complement.

8.

ze(F(S)7 ez (F(S)
&= (VreRy,B(z,r)NS#@ A B(z,r)NSY # 2)
< 3r € Ry such that B(z,7r)NS =2 V B(x,r)NSC £
< Ir € Ry, such that B (z,7) € S¢ Vv B(z,r)C S (21.9)
sreclnt S veelnt S

&y Jr € Ry, such that either a. B(z,7) C Int S¢ or b. B (x,r%) C Int S.

where (1) follows from the fact that the Interior of a set is an open set.

If case a. in (21.9) holds true, then, using Lemma 461, B (x,r}) C (F (S))C and similarly for case b., as
desired.

9.



306 CHAPTER 21. SOLUTIONS

Int S CL(S) F(S) D(95) Is(S) open or closed
S=Q (] R R R (%] neither open nor closed
5 =(0,1) 0,1 [0,1] {0, 1} [0,1] 2 open
S = {%}nel\u %) Su{o} Su{o} {0} S neither open nor closed
10.
a.
Take S = N. Then, Int S =@, Cl (&) =@, and Cl (Int S) = & # N =8S.
b

Take S = N. Then, Cl (S) =N, Int N= @, and Int Cl (§) =@ #N =S.

11.
a.
True. If S is an open bounded interval, then Ja,b € R, a < b such that S = (a,b). Take z € S and
d =min{|z —a|,|z —b|}. Then I (z,d) C (a,b).

b

False. (0,1) U (2,3) is an open set, but it is not an open interval.

C.

False. Take S :={0,1}. 0 € F(S), but 0 ¢ D (S5)
d. .

False. Take S(0,1). 1 € D(5)0, but 1 ¢ F(S) .
12.

Recall that: A sequence (), .y € X is said to be (X, d) convergent to x9 € X (or convergent with
respect to the metric space (X, d) ) if Ve > 0,3ng € N such that Vn > ng, d(z,,z0) < €.

a.

(zn)nen € R*™ such that Yn e N,: z, =1
Let € > 0 then by definition of (z,,)nen, ¥n > 0, d(x,,1) =0 < e. So that

lim z, =1
b.
(Tn)nen € R* such that Vn € N,: z,, = %
Let € > 0. Because N is unbounded, dng € N, such that ng > % Then Vn > ng, d(z,,0) = + < L <.
Then, by definition of a limit, we proved that

lim z, =0
n—oo

13.

Take (2n),cy € [0,1] such that x,, — xo; we want to show that o € [0,1]. Suppose otherwise, i.e.,
zo ¢ [0,1].

Case 1. wg < 0. By definition of convergence, chosen ¢ = —%2 > 0, there exists n. € N such that Vn > n.,
d(zp,z0) <€, ie., |z, —x0| <e=—%,ie, x0+ 5 <2,y <9 — P = <0. Summarizing, Vn > n.,
x, ¢ [0,1], contradicting the assumption that (2,), .y € [0,1].

Case 2. xg > 1. Similar to case 1.

14.

This is Example 7.15, page 150, Morris (2007):

1. In fact, we have the following result: Let (X,d) be a metric space and A = {z1,...,z,} any finite
subset of X.Then A is compact, as shown below.

Let O;, i € I be any family of open sets such that A C U;crO;. Then for each z; € A, there exists O;;
such that z; € O;;. Then A C O0;, UO;, U...U O;, . Therefore A is compact.
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2. Conversely, let A be compact. Then the family of singleton sets O, = {z}, z € A is such that each O,, is
open and A C Uzc40,. Since A is compact, there exists Oy, , Oq,, ..., O, such that A C O, UO,,U...U0,,,
that is, A C {x1, ...,z }. Hence, A is finite.

15.
In general it is false. For example in a discrete metric space: see previous exercise.

16.
Take an open ball B (z,r). Consider & = {B (a:,r (1 — l))}nEN\{O 1y Observe that S is an open cover

n

of B (x,r); in fact Upen {0,138 (m,r (1 - %)) = B (x,r),as shown below.
[C] &' € Upemgo,13B (2,7 (1 = 1)) < Iny N\ {0,1} such z € B (x,r <1 m— )) C B(x,7).

Tyt

[D] Take 2’ € B(x,r). Then, d(x,2’) < r. Take n such that d(z',2) < r (1 -

(and n > 1), then 2’ € B (z,7 (1 — 1)).
Consider an arbitrary subcover of S, i.e.,

s {o(ar(i-1))})

with #N = N € N. Define n* = min{n € N'}. Then U,en B (z,7 (1 — 1)) = B (2,7 (1 - %)), and if
d(z',z) € (r(1—-2X),r), then 2’ € B(z,r) and 2’ ¢ Upen B (z,7 (1 - 1)).

3 T
ngs )7 Le., n > r—d(z’,x)

17.

1st proof.

We have to show that f(AUB) C f(A)U f(B) and f(A)U f(B) C f(AUB).

To prove the first inclusion, take y € f (AU B); then 3z € AU B such that f(z) = y. Then either z € A
or € B that implies f(z) =y € Aor f(z) =y € B. In both case y € f(4) U f(B)

We now show the opposite e inclusion. Let y € f(A) U f(B), then y € f(A) or y € f(B), but y € f(A)
implies that 3z € A such that f(z) = y. The same implication for y € f(B). As results, y = f(z) in either
case with x € AUB i.e. y € f(AU B).

2nd proof.
y€ f(AUB)
& 32 € AU B such that f(z) =y
& (3z € A such that f(z) =)V (3z € B such that f(z) = y)
& (ye f(A)V(yef(B)
eye f(AUf(B)

18.:

First proof. Take f =sin, A = [-2m,0], B = [0, 27].
Second proof. Consider
f:{0,1} = R, z~—1

Then take A = {0} and B ={1}. Then ANB =g,s0 f(ANB) =@. But as f(A) = f(B) = {1}, we have
that f(A) N f(B) = {1} # @.

19.
Take ¢ € R and define the following function

fiX oY, f)=c

It suffices to show that the preimage of every open subset of the domain is open in the codomain. The
inverse image of any open set K is either X (if ¢ € K) or @ (if ¢ ¢ K'), which are both open sets.

20.
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a.

i. R? is not bounded, then by Proposition 423 it is not compact.

ii. Cl B(z,r) is compact.

From Proposition 423, it suffices to show that the set is closed and bounded.

Cl B(z,r) is closed from Proposition 379.

Cl B(z,r) is bounded because Cl B (z,7) = {y € R" : d(z,y) <r} C B(x,2r).

Let’s show in detail the equality.

i. Cl B(z,r) CC.

1

The function d, : R" — R, d, (y) = d(z,y) = (Z?Zl (z; —yi)Q)2 is continuous. Therefore, C =
d;1([0,7]) is closed. Since B (z,r) C C, by definition of closure, the desired result follows.

ii. Cl B(z,r) 2 C.

From Corollary 464, it suffices to show that Ad B (z,r) D C. If d(y,x) < r, we are done. Suppose
that d (y,z) = r.We want to show that for every e > 0, we have that B (z,r) N B (y,¢) # @.If ¢ > r, then

x € B(z,7) N B (y,e). Now take, € < r. It is enough to take a point “very close to y inside B (z,r)”". For
example, we can verify that z € B (z,7) N B (y,¢), where z =z + (1 — £) (y — 2)) .Indeed,

g £ €
d(z,z) = (1— g)d(yax» =(l-g)r=r-5<r
and _ . _
d(y’z) = ?rd(y,x) = 277‘7": 5 <eE.
c.

See solution to Exercise 5, where it was shown that S is not closed and therefore using Proposition 423,
we can conclude S is not compact.

21.
Observe that given for any j € {1,...,m}, the continuous functions g; : R — R and g = (g,)
define

m

j—1» We can

C:={zeR":g(z) >0}.

Then C' is closed, because of the following argument:
C= ﬂ}“:lgj_l ([0,400)) ; since g; is continuous, and [0, +00) is closed, then gj_1 ([0,400)) is closed in R™;
then C is closed because intersection of closed sets.

22.
The set is closed, because X = f~1 ({0}).
The set is not compact: take f as the constant function.

23.
LetV = By(1,¢), be an open ball around the value 1 of the codomain, with e < 1. f~%(V) = {0}UBx(1,¢)
is the union of an open set and a closed set, so is neither open nor closed.

24.

To apply the Extreme Value Theorem, we first have to check if the function to be maximized is continuous.
Clearly, the function > ; z; is continuous as is the sum of affine functions. Therefore, to check for the
existence of solutions for the problems we only have to check for the compactness of the restrictions.

The first set is closed, because it is the inverse image of the closed set [0, 1] via the continuous function |||
The first set is bounded as well by definition. Therefore the set is compact and the function is continuous,
we can apply Extreme Value theorem. The second set is not closed, therefore it is not compact and Extreme
Value theorem can not be applied. The third set is unbounded, and therefore it is not compact and the
Extreme Value theorem can not be applied.

25.

[<]

Obvious.

(=]

We want to show that [ # 0 = [ is not bounded, i.e., VM € Ry, 3z € F such that ||l (x)|| > M.
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Since I # 0,3y € E\{0} such that I(y) # 0. Define z = ﬁy Then

oM oM
I (y) :Hl< x) = —— ||l (x =2M > M,
EWle =1\ )|, = T, 'l
as desired.
26.
a=b.

Take an arbitrary o € R; if {z € X : f(z) <a} = f~!((—o0,a)) = &, we are done. Otherwise, take
20 € f~1((—o0,)), Then, a — f (x¢) := € > 0 and by definition of upper semicontinuity , we have

36 > 0 such that d(z —x0) <0 = f(x) < f(zo) +e=f(x0) +a— f(z0) =0,

i.e., B(20,0) C f~!((—o0,q)), i.e., the desired result.
bs e

{zeX: fr)<a}=X\{zeX: f(z)>al

b= a.

We want to show that

Vg € X, Ve > 0,35 > 0 such that B (z0,6) C f~ ((—oo, f (z0) +¢)).

But by assumption f~! ((—oo, f (z¢) + €)) is an open set and contains z and therefore the desired result
follows.

27.

Take y € {z} + A. Then there exists a € A such that y = z 4+ a and since A is open there exists ¢ > 0
such that

a€B(a,e)CA (21.10)

We want to show that

i. {z} + B (a,¢) is an open ball centered at y = x + a, i.e., {} + B(a,e) = B(x + a,¢), and

ii. B(x+a,e) C{z}+ A.

i

[Cly € {z}+B(a,e) © 3z € X suchthat d(z,a) <candy=z+z=d(y,z+a) =d(z+ 2z, + a) Pt
d(z,a) <e=ye€ B(x+a,¢).
D] y € B(z+a,e) & d(y,z+a) <e. Nowsincey =x+ (y—z) and d(y —z,a) = |ly—z —a| =
ly = (z+a)|| =d(y,z + a) <&, we get the desired conclusion.

ii.

y € B(x+a,e) & ly—(z+a)|| <e. Sincey =z+ (y—=z) and ||(y —z) —al|| < ¢, e, y —x €

(21.10)

B(a,e) C A, we get the desired result.

28.

By assumption, for any i € {1,2} and for any {z}}, C K;, there exists x; € K; such that, up to a
subsequence 2} — x;. Take {y"} C K; + K3 = K. Then Vn, y" = 2 + «§ with 2 € K, i = 1,2.Thus
taking converging subsequences of (zI"),, ¢ € {1,2}, we get y” — 1 + z2 € K as desired.

29.

a. We want to show that Vai,20 € E, f(x1) = f(x2) = 21 = 2. Indeed

0= d(f(.’]?1>7f(.’172)> = d(ZCl,SL'Q) = T = Ta.

b. It follows from a.
c. We want to show that Vzg € E,Ve > 0,39 > 0 such that

dl(ZE, 130) <d= dg(f(x), f(il?())) <e.

Take § = &. Then,
di(z,m0) < &= da(f(z), f(20)) <e.
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21.2.2 Correspondences

1.
Since w is a continuous function, from the Extreme Value Theorem , we are left with showing that for
every (p,w), B (p,w) is non empty and compact,i.e., 8 is non empty valued and compact valued.

c
2= () _ eBmw).
B (p, w) is closed because is the intersection of the inverse image of two closed sets via continuous functions.
B (p,w) is bounded below by zero.

’ ’
W= s, P T . .
+ < 1%’ where the first inequality comes

from the fact that px < w, and the second inequality from the fact that p € RE Land z € RE.

2.

(a)Consider 2/,2" € & (p,w). We want to show that YA € [0,1], z* = (1 -\ a2’ + X" € £ (p,w).
Observe that u (2/) = u(2”) := u*. From the quasiconcavity of u, we have u (z*) > u*. We are therefore
left with showing that 2 € B (p,w), ie., B is convex valued. To see that, simply, observe that prt =
(I=XNpz' +pz” <(1-=Nw+ Iw=w.

(b) Assume otherwise. Following exactly the same argument as above we have z/,2"” € £ (p,w), and

B (p,w) is bounded above because for every ¢, 2¢ <

pr* < w. Since u is strictly quasi concave, we also have that u(z) > u(z’) = u(z”) := u*, which
contradicts the fact that z’,z" € £ (p,w) .
3.

We want to show that for every (p,w) the following is true. For every sequence {(p,,,w,)}, € RY, xR 4
such that

(Pnswn) = (W), ZTn € B (Pn,wn), Tn — T,

it is the case that = € 5 (p,w).

Since z, € B (pn,wn), we have that p,z, < w,. Taking limits of both sides, we get pr < w,i.e.,
x € B (p,w).

4.

(a) We want to show that Vy/, 3" € y(p), YA € [0,1], it is the case that y* := (1 — \)y' + \y" € y (p),
ie,y* €Y and Vy € Y, py* > py.

y» € Y simply because Y is convex.

o0

\ , , Vv Eulp)
py =1 =Npy +Apy” = (1=A)py+ Apy = py.
(b)Suppose not; then Jy',y"” € Y such that 3y’ # y” and such that

VyeY, py' =py" >py (1).

Since Y is strictly convex,¥A € (0,1), y* := (1 — A) ¢/ +Ay” € Int Y. Then, 3¢ > 0 such that B (y*,¢) C

Y. Consider y* := y* + 551, where 1 := (1,...,1) € RY. d (y*,y") = 2521 (%)2 = ﬁ Then, y* €
B (y*,e) C Y and, since p > 0, we have that py* > py* = py’ = py”, contradicting (1).

5.
This exercise is taken from Beavis and Dobbs (1990), pages 74-78.

y
3757

257

1257

-125T

For every x € [0,2], both ¢, (z) and ¢, (x) are closed, bounded intervals and therefore convex and
compact sets. Clearly ¢, is closed and ¢, is not closed.
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¢,and ¢, are clearly UHC and LHC for z # 1. Using the definitions, it is easy to see that for x =1, ¢,
is UHC, and not LHC and ¢, is LHC and not UHC.

057

-057

L
For every x > 0, ¢ is a continuous function. Therefore, for those values of x, ¢ is both UHC and LHC.
¢ is UHC in 0. For every neighborhood of [—1, 1] and for any neighborhood of {0} in RT, ¢ (z) C [-1,1].
¢ is not LHC in 0. Take the open set V = (2, g) We want to show that Ve > 0 3z* € (0,¢) such that

¢(2*) ¢ (3,3) . Take n € Nsuch that - < e and z* = . Then 0 < 2* < ¢ and sin2* = sinnw =0 ¢ (3
Since ¢ is UHC and closed valued, from PI‘OpOblthn 16 is closed.

7.
¢ is not closed. Take x, = 2—\/5 € [0,1] for every n € N. Observe that x,, — 0. For every n € N, y,, =

—-1€¢(zy) and y, — —1. But —1 € ¢ (0) = [0,1].
¢ is not UHC. Take z = 0 and a neighborhood V = (-3, 3) of ¢ (0) = [0,1] . Then Ve > 0, Jz* € (0,¢) \Q.

Therefore, ¢ (z*) = [-1,0] € V.
¢ is not LHC. Take z = 0 and the open set V' = (%,% .Then ¢ (0 ﬂ(% %) ﬁ(%,%) = (%,1} #* 2.

But, as above, Ve > 0, 3z* € (0,¢)\Q. . Then ¢ (z*)NV =[-1,0]N %, %) @

8.
(This exercise is taken from Klein, E. (1973), Mathematical Methods in Theoretical Economics, Academic

Press, New York, NY, page 119).

Observe that ¢5 (z) = [2? —2,2% — 1].

27 2)

y

757

257

0 : : : : i
u/l ’ 2 25 3

-257

¢, (10,3]) = {(z,y) eR?: 2 >0,x <3,y >a? -2,y <a?}. ¢, ([0,3]) is defined in terms of weak in-
equalities and continuous functions and it is closed and therefore ¢, is closed. Similar argument applies to
@, and ¢s.

Since [—10, 10] is a compact set such that ¢, ([0,3]) C [—10,10], from Proposition 17, ¢, is UHC. Similar
argument applies to ¢, and ¢s.

¢, is LHC. Take an arbitrary Z € [0,3] and a open set V with non-empty intersection with ¢, (T) =
[f2 — 2,?2] . To fix ideas, take V = [5,%2 + 6] , with € € (O,Tz) . Then, take U = (ﬁ, VT2 4 5) . Then for
every z € U, {2?} CV N¢, (z).

Similar argument applies to ¢, and ¢;.
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21.3 Differential Calculus in Euclidean Spaces

1.
The partial derivative of f with respect to the first coordinate at the point (xo,yo), is - if it exists and is

finite -
lim f(x,90) — f(w0,90)
T—To T — X9

J(x,90) — f(w0,90) _ 2% — wyo + Y5 — (225 — Toyo + Y5)
T — X9 Tr — X

_ 21 — 2$% — (zy0 — ®oYo)

Tr — X
=2(z+ o) — Yo

Then
D f(zo,y0) = 4o — yo

The partial derivative of f with respect to the second coordinate at the point (z, yo), is - if it exists and

is finite -
lim f(wo,y) — f(x0,%0)
Y—Yo Y —Yo
f(x0,y) — f(wo,0) _ 2z3 — xoy + y? — (223 — zoyo + y3)
Y—Yo Y—Y0
_ %oy —yo) +¥* — %
Y—7Y0
=—x9+ (y + o)
Dy f(x0,y0) = —x0 + 2y0.
2.
a.

The domain of f is R\{0} x R. As arctan is differentiable over the whole domain, we may compute the
partial derivative over the whole domain of f at the point (z,y) - we omit from now on the superscript o

y y 1
D f(x,y) = arctan - + m(fﬁ)w
= arctan LA y#
x 1+ (4)2
1 1 1

DQf(xay):xglJr(%)Q = 1+(%)2

b.
The function is defined on R4y x R. and

V(SB,y) € R++ X R) f(xay) = eylnx

Thus as exp and [n are differentiable over their whole respective domain, we may compute the partial
derivatives :

Dy f(z,y) = %e"“” =ya¥~!

Do f(z,y) = In(x)e¥'"™® = In(z)z?
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f(z,y) = (sin(z + y))V=TY = eVetybinlz+u)l i (0, 3).
We check that sin(0+3) > 0 so that the point belongs to the domain of the function. Both partial derivatives

in (x,y) have the same expression since f is symmetric with respect to x and y.

Dy f(x,y) = Daf (x,y) = {wxlfy In[sin(z + y)] + vz + y cot(z + y)} (sin(z +y)) V=T,

and
D, f(0,3) = D2f(0,3) = {2\1/3 In[sin(3)] + \/gtan(?))] (sin(3))\/g
3.
a.
D;vf(070) — }lll_%f(h’O) ;f(0,0) — }llli%% =0;
b.
c.

Consider the sequences (z,)nen and (yn)nen such that Vn € N,: z, = y, = % We have that

lim (2, yn) = Ogz, but
n—0 )
2

T, =
f( nyn) %_,_%

Then !
}Lii%f(xmyn) = ) # f(0,0) =0

Thus, f is not continuous in (0, 0).

4 .
. 1+ hay,1+ has) — f(1,1
f/((]" 1); (alaaQ)) - llmh*,o f( 1 h 2) f( ) _
i, L 24 h(ag + az) 2]
"0 U+ har )2+ L+ hag)2+1 3]
_ata
B 9
5.

The directional derivative of f at the point zg = (0,0) in the direction v € R is given by
f(@o + hu) = f(z0)

o £
Take any u = (u1,us) € R%. Then
im L@t Pw) = flzo) o F((h, b)) = F(0,0) _ - F((hs, )
h=0 h h—0 h h—0 h
If uy # 0, then
(hun)* (hua)® W uiud)
i )+ (o) o R4 ad) o huded
h—0 h h—0 h h—0 U/% + u%
If Uy = 0:
limwz im 2 _ lim uy = ug.

h—0 h h—0 h h—0
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a) given o € R™ we need to find Ty, : R™ — R™ linear and E,, with lim,_g Ey,(v) = 0. Take Ty, =1
and E,, = 0. Then, the desired result follows.

b) projection is linear, so by a) is differentiable.

7.

From the definition of continuity, we want to show that Vzy € R™, Ve > 0 3§ > 0 such that ||z — x| <
d= [l (z) =1l (xo)|| < e. Defined [l] = A, we have that

[1(z) = L(zo)|| = [|A -z — @0l =

= |R*(4) - (& — w0) , ... R™ (A) - (w — o) ¢ Y7L R (A) - (z— o) ? (21.11)

< YR A Nlz = 2ol < me (maxieqs,my { | B (A)][}) - 2 = ol
where (1) follows from Remark 56 and (2) from Proposition 53.4, i.e., Cauchy-Schwarz inequality. Take

3
m - (maxie(r, my {RT(A)})

Then we have that ||z — zo| < & implies that ||z — x| - m - (max;eq1, . my {R*(A)}) < ¢, and from
(21.11), ||l (x) — I (zo)|| < €, as desired.

5=

8.
cosrcosy —sinzsiny
Df(z,y) = cqsxsiny sinxco§y
—sinzcosy —cosxsiny
9.
g'(z)h(z) 0 g(z)n’(2)
Df(z,y,2) = | g'(h(z))W(x)/y —g(h(z))/y* 0
exp(zg(h(z))((g(h(z)) + ¢'(h(z))h/ (x)z)) 0O 0
10 .

f is differentiable over its domain since x — log x is differentiable over R, . Then from Proposition 625, we
know that

[df.] = Df @) = [ & 7w
Then
ldfee) =[5 5 1]
By application of Remark 626, we have that

f'(zo,u) = Df(z0).u =

Sl
w
—
Wl
o=
=
A

b.
As a polynomial expression, f is differentiable over its domain.

[df;] = Df(x) = 221 — 229, 49 — 221 — 63, —2x3 — 62
Then
[dfas) = 2 4 2]

and
1

f'(zo,u) = Df(zo)u=[2 4 2]. (1) =0
-+

V)
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) [df.] = Df(z) = [e"72 + wax1e™172,  afe”172]
Then
[dfzo] = [1 0]
and
f'(zo,u) = Df(zo)u=[1, 0]. (;) _
11.

Then since f is in C*°(R\{0}), we know that f admits partial derivative functions and that these
functions admit themselves partial derivatives in (z,y, z). Since, the function is symmetric in its arguments,

it is enough to compute explicitly %,
O (ay.2) = —aa? 4 4+ 22)
Then
82f 2 2 2\—3% 2/..2 2 o\_5
@(mvyaz):_(x +y +Z) 2 43z (iL' +y +z) 2
Then V(z,y, 2) € R*\{0},
o2 f 82 f 92 f 2, 2. o2 s
@(m’y’z)+8T/2($7y32)+@(x,y,2):—3($ +y2+25)72 + (327 + 3y + 327 (a? + P+ 22) e
= —3(a” +y? +2°) 72 4307+ + )72
=0
12,

g, h e 02(R5R++)2

FiRP SR, fley,2) = (5, g(h(@) +ay, n(g(@) + h(2))

Since Im(g) C Ryq, (z,y,2) — ZE‘Z; is differentiable as the ratio of differentiable functions. And since

Im(g+h) C Ry and that In is differentiable over R, x — In(g(z) + h(x)) is differentiable by proposition
619. Then

e 0 K
Df(z,y,z) = |W(x)g'(h(z)) +y = 0
g'(z)+h'(z) 0 0
g(z)+h(z)
13.
a.
Since
_ [ e +g(2)
h(ﬂ?) == ( eg(w)_’_x )a
then ' (@)
_ B e+ g (z
_ _ 1+4'(0)
[dhO] = Dh (0) - ( g/ (0) eg(O) 41 ’
b

Let us define [ : R — R? I(x) = (x,9(x)). Then h = fol. As | is differentiable on R and f is
differentiable on R? we may apply the “chain rule".

dho = dfl(O) o dlo
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] = i) = | ()|
! g'(x)
e’ 1
[df(m,y)] = Dl(xa y) = 1 e¥
Then
(dho] = e 1 1] [ 1+4(0)
011 9O |g(0)] ~ |1+ ¢/(0)es©®
14 .
D, (b0a) (2) = Dyb (1)), —a(a) - Dot ().
Db (y) = [ Dy,g(y) Dyg(y) Dysg (y) }
Y Dy f(y) Dyf W) Dysf ¥) | jyeain)
Dy, f(z) Doy f (x) Doy f (2)
Dza (37) = Dzlg (x) szg (1') Dmgg ((E)
1 0 0
D, (boa)(x)=
D, T D, T D, x o
Dylg(f(z),g(a:),ml) Dyzg(f(x)»g(w)le) Dy3g(f(z),g(a:),m1) 1f( ) 2f( ) 3f( )
Dy g(x)  Dayg(x)  Daygg(x)
Dy, f(f(x),9(x),x1) Dy, f(f(2),9(x),1)  Dys f(f(2),9(x),21) L o o
D, D, D,
_ Dylg Dy2.g Dyag :l DTlg Dng Dtag _
Dylf Dyzf Dysf ']11 62 03
:|: Dvlng1f+Dyngac1g+Dy39 D’l/1gDZ2f+Dyng$2.g Dy1gD$3f+DyngI3g )
Dylf : Dl‘1f + Dy2f ! Dqu + DySf Dylf : D’»L'zf + Dyzf : Dl‘zg Dylf ' Dwsf + Dyzf : Dwag
15 .
By the sufficient condition of differentiability, it is enough to show that the function f € C'. Partial
derivatives are Pl 2z 4+ y and a—y = —2y + x — both are indeed continuous, so f is differentiable.

16 .
i) f € Ctas Df(z,y,2) = (1 + 4ay? + 3yz,3y? + 42%y + 32,1 + 32y + 322) has continuous entries

(everywhere, in particular around (o, Yo, 20)))-

ii) f(zo, 0, 20) = 0 by direct calculation.

9 ) 8
lll) f; = £|(w07y0,20) =7 7£ 0? f!/; = %‘(wo,ymzo) =10 # 0 and fg/: = 87£|($0,y0,20) =8 # 0.
Therefore we can apply Implicit Function Theorem around (xg, yo, 2z0) = (1,1,1) to get

/
ox  f] _ _7/s,

[
Oy !
A=)
0z Iy 7/10
17 .
a)

o 2.’[}1 —2.’112 2 3
Df - |:l‘2 T 1 —1:|

and each entry of Df is continuous; then f is C'. det D, f(wx,t) = 222 + 223 # 0 except for 1 = x5 = 0

2$1 —+ 21’2 31’1 — 21'2

21’1 721’2 2 3 _ 1
1 —1] 222 4223 | 222+ 211 —211 — 322

Finally,
-1
O el
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b)
Df _ 2172 2LE1 1 th
21’1 2.’22 2t1 — 2t2 —2t1 + 2t2

continuous, det D, f(x,t) = 423 — 42% # 0 except for |x1| = |z2|. Finally

2o 21‘1}1[ 1 s }_

Dg(t) - |:2l‘1 2.732 2t1 — 2t2 —2t1 + 2t2

_ 1 —4xqt1 + 4dxqts + 220 dx1ty — dx1ty + 4dxats
dei—4zY | —2xq1 + dxoty — 4wty —4x1ty — dxoty + 4zt

2 3 2t —2t
pr= A0

continuous, det D, f(x,t) = —5 # 0 always. Finally

-1
_ 1= _ _
Dy(t) = — E _31] Ftl 2@} _ [ 261 — 3ty 2ty 3t1]

to  t1 | 5 |—2t1 4+ 2ty 2o+ 2t
18.
As an application of the Implicit Function Theorem, we have that
(22 —xz—
o Lmw
oz __w T 3222

if 322 — 2 # 0. Then,

e O(5itl) % (32— a) 6322

_ G ==) _ &
Ozdy dy (322 — z)?
Since,
ON23—xz2—
0 (= e v) L
dy w 322 g’
we get
822 3221—x (322 B 33) - 63z21_x : 22 —32’2 — X
dxdy (322 — 1) B (322 — 2)*
19.

As an application of the Implicit Function Theorem, we have that the Marginal Rate of Substitution in

(%o, y0) is

Ou(e.y)—k)

@ — _873 < O
wiey=@op)  GU=R
z,Yy)=(ZTo,;Yo

>0

RS I RANCD ) ) N
P P (gzugzyggﬁgg) Dyau 4 Dyyu 32 | Dyu — | Dyyu+ Dyyu G | Dyu
7y __ yul(z,y(z
dz? Ox (Dyu)2

(+)

and therefore the function y (z) describing indifference curves is convex.

20.
Adapt the proof for the case of the derivative of the product of functions from R to R.
21.
Differentiate both sides of
f(ax1,az9) = a™ f (z1, x2)

with respect to a and then replace a with 1.
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21.4 Nonlinear Programming

1.
(a)

If 8 =0, then f (z) = a. The constant function is concave and therefore pseudo-concave, quasi-concave,
not strictly concave.

If >0, f/ (x) =Bz, f'(z) =af(B—-1)z"2

@) <0< ap(B-1)>0 220020 < B <1<« f concave = [ quasi-concave.

/" (xz) <0< (e>0and S € (0,1)) = f strictly concave.

(0)

The Hessian matrix of f is
arBy (By — 1) afr =2 0
D*f (z) =
0 anfy (B, — 1) 272
D?f (z) is negative semidefinite < (Vi, 3, € [0,1]) = f is concave.

D?f (z) is negative definitive < (Vi, a; > 0 and 3; € (0,1)) = f is strictly concave.
The border Hessian matrix is

0 alﬁlxﬁl_l - anﬁnwﬁn_l
a1t By (B — 1) 2 0
B(f (@) = }
anﬁnxﬁ_l O Oénﬁn (Bn - 1) xﬁ”_Q

The determinant of the significant leading principal minors are

0 oy Bzt 202 (B, —1\2
det _ _ = -« T <0
arfya ™t By (By — 1) a2 i )
0 a161x51_1 04262.’1}62_1
det | aqBy2?71 a1y (B, —1)ahr=2 0 =
@Byl 0 asfy (By — 1) a2

= — [alﬁlxﬁflmﬂlwﬂrlazﬂz (Ba — 1)306272] — [a252x5171a2ﬁ2x5271a151 (B — 1)$6172} =
= - (a151a252xﬁ1+/5r4) [alﬁﬁﬁz (By — 1) + aaByzPr (B, — 1)] =

= —on BBy 1P [ 81272 (By — 1) + aaByxPt (B, — 1)] > 0

iff fori =1,2, a; > 0and 8, € (0,1).
(¢)

If 8 =0, then f (z) = min {a, —y} = 0.
If 8 > 0, we have

The intersection of the two line has coordinates z* : (: QT?W, a)

f is clearly not strictly concave, because it is constant in a subset of its domain. Let’s show it is concave
and therefore pseudo-concave and quasi-concave.

Given z/, 2" € X, 3 cases are possible.

Case 1. o/, 2" < x*.

Case 2. 2/, z" > x*.

Case 3. ' < z* and 2" > z*.

The most difficult case is case 3: we want to show that (1 — \) f (') + Af (") < fF((1 =Nz’ + \a”).

Then, we have
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(1= X) f (2) + Af () = (1 — \)min {a, B2’ — v} + Amin {o, B — 7} = (1 - A) (B2’ — ) + A
Since, by construction a > 8z’ — 7,
(1= ) (B2 =)+ A <
since, by construction a < 8z” — 7,
(1= X) (B2’ =) +Aa < (1 A) (B2 =)+ A((Ba” —7) = BI(1 - N2’ +Aa"] — 7.
Then
(1- ) f (@) + Af (&) < min{a, B(1 — N’ + Aa”] =} = F (1 - N a’ + Aa"),

as desired.
2.
a.
i. Canonical form.
For given 7 € (0,1), a € (0, +00),

MaX(z,y)cR? mou(z)+(1-—m)uly) st. a-— %x —y>0 A
20 -2z —y>0 X
X Z 0 )\3
y=>0 W
y=a-3o o 2 2
J =2 —22:r , solution is |z = S0y =30
y 27
15T
1
057
0 } Y % T
0 05 1 15 5
X

ii. The set X and the functions f and g ( X open and convex; f and g at least differentiable).
a. The domain of all function is R%2. Take X = R? which is open and convex.
b. Df (z,y) = (7 - v (z),(1 — m) v (y)).The Hessian matrix is

7w’ (x) 0
0 (1 —=m)u" (y)
Therefore, f and g are C? functions and f is strictly concave and the functions ¢’ are affine.
iii. Existence.

C' is closed and bounded below by (0,0) and above by (a,a) :
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y<a-— %x <a
2 < 2a —y < 2a.
iv. Number of solutions.
The solution is unique because f is strictly concave and the functions g7 are affine and therefore concave.
v. Necessity of K-T conditions.
The functions ¢’ are affine and therefore concave.
a = (30, 30)
a—%%a—%a: ia>0
2a—2%a—%a: %a>0
la>0
%a >0
vi. Sufficiency of K-T conditions.
The objective function is strictly concave and the functions ¢/ are affine

vii. K-T conditions.

1
L(z,y, A, dsmoa) =7-u(@)+ (1 —m)u(y) + M\ <a:cy> + A2 (2a — 22 — y) + X327 + A\1y.

2
7T~u’(x)—%)\1—2)\2+)\3 =0
(1—7r)u’(y)—/\1—)\2+/\4 =0
min{)\l,a—%x—y} =0
min { Az, 2a — 2z — y} =0
min {3, z} =0
min {\y, y} =0

b. Inserting (z,y, A1, A2, A3, \q) = (%a, %a, Al,0,0,0), with Ay > 0, in the Kuhn-Tucker conditions we
get:

T (2a) — 3\ =0
(l—ﬂ)u'(ga)—/\l =0
a—gga—ga =0
min O,2a—2%a— %a} =
min Oéa =0
min {0, Za =0
and
A =27 -u (%a) >0
1 (2

A1 =(1-mu (34) >0

o~ ta—Fa -

min {0,0} =0

Therefore, the proposed vector is a solution if
2 2
27 -’ (3a> =1 —-m)u <3a> > 0,

1
2r=1—7m or 7T:§andf0ranya€R++.

ie.,

c. If the first, third and fourth constraint hold with a strict inequality, and the multiplier associated with
the second constraint is strictly positive, Kuhn-Tucker conditions become:

m-u (z) — 2X9 =0
(I-mu'(y)—X =0
a—%x—y >0
2a — 2z —y =0
T >0

Y >0
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meu (2) — 2A =0
(I-mu'(y)—A2 =0
20 — 2z —y =0
T Y Ao T a
meu (T) — 2A2 m-u’(x) 0 -2 W (z) O
(1-mu'(y) =X 0 (1-mu"(y) -1 —u'(y) O
20 -2z —y -2 -1 0 0 2
m-u'(z) 0 -2
det | 0 1-mu" (y) -1 |=
-2 -1 0
_ ” (1 - 7T) u’ (y) -1 _ 0 -2 _
= wu” (z) det 1 0 2 det (1—m)u'(y) -1 |~
=—mu”’ () —4(1—-m)u" (y) >0
m-u'(z) 0 217w (z) O
D(ﬂ',a) (.TJ, Y, >\2) = - 0 (1 - 7T) u (y) -1 —u (y) 0
-2 -1 0 0 2
Using maple:
m-u (z) 0 27"
0 1-mu’(y) -1 =
—2 -1 0
-1 2 2u” (y) — 2wu” (y)
= 77ru”(1:)741(177r)u”(y) 2 —4 mu'l ($)

2u” (y) — 2mu” (y)  wu” (x) mwu’ (z)u” (y) — mu” (z)u” (y)

D(ﬂ,a) (.’E, Y, )‘2) =

-1 2 2u” (y) (1 — ) u'(x) 0
_ 1 _ " o/ _
—mu' (x)—4(1—m)u" (y) ) 2 //4 y 7TUN (‘T) u (y) 0 -
' (y)1—m) mu’(x) 7u’ (x)u” (y)(1—m) 0 2
—u' (z) — 2u (y) 4u” (y) (1 — )
- ﬂu/’(z)+4(11—‘n')u”(y) 2u' (x) — 4/ (y) 2rmu’’ (x

2u” (y) (1 = 7) -/ (2) + 7u” (2) (=u' (y))  27u” (2) u” (y) (1 —7)

3.
i. Canonical form.
For given 7 € (0,1) ,wq,ws € Ry 4,

max(; , myer? , xx Tlogz +(1—m)logy s.t
wy—m—x>0 A
we+m—y>0 Ay

where A, and A, are the multipliers associated with the first and the second constraint respectively.
ii. The set X and the functions f and g ( X open and convex; f and g at least differentiable)
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The set X = Ri 4 X R is open and convex. The constraint functions are affine and therefore C%. The
gradient and the Hessian matrix of the objective function are computed below:

x Yy m
mlogz + (1 —7)logy z 1*7“ 0
z Y m
I
1-7 1—7
R
0 0 0 0

Therefore, the objective function is C? and concave, but not strictly concave.
iii. Existence.
The problem has the same solution set as the following problem:

MaX(7,y m)eR? , xR T10gT + (I-m)logy s.t
wi—m—x>0 Az
wy+m—y >0 Ay
mlogz + (1 —7)logy > wlogw; + (1 — 7) log we

whose constraint set is compact (details left to the reader).

iv. Number of solutions.

The objective function is concave and the constraint functions are affine; uniqueness is not insured on
the basis of the sufficient conditions presented in the notes.

v. Necessity of K-T conditions.

Constraint functions are affine and therefore pseudo-concave. Choose (z,y, m)Jr+ = (%, =2, 0) .

vi. Sufficiency of Kuhn-Tucker conditions.

f is concave and therefore pseudo-concave and constraint functions are affine and therefore quasi-concave..

vii. K-T conditions.

= T-X;=0

= %‘—’T—)\yzo
y

= A+ =0
min{w; —m —x,A,} =0
min {we +m —y, Ay} =0

viii. Solve the K-T conditions.
Constraints are binding: A\, = = >0 and A\, = 1_7” > 0. Then, we get

)\wzlgandxz/\%l
/\y:T”andy: /\y”
Az = Ay 1= A

wi—m—xz=0
we+m—y=20

Ay = Tand y = 1=

Az = Ay

wy—m—=%=0

wrtm Y5z =0
Then wy — § = —wa + I*T“ and A = wliwz .Therefore
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1

)\ =
T w1 +wsa
_ 1
/\y T witws
x =m (w1 + w2)
y=(1-m)(w +ws)
b., c.
Computations of the desired derivatives are straightforward.
4.
i. Canonical form.
max(; yerz —> —y> + 4z + 6y s.t. —x—y+6>0 A1
2 — y Z O )\2
x>0 My
y > 0. Fhy

ii. The set X and the functions f and g ( X open and convex; f and g at least differentiable)
X = R? is open and convex. The constraint functions are affine and therefore C?. The gradient and
Hessian matrix of the objective function are computed below.

z y

—2? —y?+4r+6y —22+4 —2y+6
Ty
—2x+4 -2 0

—2y+6 0 -2

Therefore the objective function is C? and strictly concave.

iii. Existence.
The constraint set C' is nonempty ( 0 belongs to it) and closed. It is bounded below by 0. y is bounded

>

above by 2. x is bounded above because of the first constraint:: x < 6 —y yéo 6. Therefore C' is compact.

iv. Number of solutions.

Since the objective function is strictly concave (and therefore strictly quasi-concave) and the constraint
function are affine and therefore quasi-concave, the solution is unique.

v. Necessity of K-T conditions.

Constraints are affine and therefore pseudo-concave. Take (z71,y™1) = (1,1).

vi. Sufficiency of K-T conditions.

The objective function is strictly concave and therefore pseudo-concave. Constraints are affine and
therefore quasi-concave.

vii. K-T conditions.

L(z,y, A, Aoy g ) = =22 =y + 42+ 6y + Xy - (—2 —y 4+ 6) + +A2 - (2 — y) + 1@ + 1,y

721’+47/\1+[Lz:0
—2y+6—A1—A2+p, =0
min{—-z—y+6,A\} =0
min {2 —y, A2} =0

min {z, p, } =0
min{y,uy} =0

+4—>\1+/LI =0
—2y+6—)\2+uy=0
min{—-y+6,A\1} =0
min{2 —y, A2} =0
min {0, u, } = 0
min{y,uy} =0
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Since y < 2, we get —y + 6 > 0 and therefore Ay = 0. But then p, = —4, which contradicts the

Kuhn-Tucker conditions above.

C.
—4—|—4—>\1—|—/.sz0

74+6*>\2+uy20
min{—-4+46,\} =0
min{2 — 2,22} =0
min {2, p,} =0
min{Q,uy} =0

A+ p, =0
+2—)\2+,uy:()
)\1:0

min {0, A2} =0
fy =0

py =0

ty =0
+2—X =0
A1 =0

min {0, A2} =0
ty =0

My:

Therefore (a?*, Yo AL AL, pk, MZ) =(2,2,0,2,0) is a solution to the Kuhn-Tucker conditions
5 .2

5. a.

i. Canonical form.

For given § € (0,1),e € Ry,

Max(c, e, k)ers U (c1) + ou(ca)
s.t.
e—C — k 2 0 )\1
f(kE)—c2>0 A2

c1 20 251
c2 20 Ho
k> 0. s

ii. The set X and the functions f and g ( X open and convex; f and g at least differentiable).
X = R3 is open and convex. Let’s compute the gradient and the Hessian matrix of the second constraint:

C1 Co k

fk)—co 0 -1 (k)

C1 Co k
0 0 0 0
-1 0 0 0

frk)y 00 f(k)<O

2Exercise 7 and 8 are taken from David Cass’ problem sets for his Microeconomics course at the University of Pennsylvania.
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Therefore the second constraint function is C? and concave; the other constraint functions are affine.
Let’s compute the gradient and the Hessian matrix of the objective functions:

C1 Co k

u(cr) + du(ca) u' (1) du' (e2) 0

c1 Co k

u (1) u’(e1) 0 0
ou' (c2) 0 ou" (e2) 0
0 0 0 0

Therefore the objective function is C? and concave.

iii. Existence.

The objective function is continuous on R3.

The constraint set is closed because inverse image of closed sets via continuous functions. It is bounded
below by 0. It is bounded above: suppose not then

if ¢y — 400, then from the first constraint it must be £k — —oo, which is impossible;

if cg — +o00, then from the second constraint and the fact that f > 0, it must be k — +oo, violating the
first constraint;

if k — 400, then the first constraint is violated.

Therefore, as an application of the Extreme Value Theorem, a solution exists.
iv. Number of solutions.

Since the objective function is concave and the constraint functions are either concave or affine, uniqueness
is not insured on the basis of the sufficient conditions presented in the notes.
v. Necessity of K-T conditions.

The constraints are affine or concave. Take (c;r+7 cg ™, k**) = (i, %f (2) , 2) . Then the constraints are
verified with strict inequality.
vi. Sufficiency of K-T conditions.

The objective function is concave and therefore pseudo-concave. The constraint functions are either
concave or affine and therefore quasi-concave.
vii. K-T conditions.

L (e, .k, A1y Aa, iy g, piz) = w(c1) 4+ 0u(c2) + Ar (€ — e1 — k) + Ao (f (k) — ¢2) + pacr + poca + pgh.

W) = AM+p =0
du' (ea) — Ao+ py =0
=M1+ Aef' (k) +py =0
min{e—c¢; —k,\} =0
mln{f (k) —02,/\2} =0
min {c1, 0.} =0
min{c?ap’Q} =0

wmin (k) = 0

viii. Solve the K-T conditions.
Since we are looking for positive solution we get

u’ (01) — )\1 =0

(SIL/ (02) 7)\2 =0

—)\1 +)\2f/ (k) :0
min{e —c¢; —k,A\1} =0
min{f (ki) —CQ,)\Q} =0
py =0

pa =0

pz =0
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W) =M =0
(5u’ (Cg) — )\2 =0
A1+ Ao f (k‘) =0

e—c1—k=0
f (k) — Cg — 0
Observe that from the first two equations of the above system, A1, Ao > 0.

5. b.
i. Canonical form.
For given p > 0, w > 0 and [ > 0,

max(; nerz U (@,1)
s.t.
—px —wl +wl >0
1—1>0
x>0
[1>0

ii. The set X and the functions f and g ( X open and convex; f and g at least differentiable).

X =R? is open and convex.

The constraint functions are affine and therefore C?. The objective function is C? and differentiably
strictly quasi concave by assumption.

iii. Existence.

The objective function is continuous on R3.

The constraint set is closed because inverse image of closed sets via continuous functions. It is bounded
below by 0. It is bounded above: suppose not then

if 2 — o0, then from the first constraint (pxr + wl = wl),it must be [ — —oo, which is impossible.
Similar case is obtained, if [ — +o0.

Therefore, as an application of the Extreme Value Theorem, a solution exists.

iv. Number of solutions.

The budget set is convex. The function is differentiably strictly quasi concave and therefore strictly
quasi-concave and the solution is unique.

v. Necessity of K-T conditions. o

The constraints are pseudo-concave (z77F,1%+) = (37, L) satisfies the constraints with strict inequalities.

vi. Sufficiency of K-T conditions.

The objective function is differentiably strictly quasi-concave and therefore pseudo-concave. The con-
straint functions are quasi-concave

vii. K-T conditions.

L (cl, Co, k, A1, Ao, As, )\4;p,w,i) = (z,l) + A\ (fp:c —wl+ wf) + A2 (i — l) + A3 + A4l

Dyu—Mp+23=0
Dlu—/\lw—A2+/\4=O
min{—pm —wl—|—wz,)\1} =0
min {Z— l,/\g} =0

min {z, A3} =0

min{l,\q} =0

viii. Solve the K-T conditions. B
Since we are looking for solutions at which = > 0 and 0 < I < [, we get

Dyu—XMp+2A3=0
Diu—Mw—A+24=0
min{—px—wl—i—wi,)\l} =0
A =0

A3 =0

M=0
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Dyu—XMp=20
Diu—Mw=0
min{—px—wl—i—wi,)\l} =0

and then \; > 0 and

Dyu—Mp=0
Diu—Aw=0
—px —wl +wl =0
7.
a.

Let’s apply the Implicit Function Theorem (:
them in the usual informal way we have:

= IFT) to the conditions found in Exercise 7.(a). Writing

C1 C2 k )\1 /\2 e a
u (1) = A1 =0 u”’ (1) -1
0u' (c2) — A2 =0 du (e2) -1
A1+ Aof (k) =0 Nof' (k) —1 f'(k)  Aeake!
e—c1—k=0 -1 -1 1
f(k)—c2=0 —1 [ (k) ke

To apply the IFT, we need to check that the following matrix has full rank

u” (¢1) -1
du" (cq) -1
M = Xof" (k) -1 f'(k)
-1 -1
-1 f (k)
Suppose not then there exists A := (Acy, Aco, Ak, A1, AXs) # 0 such that MA =0, i.e.,
u' (Cl) Aci+ —A)\ =0
du" (cg) Aca+ —A)y =
Xof" (k) Ak+ —AM+ ff(k)AX =
7A61+ 7A]€ = O
—Aco+ (k) Ak+ =

Recall that
[MA=0=A=0]

The idea of the proof is either you prove directly [MA =0= A =0], or you 1. assume MA = 0 and

A # 0 and you get a contradiction.

iff M Thas full rank.

"
If we define Ac = (Acy, Acs), AN i= (AMi,A)), D? = [ wlaba (o) Ac
2 2
system can be rewritten as
D?Ac+ —AX =0
Xof" (k) Ak+ [-1,f (k)]AX =0
-1
—Ac+ [ £ (k) ] Ak =
AcT D2 Ac+ —AcTAN =0 (1)
AkXof" (k) Ak+ Ak[-1,f"(K)]AXN =0 (2)
ANTAer AT { z } Ak 0 (3
T 2 (1) T _ T (3) T - (2) / _
Ac'' D*Ac = Act AN = —AX" Ac = A f(k) Ak = AE[-1, f (k)] AN =
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= AkXof" (k) Ak > 0,
while AcT D2Ac = (Acy)?u” (¢1) + (Acy)? du” (¢1) < 0. since we got a contradiction, M has full rank.
Therefore, in a neighborhood of the solution we have

-1

u” (e1) -1
ou’ (c2) -1
D(e,a) (ClaCQak7)‘17)\2) = - AQ.f” (k) -1 f/ (k) )\QOLkail
—1 —1 1
—1 f1 (k) k*

To compute the inverse of the above matrix, we can use the following fact about the inverse of partitioned
matrix (see Goldberger, (1964), page 27:
Let A be an n X n nonsingular matrix partitioned as

E F
|6 wl
where En,xnyy Fryxngs Gnoxngs Hnoxng and ni + ng = n. Suppose that £ and D := H — GE~'F are
non singular. Then
g1_ | EI+FDIGEY) —ET'FD!
- -D7'GE™! D! '

In fact, using Maple, with obviously simplified notation, we get

_ -1
u; 0 0 -1 0

0 dus O 0 -1

0 0 Xofa =1 fi =

-1 0 -1 0 0

0 -1 fi 0 O

I S _ f1 _ 1 __dusfPtXafs Suy——
ui+dus f+ X2 f2 u1+5u22f12+>\2f2 ui+Sua fZ+X2 f2 ui+ouz f+A2 f2 2u1+5u2f12+/\2f2
_ f1 fi f1 i w ___wmtAafs
ur+ouz fZ+A2 f2 ur+ouz fZ+A2 f2 ur+ouz fZ+ X2 f2 fl ur+ouz f2+ A2 fo w1 +8us f2+ X2 fo
. 1 1 1 o w __h_
uy +6u22f12+>\2f2 up+ouz fZ+ X2 f2 ui+ous fZ+ A2 f2 ur+ous fZ+X2 f2 Oug uy+ous fZ+X2 f2
__Ouafitrafs _ k151 _ Uy gy, OuafitAafs _ . uw
ui+ouz f2+A2 f2 fl ur+0ug f2+A2 fo w1 +8us f2+ Ao fo U1 ur+0uz f2+A2 fo 6u2f1 ui+oug f2+A2 fo
_Su 1 __ uitdafs Su 1 —Sus f (3} Sy —MatAzfr
2u1+5u2f12+/\2f2 ur+ouz fI+X2 f2 2u1+5u2f12+/\2f2 2 1u1+5uzf12+)\2f2 2u1+5u2f12+>\2f2
Therefore,
Mgﬁﬂ M
u1+0uz f1+A2 f2 u1+0uz f1+A2 f2
Deer Dacy ¥ uy —f1 Ao ak® VB uy 45 Ao f
D.cy D,cy LuiFous fitrafz u1+601f2 1+A2 f2 .
_ Ul _)\gak' T +oua frk
Dk Dak w1 +0uz f1+A2 f2 u1+ous fi+A2 fo
DeAr Doy g OuafitAafs w220k T Sus 1R
D\ D\ LUy Fous fi+ A f2 L ur+ous fi+ A2 f2
ey N2 ay N2 Su f uy Su —f1doak® T EYu +E Ao fo
L 2/ U1 Fous fr A2 fo 2 u1+0uz f1+A2 f2 i
£ - o+ -
__duafitdafo . du' (co) f' X2 f"” » o —»
Then Decy = ur+oug fi+Aafa " u”(cl)"!‘iu”(CZ)f/‘i'):er// ==">0
N At _
Deco = f uy — Jj—'u”(_m) " _ =m0
e®2 = Sy Fous fritrafe T u"(Cl)‘*‘_‘?_u”(Cz)Ji‘f‘ﬁzf” I
+ * + 7 . h+
D k _ _)\2aka—1+6u2f1ka — _ /\zaka71+5u”(02)f/ka
a ur+ous fi+Aafo u//(C1)+§»’U‘/l(C2)}:+{\"2f”’

+ -+
which has sign equal to sign | Aoak®™1 + du’ (c2) f'k* | .
b.
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Let’s apply the Implicit Function Theorem to the conditions found in a previous exercise. Writing them
in the usual informal way we have:

o~

T l AP w

Dyu—Mp=0 D? Dil -p =\
Diu— X w=0 Dil Dl2 —w -\
—px —wl +wl =0 -p  —w -1 -1 w

To apply the IFT, we need to check that the following matrix has full rank

D D3 -p
M:=| D? D} -—w
—p —w
D2 D? —p D?> —gq
Defined D? := [ 3 zl } , q = { , we have M := .
D3 Df - —q"

Suppose not then there exists A := (Ay, AX) € (R? x R) \ {0} such that MA =0, i.e.,

D*Ay  —gAXN =0 (1)
—q" Ay =0 (2

We are going to show

Step 1. Ay # 0; Step 2. Du - Ay = 0; Step 3. It is not the case that Ay” D?Ay < 0.
These results contradict the assumption about .

Step 1.

Suppose Ay = 0. Since ¢ > 0, from (1), we get A\ =0, and therefore A = 0, a contradiction.
Step 2.

From the First Order Conditions, we have

Du—X1qg=0 (3).

DuAy @ A1qAy @ 0.

Step 3.

AyT D2 Ay W AyTqgAN @y,

Therefore, in a neighborhood of the solution we have
-1

Dg Dil —p —)\1
D(p,w,i) (CC,Z, )\1) = — Dil Dl2 —w j/\l
-p  —w -1 -1 w

Unfortunately, here we cannot use the formula seen in the Exercise 4 (a) because the Hessian of the
utility function is not necessarily nonsingular. We can invert the matrix using the definition of inverse. (For
the inverse of a partitioned matrix with this characteristics see also Dhrymes, P. J., (1978), Mathematics for
Econometrics, 2nd edition, Springer-Verlag, New York, NY, Addendum pages 142-144.

With obvious notation and using Maple, we get
2 —dw+pd;

-1 w w
dm d —p dyw?2—2dpw+p2d; _pdzwz—dew—&-del T dyw?2—2dpw+p3d;
d dl —w = —p w P2 —dzw—+dp
dyw?—2dpw—+p3d; d,w?—2dpw-+p2d; dyw?—2dpw-+p?d;
-» —w 0 __ —dwipd —dyw+dp —dydy+d?
dzw?—2dpw+p2d; dzw?—2dpw+p2d; drw?—2dpw+p2d;
Therefore,
D(p,wj) (Z‘, l, )\1) =
w? w —dw+pd;
dzw?—2dpw+p2d; _pd1w272dpw+p2dl T dyw?—2dpw+p2d; -1 O 0
_ | _ w p’ —dyw+dp 0 N 0 | =
pdzw272dpw+p2dl dyw?—2dpw—+p3d; dzw?—2dpw+p2d; M
__ —dw+pd —d,wtdp —dgd+d’ -1 I-1 w
dzw?—2dpw+p2d; dyw?—2dpw—+p3d; dzw?—2dpw+p2d;
_ —wAi—dw+pd, __pwAi—ldw+lpd; —dw+pd;
dzw?—2dpw+p2d; d%w2—2dpw+p2dl dyw?—2dpw+p2d;
_ —pwAi —dgzw+dp p~ A1 —ldyw+ldp —dzw—+dp
- dyw?—2dpw-+p?d; dyw?—2dpw+p2d; T dyw?—2dpw+p3d; w
 —Xidwthipditdedi—d®>  —Aidzw+Aidp—Ildy,di+1d> —dyd;+d?

dzw?—2dpw+p2d; dzw?—2dpw+p2d; T dyw?—2dpw+p3d; w
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—pwA1 — dyw + dp
Dyl =
dyw? — 2dpw + p2d;

P2 A — ldgw + ldp

Dl = .
drw? — 2dpw + p2d,

The sign of these expressions is ambiguous, unless other assumptions are made.

7.
(=]
Since f is concave, then
1 1 1
z — > Z
P50+ 5v) 2 5/ @+ 37 0)

Since f is homogenous of degree 1, then

F(36+0) =56,

Therefore,
flaty) = f@)+f).
(<]
Since f is homogenous of degree 1, then for any z € R? and any a € R, we have

flaz) = af (2). (21.12)
By assumption, we have that
for any z,y € R?, f(z+y) > f(2)+ f(y). (21.13)
Then, for any X € [0,1],
F=Na+x) 2 F =0+ F0w) 2D =0 f @)+ A ),

as desired.
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