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1 Economic Environment

1.1 Preferences

A representative consumer has preferences defined over consumption C; and hours worked
H,;, as described by the expected utility function

E Z ﬁt[ln(Ct) —vHy, (1)

where 1 > § > 0 and v > 0. The linearity in hours worked can be motived along the lines
of Hansen (1985) and Rogerson (1988).

1.2 Technologies

The representative consumer produces output Y; with capital K; and labor H; according to
the constant-returns-to-scale technology described by

Y, = A K] (n"Hy) Y, (2)

where n > 1 measures the gross rate of labor-augmenting technological progress and where
1> 60> 0. The technology shock A; follows the first-order autoregressive process

In(Ay) = (1 - p) In(A) + pIn(A,1) + &, (3)

where A > 0,1 > p > —1, and
Et ~ N(0,0'2).

During each period, the representative consumer divides output Y; between consumption C}
and investment [;, subject to the resource constraint

Y, = C, + I, (4)
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Investment [; increases the capital stock according to
Kipn=(1-0)K: + I, (5)

where 1 > § > 0.

1.3 Variables and Parameters

The model has implications for six variables: Y;, C;, I;, H;, K;, and A;. The model has

eight parameters:
1>6>0 1>6>0

v >0 A>0
1>60>0 1>p>-1"
n>1 o>0

2 Characterization of Equilibrium Allocations

2.1 Optimization

Equilibrium allocations can be characterized by solving the representative consumer’s prob-
lem: choose sequences {Y;, Cy, I;, Hy, K41 132, to maximize the utility function (1) subject
to the constraints (2)-(5) for all t =0,1,2,.... By combining (2), (4), and (5), this problem
can be simplified to one of choosing {C}, Hy, K;11}52, to maximize

E> B In(Cy) — yH)]
t=0
subject to
Atho(’r]th)lie 2 Ct + Kt+1 — (1 - 5)Kt
forall t =0,1,2,.... The first-order conditions for this problem can be written as
and
1/Cy = BEA(1/Coi)[0(Yigr/ Kieia) + 1 = 0]} (7)

forallt=0,1,2,....



2.2 Equilibrium Conditions

The equilibrium behavior of the six variables Y;, Cy, I;, H;, K;, and A; is therefore determined

by the six equations
Y = AK] (" Hy)',

In(A;) = (1 —p)In(A) + pln(A;i1) + &4,
Y, =C + 1,
K = (1 0)K, + I,
VO H, = (1 - 0)Y,,

and
1/Cy = BEL(1/Cei1)[0(Yer1/Kisr) + 1 = 0]}

forall t=0,1,2, ...

2.3 Transformed (Stationary) System

Equations (2)-(7) can be rewritten in terms of the six stationary variables y, = Y, /1", ¢; =

Ot/nt7 it = [t/nta ht - Ht, kt - Kt/nt, and ay = At as
Yt = atktehtliea
In(a;) = (1 — p)In(A) + pln(as_1) + &4,
Yr = ¢+ Uy,
Nk = (1 —6)ky + iy,
vechy = (1 - Q)yta
and

n/ce = BEA (1 cey)[0(Werr /Kera) +1 = 0]}
forall t=0,1,2,....

2.4 Steady State

In the absence of shocks, the economy converges to a steady state, in which each of the six
stationary variables is constant, with y;, = vy, ¢; = ¢, @y =i, hy = h, k; = k, and a; = a for all

t=0,1,2,.... Equation (3) immediately provides the solution a = A.
Now suppose that the steady-state value y is in hand, and use (7) to solve for

0
"= (n/ﬁ—1+5)y'
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Use (5) to solve for
i O(n—1+9)
n/B—1+6]"

(-

= () (- [

Finally, substitute these results back into (2) to solve for y:

These equations show how the steady-state values y, ¢, 7, h, k, and a depend on the
parameters 3, v, 6, n, 6, and A. By contrast, the parameters p and ¢ have no impact on
the model’s steady state.

use (4) to solve for

and use (6) to solve for

2.5 Linearized System

Equations (2)-(7) can be log-linearized to describe the behavior of the stationary variables
as they fluctuate about their steady-state values in response to shocks. Let ¢ = In(y:/y),
& =1In(c/c), iy = In(iy /i), hy = In(hy/R), ky = In(ky/k), and @, = In(a,/a). Then first-order
Taylor approximations to (2)-(7) yield

Gr = g + Ok, + (1 — 0)hy, (2)
ay = pay—q + &4, (3)
(n/B—=140)g = [(n/B—1+6)—0n—1+0)|¢; +0(n—1+0)i, (4)
N1 = (1= 0)ky + (n — 1+ 6)iy, (5)
&+ by =y, (6)
and
0= (n/B)¢ — (n/B)EiCir+(n/B+1—06)Efr — (/B +1— 5)ift+1 (7)

forall t=0,1,2, ...

These equations show that the model’s dynamics depend on the model’s parameters [,
0, n, d, and p. By contrast, the parameters v and A have no impact on the dynamics; they
serve only to determine the steady state. In this linearized model, of course, the standard
deviation parameter o determines the size of the technology shocks, but has no effect on the
shapes of the impulse responses.



2.6 The Linear System in Matrix Form

Let
k=n/B—1+6

and
A=n—1494.

In addition, let
and

Then (2), (4), and (6) can be written as
AfY = BsY + Cay,

where
1 0 6-1
A= | k —0) 0 ,
1 0 -1
0 0
B=|0 k—0X|,
0 1
and

C:

1
01.
0

DEsY, + FEf, = Gs? + H Y,

Equations (5) and (7) can be written as

where
n 0
D:
[ﬁ n/ﬁ}’
0O 00
F_[—KOO]’
1-6 0
G = ,
[ 0 n/ﬁ]
and \
0 0
H:[O 0 0]'
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Finally, note that (3) implies that
Et&tJrj = ,0] ay

forall 7 =0,1,2,....

3 Solving the Model

3.1 The Blanchard-Kahn Procedure

Rewrite (8) as
f=A"1Bs? + A Cay.

When substituted into (9), this last result yields
(D+FA'B)E;s)., = (G+ HA'B)s) + (HA™'C — FA™'Cp)ay
or, more simply,
Eis? = Ks) + Lay, (10)

where
K=(D+FA'B)™ G+ HA'B)
and
L=(D+ FA’IB)’I(HA’IC — FA’le).

Below, it is shown that the 2 x 2 matrix K has one eigenvalue outside the unit circle
and one eigenvalue inside the unit circle, implying that the system has a unique solution.
Exploiting this result, write K as

K =M"1NM,
where N
_| M0
N = l 0 N, ]
and

My, M
M = .
{Mgl Mm]

The diagonal elements of NV are the eigenvalues of K, with N; inside the unit circle and N
outside the unit circle. The columns of M~ are the eigenvectors of K. In addition, let



Now (10) can be rewritten as

My, Mo B¢ — N 0 My, Mo 04 My Mo
My Mo it 0 N, My My |71 My Moy
or
Ets%tJrl = le%t + Q104
and
Ets%t-&-l = Nosy, + Q2
where R
S%t = M1k + Miaéy,
S%t = M21/%t + Mooéy,
Q1 = MLy + Mya Lo,
and

Q2 = Mo Ly + Moy L.

Since NV lies outside the unit circle, (12) can be solved forward to obtain
Sy = (1/N2)Et3%t+1 — (Q2/N2)ay

= —(Q2/N2) Y (1/Na) Eriigs;

Jj=0
o0

= Qz/Nz Z /N2

=0

()
1 —p/Ny

_ @ .,

= (%)

Use this result, along with (14), to solve for ¢;:

or, more simply,
¢t = Siks + Saay,

where
S1 = —Msy /Mo

Ly
L,

(15)



and

Sy = (1/May) (p ?2%) .

Equation (13) now provides a solution for s},:
siy = (Mg + MiaSy)ky + MipSody.
Substitute this result into (11) to obtain
(M1 + Mi2S1)kesr = Ni(Myy + Mi2Si)ke + (Q1 + MiaSs — M2 Sap)iy
or, more simply,

ift+1 = 53/;} + Saay, (16)

where

S3 =N,

and
Sy = (Q1 + N1M12S5 — M12S2p) /(Mg + Mi2Sh).

Finally, return to
Y = A'BsY+ A7 Cq,
— 4B { K } + A"lCa,

Cy

A-'B { 51'1 } k, + {A—10+ AR { gz Hat

or, more simply,

2 = Sske + Ssa, (17)
where
_ A1 1
siman] L]
and

Se = A\C + A°'B { 0 ] .
So

Equations (3) and (15)-(17) can now be combined to write the model’s solution as
St41 = HSt + W€t+1 (18)

and
ft = Us, (19)
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where

| S5 S
H_[O p}’

0

w=[1]

and o
- 5 06
U_[Sl 52}-

3.2 Preliminary Calculations

Using the specific matrices A, B, C', D, F, GG, and H as defined above,

g 0 0-1
—1 K 1 K(Q*l)
AT = @ oX 02>1\ )
s 0 ~7
10—
-1 _ K 2 \—k
ATB = ) 99)2\,\ )
T
0 0
FA™'B = { . ] :
K —E(0—1)
Kk 0%*X—k
HA'B=1|7¢ 22
0 0 ’
_ n
D+ FA'B= " ,
{ 0 4-50-1) ]
1 0 ]
(D+FA'B)™! = 0 50
nf—pBr(0—1)

£ 0*A—k |
GrHA'B=|17°"s o
0 Ul
LA
and
Kk+60(1—0) 02)\—xk
— _ _ 2
K=(D+FA'B)y"Y(G+HA'B) = %9 : WZQ(H .
n0—r[(0—

|



or

| Kn K
K_{ 0 Kggl’

where

n—0B01-0)1-9)
Bnd ’

_ B =+ B - 6*)(1-9)

a Bnb? ’

K =

K12

and

In addition,

ATIC =

HAlC:{

o O%l;&
[E—"

Fatcp=| S |

and
L=(D+ FA’IB)’l(HA’lC — FA’le) = [ E) ]
n0—Br(6—1)
or
_ | L
=L |
where
n—pB(1—9)
L, = 5
pnb
and
pln — B(1 = 0)]

ST

The eigenvalues and eigenvectors of K are

1
Kz and [ (K — K1)/ K 1
and
1
K11 and |: 0 ] .
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Hence

and

In addition,

and

and

Hence,

0
Se=A'C+ A'B { 0 ] = | S+ [77/5*1+5

Sy

K12L2

I no
M=o = o0 o)

N, — Ky, = 1= A= 01— 0)

Bnb ’
Mll - 07
M12 - K12/(K22 - Kll))
M21 - 1a

M22 = _K12/(K22 - Kll)-

Ko — K11

Sl = _MQI/MQQ - K12

Ql - MllLl + M12L2 = KIQLQ/(K22 - Kll)

Q2 = M21L1 + M22L2 = Ll - K12L2/<K22 - Kll)-

p—Na
S3 = Nl = K227

2= (1) (57 ) = T E =Rl

(Q1 + N1 M8y — M12S2p) /(Myy + Mi2Sh)
(Koo — p)[(Ka2 — K11) L1 — Ky2Lo)

K22 - Kll

- (57) 5
S

02(n—1+0)

L-(5) 5

ngAqB{jl}: ‘$+[ﬂﬁii}w—

(K22 - Ku)(Kn - P)

Sl) )

5~ (550) 5

02 (n—1+49)

M1—&)

P

11
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3.3 Final Calculations

These results can be summarized as follows. Let

Ky, = 1= AL=0){1 -9)

and

Then

and

Sa

K12 =

5o ’

Bnt* —n+ 51 —6°)(1—9)

K22

Ly =

Sy =

K12L2

Bno® ’
no

- A -0)(1-0)

Ly

P

_n=pB1-9)

Bno>

[n— 51 —9)]

_77—

S =

BIL-0)(1-0)

K22 - Kll
K

(K22 - Kll)Ll - K12L2

K12(K11 —P) ’
S3 - K227

(Kag — p)[(K2 — Ky1) Ly — K15Lo]

" Ko — K1

55:

1- (598 |

(K22 - Kll)(Kn - P)

12
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3.4 Existence and Uniqueness

As indicated above, the existence and uniqueness of the model’s solution requires that Koo
lie inside the unit circle and K7; lie outside the unit circle. In fact, it can be verified that
these conditions always hold, given the restrictions that have been placed directly on the
model’s parameters.
Note first that
no

T

K22 =

In addition,

n(0—1)+ 61 —-0)1 =9
n—p1—0)(1-0)
pL=0)(1 =0 —n/b)
n—p1—=0)(1-0)

< 0.

Kgg—l =

These two inequalities imply that 1 > K5, > 0 so that, as required, K99 lies inside the unit

circle.
Next, consider that

Ky —1 - 10=69-501-0)1-9)

pnd
_ (=80 —-1+6)+(1-p0)d—-06)—B1A—-0)1—-0)
Bno
_ (1=p0)(n—-1+6)+[(1—-p50)— 51 —-0)]1 -9
pnd
(1-80)n—1+6)+(1-08)(1-0)

pnb
> 0.

Hence, K1, > 1 so that, again as required, K, lies outside the unit circle.

4 Estimating the Model
Suppose that data {d;}L_, are available for output, consumption, and hours worked, so that
~ /
dy = [ U Gt hy }
for all £ =0,1,2,.... Then (18) and (19) give rise to an empirical model of the form

St41 = ASt + B€t+1, (20)
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dt = CSt + vy, (21)
and
Vi1 = Dvg + &4 4, (22)

where A =11, B =W, C' is formed using the first, fourth, and third rows of U, v; isa 3 x 1
vector of serially correlated residuals, and the serially uncorrelated innovations ;. satisfy

2y 2
Lej, =Vi =07,

Eft+1§;+1 - V2;

and

E5t+1€t+1 = O(1x3)-
Altug (1989), McGrattan (1994), Hall (1996), and McGrattan, Rogerson, and Wright (1997)
follow Sargent (1989) by assuming that the 3 x 3 matrices D and V5, are diagonal, implying
that the residuals are uncorrelated across variables. Here, no such restrictions will be im-

posed: the residuals are allowed to follow an unconstrained, first-order vector autoregression.
Define the augmented state vector
_ | St
Ty = |: v ] .

Bei }
i1

Also, define

Mer1 = [
Then (20)-(22) can be rewritten as

Tpp1 = Fag + 1m0 (23)

dt = Gxt (24)

r_ [A 0(2x3)]7

where

0(3><2) D
G=[C Isx3 |,

and 7, is serially uncorrelated with

77t+1 ~ N(07 Q)

and /
B r | BV1B" Opxs)
Q= Ent+177t+1 = [ O(sx2) Vs .
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The model defined by (23)-(25) is in state-space form; hence, the likelihood function
for the sample {d;}’_; can be constructed as outlined by Hamilton (1994, Ch.13). For
t=1,2,....,T and j = 0,1, let

fﬂt—j = E($t|dt—j7 dt—j—lv ) d1)7

Et|t—j = E(xt - j:t\t—j)(xt - j:t|t—j)/a

and X
dt|tfj - E(dt|dt,j, dt,jfl, ceey dl)

Then, in particular, (23) implies that
.@1|0 = E.I’l =0 (26)
and
vec(E1)0) = vec(Ex12)) = [Iasx2s) — (F @ F)] vec(Q). (27)

Now suppose Zy;—; and ;1 are in hand and consider calculating Z;;1; and X ,;. Note
first from (24) that )
dyjr—1 = Gyp—1.

Hence
up = dy — dt|t—1 = G(fCt - ft|t—1)

is such that
Eutu; = GZt‘t_lG'.

Next, using Hamilton’s (p.379, eq.13.2.13) formula for updating a linear projection,

f/AUt|t = f/AUt|t71 + [E(xt - ‘%t|t71)(dt - Jt|t71)l] [E(dt - dt|t71)(dt - dAt|t71)l]_1ut
= Tyt-1+ Et\t—lG/(Gztﬁ—lG/)ilut'

Hence, from (23),
Ty = Py + F2t|t—1G,(GEt|t—1G/)_lut~

Using this last result, along with (23) again,
Tpp1 — Tpgap = F(z, — i‘t|t71) + My — FzﬂtflG/(Gzth‘/flG/)_lut-

Hence,
Sepip = Q + FXy 1 F' — thh‘flG,(Gzt\tflG,)ileﬂtflF/-

These results can be summarized as follows. Let

Ty = Ttjt—1
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and

Yt = Dgje-1-
Then
T = Fay + Ky
and
dy = Gy + uy,
where

Ty = E(xy|dy_q,dyo, ..., d1),
up = dy — E(dy|di—q,di—a, ..., d1),
Euuy, = GG = Qy,
the sequences for K; and ¥; can be generated recursively using

K, = F¥,G'(G%,G")

and
Y1 =Q+ FX F — FZtG’(GEtG')_lGEtF’,

and initial conditions Z; and ¥; are provided by (26) and (27).
The innovations {u;}/_; can then be used to form the likelihood function for {d;} ; as

T
lnL——3—ln 2m) Zln|Qt|——Zth Uy

5 Evaluating the Model

5.1 Variance Decompositions

Consider (23), which can be rewritten as
Ty =Fr, 1+,

or
(I - FL)x, =,

Tt — Z F]T]tij
j=0
This implies

o0
— j
Ttk = E F Mitk—js

=0

16



o0
Eixpy, = E FJ??HH,
j=k

k—1
Tpsk — Bioyy = E F"m+k_k,
=0
and hence
x !
X = E($t+k - Et$t+lc)($t+k: - Et$t+k)

= Q+ FQF + F?*QF? + ...+ F*'QF* V.
In addition, (23) implies
vec(X7) = [I(a5225) — (F ® F)] tvec(Q).
Thus, (24) implies that
54 = E(dyk — Eydyar) (dpr — Eydyr) = GEEG

and
Y= Gyia.

Let © denote the vector of estimated parameters, and let H denote the covariance matrix
of these estimated parameters, so that asymptotically,

O~ N(6° H).
Note that elements of 3¢ and £¢ can be expressed as nonlinear functions of ©,
S = 9(0),
so that asymptotic standard errors for these elements can be found by calculating
VgHV{' .

In practice, the gradient Vg can be evaluated numerically; Runkle (1987) finds that this
numerical technique performs about as well as a more elaborate, bootstrapping procedure.

5.2 Testing for Stability

The procedures described by Andrews and Fair (1988) can be used to test for the stability
of the model’s estimated parameters. Let ©! and ©? denote the estimated parameters from
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two disjoint subsamples, and let H* and H? denote the associated covariance matrices, so
that asymptotically,
@1 ~ N(@lO,Hl)

and
0% ~ N(6%, H?).

One way of testing for the stability of all of the estimated parameters is with the likelihood
ratio statistic
LR =2[ln L(©') + In L(6%) — In L(©)],

where In L(©'), In L(0?), and In L(O) are the maximized log likelihood functions for the
first subsample, the second subsample, and the entire sample. According to Andrews and
Fair, this statistic will be asymptotically distributed as a chi-square random variable with ¢
degrees of freedom under the null hypothesis of stability, where ¢ is the number of estimated
parameters.

Alternatively, the stability of some or all of the parameters can be tested with the Wald
statistic

W= (', 0% (GHC) 9(6",6?),

when the stability restrictions are written as

9(6',0%) =0
and where L o
o 09(64,6%)
0(e!,e?)
and .
- H" 0

If @; and @g denote the subsets of ©' and ©? of interest, and if H; and Hg denote the
covariance matrices of @; and @3, then this Wald statistic can be written more simply as

W = (! — @2Y(H! + H2) (6} — 6).

According to Andrews and Fair, this statistic will be asymptotically distributed as a chi-
square random variable with ¢ degrees of freedom under the null hypothesis of stability,
where ¢ is the number of parameters being tested for stability.
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5.3 Forecast Accuracy

Forecasts from the model can be generated as follows. Using (24),
Eidiir, = GExiqp.

For k=1,
Eirin = T = Ty,

and for k > 1,
k—1 k—1p
Etmt+k =F Etle =F Ti41,

so for any k > 1,
Eidyyy, = GF 'y

To evaluate the model’s forecast accuracy, let {e;}._, denote a sequence of k-step-ahead
forecast errors from the model, and let {n,}~, denote a sequence of k-step-ahead forecast
errors from an alternative model (for example, an unconstrained VAR). Let g(¢) and ¢(n)
denote the corresponding mean squared errors, and let [, denote the ”loss differentials”
defined by Diebold and Mariano (1995):

1
g(6>:TZ€t2,
t=1
1
g(n) == )i
t=1
and
lt:ﬂ?—5t2~

A comparison of g(n) and g(e) can provide an informal assessment of the model’s forecast
accuracy. A formal test, suggested by Diebold and Mariano, is to form the sample mean loss

differential,
1
l=—= l
T ; ty

and to rely on the asymptotic normality of [ under the null hypothesis of equal forecast
accuracy:

VT~ N(0, f),

where f can be estimated by
k-1

F=70)+2> ()

=1

19



with
1 T
’)/(7') = T Z lily—r,
t=741

using the fact that k-step-ahead forecast errors are at most (k — 1)-dependent. In particular,
the test statistic

=
f/r
has a standard normal asymptotic distribution.

In principle, this test might be criticized for failing to account for the uncertainty asso-
ciated with the model’s parameters, which are estimated rather than known for sure. But
West (1996) shows that in cases like these, where the forecast errors are uncorrelated with
the predictors, this parameter uncertainty is asymptotically irrelevant.

5.4 Producing Smoothed Estimates of the Shocks

It may also be useful to use the estimated model to produce estimates of the real business
cycle’s technology shock and the hybrid model’s three residuals. As before, fort =1,2,...,T
and j = 0,1, let

Typ—j = E(e|di—j, dy—j1, ..., dv),

Sife—g = B — ) (00 — Bae—y)',

and R
dt|t—j = E(dt|dt—ja dt—j—h B dl)

Also, let R
up = dy — dt|t71 = G(fﬂt - i't\t71>

so that again as before,
E'Udtu; = Gzt‘t_lG,.

Then
51|0 =Lz = 0(5><1)

and
vec(X1)0) = vee(Exyah) = [Lasxas) — (F @ F)] 'vec(Q).

From these starting values, the sequences {Zy; }7_1, {@y—1 i1, {ZyeHo, and {S—1 1/, can
be generated recursively using
up = dy — Git\t—l;

Typ = Ty + Zt\tflG/(GZﬂtflG/)_luta

Tep1e = Flogg,
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Yije = Ugje—1 — Et|t—lGl(G2t|t—1G,)71GZt\t—1;

and
Et+1\zt = Q + F2t|tF,

fort=1,2,....T.
Hamilton (Ch.13, Sec.6, pp.394-397) shows how to use these sequences to generate a
sequence of smoothed estimates {Zy7}{_,, where

Tyr = E(x¢|dp, dp—q, ..., dy).
To begin, construct a sequence {.J;}1_; using Hamilton’s equation (13.6.11):

S = S 'Sy

Then note that 77 is just the last element of {iﬂt}f:l. From this terminal condition, the
rest of the sequence can be generated recursively using Hamilton’s equation (13.6.16):

Trjir = Tr—jir— + Jr—j(Fr—jiar — Tr—jrar—)

fory=1,2,...,T — 1.
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